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Preface

Approach After six editions of publishing with Jones and Bartlett Learning we are delighted
that we can now make this text available as an open-source document, and have designed it for
students in mathematics, physics, and engineering at the undergraduate level. Our goal is to
illustrate the theoretical concepts and proofs with practical applications, and to present them
in a style that is enjoyable for students to read. We believe both mathematicians and scientists
should be exposed to a careful presentation of mathematics. Our use of the term “careful” here
means paying attention to such things as ensuring required assumptions are met before using
a theorem, checking that algebraic operations are valid, and confirming that formulas have not
been blindly applied. We do not mean to equate care with rigor, as we present our proofs
in a self-contained manner that is understandable by students having studied multivariable
calculus. For example, we include Green’s theorem and use it to prove the Cauchy-Goursat
theorem, although we also include the proof by Goursat. Depending on the level of rigor desired,
students may look at one or the other—or both.

We aim to give sufficient applications to motivate and illustrate how complex analysis is
used in applied fields. Computer graphics help show that complex analysis is a computational
tool of practical value. The exercise sets offer a wide variety of choices for computational skills,
theoretical understanding, and applications that were class tested for six editions of the text
when it was available for purchase (i.e., prior to this free open-source edition). We provide
answers to most odd-numbered problems. For those problems that require proofs, we attempt
to model what a good proof should look like, often guiding students up to a point and then
asking them to fill in the details.

The purpose of the first six chapters is to lay the foundation for the study of complex
analysis and develop the topics of analytic and harmonic functions, the elementary functions,
and contour integration. Chapters 7 and 8, dealing with residue calculus and applications,
may be skipped if there is more interest in conformal mapping and applications of harmonic
functions, which are the topics of Chapters 9 and 10 respectively. For courses requiring even
more applications, Chapter 11 investigates Fourier and Laplace transforms.

Features The answers to most odd-numbered exercises should help instructors as they delib-
erate on problem assignments, and should help students as they review material. We present
conformal mapping in a visual and geometric manner so that compositions and images of curves
and regions can be more easily understood. We first solve boundary value problems for harmonic
functions in the upper half-plane so that we can use conformal mapping by elementary functions
to obtain solutions in other domains. We carefully develop the Schwarz-Christoffel transforma-
tion and present applications. We use two-dimensional mathematical models for applications
in the areas of ideal fluid flow, steady-state temperatures, and electrostatics. We accurately
portray streamlines, isothermals, and equipotential curves with computer-drawn figures.

iii



An early introduction to sequences and series appears in Chapter 4, which facilitates the
definition of the exponential function via series. The section on Julia and Mandelbrot sets
illustrates how complex analysis connects with contemporary topics in mathematics. Included
are computer-generated illustrations such as Riemann surfaces, contour and surface graphics
for harmonic functions, the Dirichlet problem, streamlines involving harmonic and analytic
functions, and conformal mapping. We also have a section on the Joukowski airfoil.
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Chapter 1

Complex Numbers

Get ready for a treat. You are about to begin studying some of the most beautiful ideas in
mathematics. They are ideas with surprises. They evolved over several centuries, yet they
greatly simplify extremely difficult computations, making some as easy as sliding a hot knife
through butter. They also have applications in a variety of areas, ranging from fluid flow,
to electric circuits, to the mysterious quantum world. Generally, they belong to the area of
mathematics known as complex analysis, which is the subject of this book. This chapter focuses
on the development of entities we now call complex numbers.

1.1 The Origin of Complex Numbers

Complex analysis can roughly be thought of as the subject that applies the theory of calculus to
imaginary numbers. But what exactly are imaginary numbers? Usually, students learn about
them in high school with introductory remarks from their teachers along the following lines:
“We can’t take the square root of a negative number. But let’s pretend we can and begin by
using the symbol i = /=1 .” Rules are then learned for doing arithmetic with these numbers.
At some level the rules make sense: if i = v/—1, it stands to reason that i> = —1. However,
it is not uncommon for students to wonder whether they are really doing magic rather than
mathematics.

If you ever felt that way, congratulate yourself!-—you are in the company of some of the great
mathematicians from the sixteenth through the nineteenth centuries. They also were perplexed
by the notion of roots of negative numbers. Our purpose in this section is to highlight some of
the episodes in the very colorful history of how thinking about imaginary numbers developed.
We intend to show you that, contrary to popular belief, there is really nothing imaginary about
“imaginary umbers.” They are just as real as “real numbers.”

Our story begins in 1545. In that year, the Italian mathematician Girolamo Cardano pub-
lished Ars Magna (The Great Art), a 40-chapter masterpiece in which he gave for the first time
a method for solving the general cubic equation

24+ asz® + a1z +ag=0. (1.1)

Cardano did not have at his disposal the power of today’s algebraic notation, and he tended
to think of cubes or squares as geometric objects rather than algebraic quantities. Essentially,
however, his solution began by making the substitution z = x — %. This move transformed

Equation (1.1) into a cubic equation without a squared term, which is called a depressed cubic.



To illustrate, begin with 23 + 922 + 24z + 20 = 0 and substitute z = x — @ =x— % =x—3.
The equation then becomes (z — 3)3 + 9(x — 3)? + 24(x — 3) + 20 = 0, which simplifies to
2? =3z +2=0.

You need not worry about the computational details here, but in general the substitution
z = x — % transforms Equation (1.1) into

3+ br4c=0, (1.2)

where b = a1 — %a%, and ¢ = —%alag + 2%@% + ag.

If Cardano could get any value of x that solved a depressed cubic, he could easily get a
corresponding solution to Equation (1.1) from the identity z = = — %. Happily, Cardano knew
how to solve a depressed cubic. The technique had been communicated to him by Niccolo
Fontana who, unfortunately, came to be known as Tartaglia (the stammerer) due to a speaking
disorder that was caused when he was 12 years old. (Evidently, during the Italian wars, French
troops sacked his home in Brescia, Italy in 1512, and struck Tartaglia in the face with a saber.)
The procedure was also independently discovered some 30 years earlier by Scipione del Ferro
of Bologna. Ferro and Tartaglia showed that one of the solutions to Equation (1.2) is

s c+ 02+b3+3 c 62+b3 (1.3)
TV T TV Ty 2 1ot '

Although Cardano would not have reasoned in the following way, today we can take this
value for  and use it to factor the depressed cubic into a linear and quadratic term. The
remaining roots can then be found with the quadratic formula. For example, to solve the (full)
cubic equation 23 4 922 4 24z + 20 = 0, use the substitution z =  — 3 to get 2> — 3z +2 =0,
which is a depressed cubic in the form of Equation (1.2). Next, apply the “Ferro-Tartaglia”
formula with b = —3 and ¢ = 2 to get

s/ 2 [22 (=3)3 4] 2 22 (=33 ,
m—\/2+ 4+27+\/2 Z+ o7 =v-14+vV-1=-2

Since x = —2 is a root, = + 2 must be a factor of 3 — 3z + 2. Dividing = + 2 into 23 — 3z + 2
gives 22 — 2x + 1 = (x — 1)2, so that the remaining (duplicate) roots are z = 1,7 = 1. The
solutions to z3 + 922 + 24z + 20 = 0 are obtained by recalling z = x — 3, which yields the three
roots z1 = —2—-3=-5,and 29 =23 =1—-3 = —-2.

So, by using Tartaglia’s work and a clever transformation technique, Cardano was able
to crack what had seemed to be the impossible task of solving the general cubic equation.
Surprisingly, this development played a significant role in helping to establish the legitimacy of
imaginary numbers. Roots of negative numbers, of course, had come up earlier in the simplest of
quadratic equations, such as 2 + 1 = 0. The solutions we know today as x = ++/—1, however,
were easy for mathematicians to ignore. In Cardano’s time, negative numbers were still being
treated with some suspicion, as it was difficult to conceive of any physical reality corresponding
to them. Taking square roots of such quantities was surely all the more ludicrous. Nevertheless,
Cardano made some genuine attempts to deal with v/—1. Unfortunately, his geometric thinking
made it hard to make much headway. At one point he commented that the process of arithmetic
that deals with quantities such as v/—1 “involves mental tortures and is truly sophisticated.” At
another point he concluded that the process is “as refined as it is useless.” Many mathematicians
held this view, but finally there was a breakthrough.



In his 1572 treatise L’Algebra, Rafael Bombelli showed that roots of negative numbers have
great utility. Consider the depressed cubic 23 — 152 — 4 = 0. Using Formula (1.3), we compute

T = €/Q+\/—121+</2—\/—121: :\3/24—11\/—14- \3/2—11\/—1.

Simplifying this expression would have been very difficult if Bombelli had not come up with
what he called a “wild thought.” He suspected that if the original depressed cubic had real
solutions, then the two parts of = in the preceding equation could be written as u 4+ vy/—1 and
u—v+y/—1 for some real numbers v and v. That is, Bombelli believed u+vv/—1 = /2 + 11/—1
and u — vy/—1 = v/2 — 11y/—1, which would mean

(u+vﬁ)3:2+llﬁ, and (u—vr) =2—11v/—1.

Then, using the well-known algebraic identity (a + b)® = a® + 3a2b + 3ab? + b, and assuming
that roots of negative numbers obey the rules of algebra, he obtained

(u+ov=1)* = u® + 3(u?)vv/—1 + 3(u) (vvV/=1)* + (vv/-1)?
=’ + 3(u)(vv/~1)* + 3(u?)ov/~1 + (vV/~1)°
= (u* — 3uv?) + (3uv — v)V—1
= u(u? — 3v%) + v(3u? — v?)V—-1 (1.4)
=2+ 11v/-1. (1.5)

By equating like parts of Equations (1.4) and (1.5) Bombelli reasoned that u(u? — 3v?) =
and v(3u? — v?) = 11. Perhaps thinking even more wildly, Bombelli then supposed that v and
v were integers. The only integer factors of 2 are 2 and 1, so the equation u(u? — 3v?) = 2
led Bombelli to conclude that v = 2 and u? — 3v?> = 1. From this conclusion it follows that
v? =1, or v = £1. Amazingly, u = 2 and v = 1 solve the second equation v(3u? — v?) = 11, so
Bombelli declared the values for u and v to be u = 2 and v = 1, respectively.

Since (2 + v/—1)% = 2 4+ 11y/—1, we clearly have 2 + v/—1 = /24 11y/—1. Similarly,
Bombelli showed that 2 — v/—1 = /2 — 11\/—1, so that

{’/2+11\/—T+{’/2—11ﬁ:(2+ﬁ)+(2—ﬁ):4, (1.6)

which was a proverbial bombshell. Prior to Bombelli, mathematicians could easily scoff at
imaginary numbers when they arose as solutions to quadratic equations. With cubic equations,
they no longer had this luxury. That # = 4 was a correct solution to the equation 23 —15x—4 = 0
was indisputable, as it could be checked easily. However, to arrive at this very real solution,
mathematicians had to take a detour through the uncharted territory of “imaginary numbers.”
Thus, whatever else might have been said about these numbers (which, today, we call complex
numbers), their utility could no longer be ignored.

1.1.1 Geometric Progress of John Wallis

As significant as Bombelli’s work was his results left many issues unresolved. For example,
his technique applied only to a few specialized cases. Could it be extended? Even if it could
be extended a larger question remained: What possible physical representation could complex
numbers have? That question remained unanswered for more than two centuries. Paul J.
Nahin’s book An Imaginary Tale: the Story of v/—1 describes the progress in answering it as



occurring in several stages. A preliminary step came in 1685 when the English mathematician
John Wallis published A Treatise of Algebra, both Historical and Practical. Among the many
contributions in that book two are particularly noteworthy for our purposes. They are displayed
in Wallis’ analysis of a problem from classical geometry that, at first glance, seems completely
unrelated to complex numbers.

Problem 1 (Classical Geometry Problem).
Construct a triangle determined by two sides and an angle not included between those sides.

We will get to Wallis’ contributions in a moment. First, observe that Figure 1.1 illustrates
the standard solution to this classical problem. Given side length a (represented by segment
AB), angle «a (determined by segments AB and BC'), and side length b, draw an arc of radius
b whose center is at point A. If the arc intersects segment BC' at points E and F', then the
resulting triangles ABE and ABF each satisfy the problem requirement.

Figure 1.1: The standard solution to Wallis’ problem

1.1.2 A Geometric Representation of Real Numbers

Wallis’ first contribution allowed him to associate numbers with the points F and F' of Figure
1.1. The association came by way of a construct that may sound completely trivial to us, but
that is only because we have been raised with Wallis’ idea: the number line. By choosing
an arbitrary point to represent the number zero on a given line, Wallis declared that positive
numbers could be viewed as corresponding distances to the right of zero, and negative numbers
as corresponding (positive) distances to the left of zero.

To complete the association refer to Figure 1.2 and think of segment BC as lying on a
portion of the x-axis. Then draw a perpendicular segment AD to BC and designate D to be
the origin. If the length of AD is ¢ the Pythagorean theorem gives v/b? — ¢2 for the length of
segments ED and DF'.

Figure 1.2: Wallis’ depiction of real numbers



Combining this result with Wallis’ number line results in points E and F' representing the

numbers
E=—-Vb—c2, and F=4+vVb2-c2

Thus, if b =5 and ¢ = 4, points F and F' would represent —3 and +3, respectively, because
E=—52—-42=-3 and F =+/52—42=+3.

From both an algebraic and geometric viewpoint this procedure only makes sense if the
stipulated length b is greater than or equal to c¢. If b were less than ¢ then the algebraic
expressions for points F and F (—vb?> — ¢ and +vb?> — ¢2) would be meaningless, as the
quantity b? — ¢? inside the square root would be negative. Viewed geometrically, if b were less
than ¢ then the arc of radius b that is centered at A would not be able to intersect segment
BC'. In other words, if b were less than ¢, Problem 1 would appear to have no solution.

1.1.3 A Geometric Representation of Complex Numbers

Appearances, of course, can be deceiving, and Wallis reinforced the truth of that ancient proverb
when he came up with his second—and bolder—contribution. It was a solution Problem 1 in
the case when b is less than c. Figure 1.3 illustrates how he did it. From the midpoint of AD
Wallis drew a circle with diameter AD. Then, with A as a center he drew an arc of radius b.
Because b is less than ¢ the arc will intersect the circle at two points, say E and F.

C. > X-axis

Figure 1.3: Wallis’ depiction of complex numbers

Again we get two triangles: ABE and ABF. Wallis claimed that these triangles each satisfy
the requirement of Problem 1. You might object to this construction on the grounds that angle
« is not part of either triangle. If you read the problem statement carefully, however, you will
notice that it never states that the angle o has to be part of any triangle, only that it must
play a role in determining a triangle. From this perspective Wallis completely satisfied the
requirement.

Notice, also, that points £ and F' are no longer on the z-axis as they were when b was
greater than ¢ (and when V0% — ¢? was a real number). They are now somewhere above the
z-axis, and it is not unreasonable to conclude that points E and F' give, respectively, geometric
representations of the expressions —v/b? — ¢ and +v/b? — ¢? when b is less than ¢ (and when
Vb? — 2 is a complex number).

Although Wallis only hinted at such a conclusion, he nevertheless helped set the stage for
thinking of real numbers as being embedded in a larger set of complex numbers, and that these
numbers could be represented as “points in the plane.” Unfortunately, if we tried to apply
Wallis” method to construct complex numbers we would find it had some serious defects. For
example, if b = 0 and ¢ = 1 the expression +v/b2 — ¢? becomes ++/—1, and points F and F



now coincide at point A. But we surely would not want to say that —v/—1 and ++/—1 are
the same number. Thus, even with Wallis’ work the jigsaw of getting a legitimate picture of
complex numbers remained. It would be yet another century before someone put most of the
pieces together.

1.1.4 Caspar Wessel Makes a Breakthrough

Points in the plane can also be thought of as vectors, which are directed line segments from
the origin to those points. In 1797 Caspar Wessel presented a paper to the Danish Academy
of Sciences in which he described how to manipulate vectors geometrically. This description
eventually led to the current representation of complex numbers.

To add two vectors, make a copy of the second vector and place its tail on the head of the
first vector. The resultant vector is the directed line segment drawn from the tail of the first
vector to the head of the second copy vector. Figure 1.4a illustrates the addition of vector b to
vector a.

When Wessel gave his paper the procedure for adding vectors was already known. The
unique contribution that he made was his description of how to multiply two vectors.

To understand Wessel’s thinking recall that any non-zero vector can be represented by
two quantities: its length, and its angular displacement from the positive x-axis. Figure 1.4b
illustrates this idea for vector a: its length is r, and its angular displacement from the positive
r-axis is a.

y y

v@“q’&
‘. z

o = Displacement
X X

(a) Addition of two vectors (b) Length and direction of a vector

Figure 1.4: The geometry of vectors

Wessel stated that, to multiply two vectors, the length of the product vector should be the
product of the lengths of its factors. Should the angular displacement of the product vector
likewise be the product of the angular displacements of its factors? Definitely not, and you will
see in the exercises why Wessel knew that such a provision would have been a bad idea. What,
then, should be the angular displacement of the product?

In answering this question Wessel drew an analogy from the multiplication of real numbers.
He observed that, if ¢ = ab, then £ = b = %, and § = a = {. In other words, the ratio of the
product to any given factor is the same as the ratio of the other factor to the number one.

What vector represents the number one? It seems obvious that, using the number line of
Wallis, it should be the directed line segment from the origin to the number one on the positive

z-axis. Let’s call this vector the standard unit vector, as illustrated in Figure 1.5.

With this identification in mind, and using the multiplication analogy just mentioned, Wessel
made a brilliant move. He reasoned that the (angular) displacement of the product of two



Figure 1.5: The standard unit vector

vectors should differ from the displacement of any given factor by the same amount that the
displacement of the other factor differs from the displacement of the standard unit vector.
That’s quite a mouthful; let’s see what it means.

What is the (angular) displacement of the standard unit vector? Clearly, its displacement is
zero radians, as it coincides with the positive z-axis. Thus, if vectors a and b have displacements
of a and (3, respectively, and vector ¢ = ab, then the displacement of ¢ should be a + (3, as
shown in Figure 1.6a. The reason for this assertion is that, with such an arrangement, Wessel’s
displacement protocol works out perfectly: the displacement of ¢ (which is « + /) differs from
the displacement of a (which is «) by §. This is the same amount that the displacement of b
(which is 3) differs from the displacement of the standard unit vector (which is 0). Likewise,
the displacement of ¢ differs from the displacement of b by «, which is the same amount that
the displacement of a differs from the displacement of the standard unit vector.

y y
c=ab
--------- o+ f y
Product vector | Original vector
i=v\-1
b 7
a aﬁ . <~.7§r
: X I < iZ= -1y N
(a) Multiplication of two vectors (b) The square root of —1

Figure 1.6: Wessel’s multiplication scheme for vectors

How does Wessel’s procedure lead to a geometric representation of complex numbers? Con-
sider what happens if a unit vector is drawn from the origin straight up the y-axis, and then
multiplied by itself. By Wessel’s rules the length of the product vector is one unit, as the
length of each factor is one unit. What about its direction? The angular displacement of the
original vector is § radians, so by Wessel’s rules again the product vector has a displacement of
5 + 5 = m radians. Thus, the product vector is aligned along the x-axis, but is directed from
the origin to the left by one unit, as shown in Figure 1.6b. Using Wallis’ number line we see
that the product vector is naturally identified with the number —1. Label the original vector
as 7. What do you conclude? Obviously, that 4> = —1, which must mean that 2 = v/—1. Neat!

Neat, yes, but the material we presented leading up to this result was (if you’ll pardon the
pun) complex, so you need not worry if you had some difficulty following it. Sections 1.2-1.6



will flesh out these ideas in much more detail.

It should be pointed out that Wessel was not the only mathematician—or even the first—
who began thinking of complex numbers as vectors, or, as points in the plane. As early as
1732 the great Swiss mathematician Leonard Euler (pronounced “oiler”) adopted this view
concerning the n solutions to the equation ™ — 1 = 0. You will learn shortly that these
solutions can be expressed as cos + v/—1sin @ for various values of §. Euler thought of them
as being located at the vertices of a regular polygon in the plane. Euler was also the first to use
the symbol i for v/—1. Today this notation is still the most popular, although some electrical
engineers prefer the symbol j instead so that they can use ¢ to represent current.

Two additional mathematicians deserve mention. The Frenchman Augustin-Louis Cauchy
(1789-1857) formulated many of the classic theorems that are now part of the corpus of complex
analysis. The German Carl Friedrich Gauss (1777-1855) reinforced the utility of complex
numbers when he used them in his several proofs of the fundamental theorem of algebra (see
Section 6.4). In an 1831 paper, he produced a clear geometric representation of = + iy by
identifying it with the point (z,y) in the coordinate plane. He also described how to perform
arithmetic operations with these new numbers.

It would be a mistake, however, to conclude that in 1831 complex numbers were transformed
into legitimacy. In that same year the prolific logician Augustus De Morgan commented in his
book, On the Study and Difficulties of Mathematics, “We have shown the symbol /—a to
be void of meaning, or rather self-contradictory and absurd. Nevertheless, by means of such
symbols, a part of algebra is established which is of great utility.”

There were, indeed, serious logical problems associated with complex numbers. For example,
with real numbers vab = 1/aVv/b so long as both sides of the equation are defined. Applying
this identity to complex numbers leads to 1 = v/1 = \/(—1)(—1) = /—1y/—1 = —1. Plausible
answers to these problems can be given, however, and you will learn how to resolve this apparent
contradiction in Section 2.2. De Morgan’s remark illustrates that many factors are needed
to persuade mathematicians to adopt new theories. In this case, as always, a firm logical
foundation was crucial, but so, too, was a willingness to modify some ideas concerning certain
well-established properties of numbers.

As time passed, mathematicians gradually refined their thinking, and by the end of the
nineteenth century complex numbers were firmly entrenched. Thus, as it is with many new
mathematical or scientific innovations, the theory of complex numbers evolved by way of a very
intricate process. But what is the theory that Tartaglia, Ferro, Cardano, Bombelli, Wallis,
Euler, Cauchy, Gauss, and so many others helped produce? That is, how do we now think of
complex numbers? We explore this question in the remainder of this chapter.

Exercises for Section 1.1 (Selected answers or hints are on page 427.)

1. Show that 2 — /=1 = /2 — 11/—1.

2. Explain why cubic equations, rather than quadratic equations, played a pivotal role in
helping to obtain the acceptance of complex numbers.

3. Find all solutions to the following depressed cubics.

(a) 2723 — 9x — 2 = 0. Hint: Get an equivalent monic polynomial.
(b) 23 — 27z + 54 = 0.



4. Explain why Wallis’s view of complex numbers results in —y/—1 being represented by the
same point as is v/ —1.

5. Use Bombelli’s technique to get all solutions to the following depressed cubics.
(a) 2% — 30z — 36 = 0.
(b) a3 —87x — 130 = 0.
(c) 3 —60x — 32 = 0.

6. Use Cardano’s technique (of substituting z = o — %) to solve the following cubics.

(a) 2% — 622 —32+18=0.
(b) 234322 — 242 + 28 = 0.

7. Is it possible to modify slightly Wallis’s picture of complex numbers so that it is consis-
tent with the representation used today? To help you answer this question, refer to the
article by Alec Norton and Benjamin Lotto, “Complex Roots Made Visible,” The College
Mathematics Journal, 15(3), June 1984, pp. 248-249.

8. Investigate library or web resources and write up a detailed description explaining why
the solution to the depressed cubic, Equation (1.3), is valid.

1.2 The Algebra of Complex Numbers, Part I

We have shown that complex numbers came to be viewed as ordered pairs of real numbers.
That is, a complex number z is defined to be

z=(,y), (1.7)
where = and y are both real numbers.

The reason we say ordered pair is because we are thinking of a point in the plane. The
point (2,3), for example, is not the same as (3,2). The order in which we write = and y in
Equation (1.7) makes a difference. Clearly, then, two complex numbers are equal if and only if
their x coordinates are equal and their y coordinates are equal. In other words,

(z,y) = (u,v) iff z=u and y=vo.

(Throughout this text, “iff” means if and only if.)

A meaningful number system requires a method for combining ordered pairs. The definition
of algebraic operations must be consistent so that the sum, difference, product, and quotient
of any two ordered pairs will again be an ordered pair. The key to defining how these numbers
should be manipulated is to follow Gauss’s lead and equate (x,y) with x 4 iy. Then, if z; =
(z1,y1) and zo = (x2,y2) are arbitrary complex numbers, we have

331:2/1) (1’273/2)

21+ 22 = (
= (z1 +1iy1) + (w2 + iy2)
= (
= (

r1 4+ x2) +i(yL + y2)
1+ X2, Y1 + Y2).

Thus, the following definitions should make sense.



Definition 1.1 (Addition).

21+ 22 = (21, 41) + (22, 92)
= (21 + 22, Y1 + ¥2). (1.8)
Definition 1.2 (Subtraction).

21 — 22 = (21,91) — (22, ¥2)
= (z1— 22, Y1 — Y2). (1.9)
Example 1.1. If z; = (3,7) and 25 = (5, —6), then
21+ 22=(3,7)+ (5,—6) = (8,1) and
21— 22 = (3,7) — (5, —6) = (—2,13).
We can also use the notation z; = 3+ 77 and 29 = 5 — 64:
21+22=038+7i)+(5—-6i) =8+ and
2 — 2= (34 7i) — (5—6i) = —2 + 13i.

Given the rationale we devised for addition and subtraction, it is tempting to define the
product z1z9 as z1z2 = (z122,y1%2) - It turns out, however, that this is not a good definition,
and we ask you in the exercises for this section to explain why. How, then, should products be
defined? Again, if we equate (z, y) with = + iy and assume, for the moment, that i = /—1
makes sense (so that i2 = —1), we have

2122 = (71, 91) (T2, Y2)
= (@1 + 1) (w2 + 1y2)
= 2129 + ix1yo + iToys + P2Y1Y2
= 1172 — Y1y2 + i(T1y2 + T201)
= (7172 — Y1Y2, T1Y2 + T291)-
It appears, therefore, that we are forced into the following definition.

Definition 1.3 (Multiplication).

2122 = (21,91) (22, Y2)
= (172 — y1y2, T1Y2 + Tay1). (1.10)
Example 1.2. If z; = (3, 7) and 22 = 5 — 6i, then
z129 = (3,7)(5,—6)
=B3:5=7-(=6),3-(=6)+5-7)
= (15442, —18 + 35)
= (57,17).
We get the same answer by using the notation z; = 3 4 77 and 29 = 5 — 6i:
z129 = (3,7)(5,—6)
= (34 7i)(5—6i)
= 15 — 18i + 35i — 42i*
=15—42(—1) 4+ (—18 + 35)i
=574 17:
= (57,17).

10



Of course, it makes sense that the answer came out as we expected because we used the
notation x 4+ ¢y as motivation for our definition in the first place. Exercise 14 asks you to show
that Wessel’s analogy for the norm and angular displacement discussed in Section 1.1.4 leads
to the same rule for multiplication as that given in Definition 1.3.

To motivate our definition for division, we proceed along the same lines as we did for
multiplication, assuming that zo # 0:

A1 (z1,91)

z (72,2)
~(x1 + i)
(w2 +iye)

We need to figure out a way to write the preceding quantity in the form z + iy. To do so, we
use a standard technique and multiply the numerator and denominator by xs —iy2, which gives

21 (@ i) (22 — dyo)

zo (z2+iy) (2 — iy2)
r172 + y1y2 + i(—T1Y2 + T291)

23+ y3

_ (371$2 + y1y2> n <_371?/2 + x2y1>
x5 + Y3 x5+ y3

_ <$1962 + Y2 —x1y2 + $2y1)

)

3 + 3 @3 + 3
Thus we finally arrive at a rather odd definition.
Definition 1.4 (Division).

Z1 (3317 yl)

22 (332, y2
<2?13?2 + Z/1Z/2 —x1Y2 + T2y1
)

, for z9 #0. (1.11)
73+ 13 3 + Y3 >

Example 1.3. If z; = (3,7) and 23 = (5, —6), then

2 (3.7 15—-42 18435\ [ 27 53
(5, —6) \25+36 25+36) \ 61 61/

As with the example for multiplication, we also get this answer if we use the notation = + iy:

1 (3, 7)
2z (5, —6)
347
5 —6i

(3470 (54 6i
B (5—6¢> <5+6¢>
15+ 18i + 350 + 42i*
25+ 30i — 30i — 36i2
15 —42+ (18 + 35)i
N 25 + 36

27 53, 27 53
= —— —|— —1 = — == =T .
61 61 61" 61

11




To perform operations on complex numbers, mathematicians use the notation = + iy and
engage in algebraic manipulations, as we did here, rather than apply the complicated-looking
definitions we gave for those operations on ordered pairs. This procedure is valid because we
used the x + iy notation as a guide for defining the operations in the first place. Remember,
though, that the = + iy notation is nothing more than a convenient bookkeeping device for
keeping track of how to manipulate ordered pairs. It is the ordered pair algebraic definitions
that form the real foundation on which the complex number system is based. In fact, if you were
to program a computer to do arithmetic on complex numbers, your program would perform
calculations on ordered pairs, using exactly the definitions that we gave.

It turns out that our algebraic definitions give complex numbers all the properties we nor-
mally ascribe to the real number system. Taken together, they describe what algebraists call a
field. In formal terms, a field is a set (in this case, the complex numbers) together with two
binary operations (in this case, addition and multiplication) having the following properties.

1. (P1) Commutative law for addition: z; + 23 = 23 + 21.
2. (P2) Associative law for addition: z; + (22 + 23) = (21 + 22) + 23.

3. (P3) Additive identity: There is a complex number w such that z + w = z for all
complex numbers z. The number w is obviously the ordered pair (0,0).

4. (P4) Additive inverses: For any complex number z, there is a unique complex number
71 (depending on z) with the property that z+n = (0,0). Obviously, if z = (z,y) = z+iy,
the number 7 will be (—z, —y) = —x — iy = —=z.

5. (P5) Commutative law for multiplication: z;z9 = 292;.
6. (P6) Associative law for multiplication: z;(2223) = (2122)23.

7. (P7) Multiplicative identity: There is a complex number ¢ such that z{ = z for all
complex numbers z. As you might expect, (1,0) is the unique complex number ¢ having
this property. We ask you to verify this identity in the exercises for this section.

8. (P8) Multiplicative inverses: For any complex number z = (z,y) other than the
number (0, 0), there is a complex number (depending on z), which we denote z~!, having
the property that zz~! = (1,0) = 1. Based on our definition for division, it seems

reasonable that the number z~! would be

1 (1,0) 1 1 T — 1y x ; ( —y >

z 2 :L“i‘ly 1»2_‘_:1/2 :1:2_1_2/2 :E2_|_y2

— z Y
T\ 22 )

We ask you to confirm this result in the exercises for this section.

9. (P9) The distributive law: z1(z2 + z3) = 2122 + 2123.

None of these properties is difficult to prove. Most of the proofs make use of corresponding
facts in the real number system. To illustrate, we give a proof of property (P1).

12



Proof of the commutative law for addition:

Let z1 = (21, y1) and 29 = (z2, y2) be arbitrary complex numbers. Then

21+ 22 = (21,91) + (22,92)
= (x1 + z2,y1 + ¥2) (by definition of addition of complex numbers)
( o+ T1,Y2 + yl) (by the commutative law for real numbers)
(.21?2, yg) (:El, yl) (by definition of addition of complex numbers)

= 29 + z1.

O]

Actually, you can think of the real number system as a subset of the complex number
system. To see why, let’s agree that, as any complex number of the form (¢, 0) is on the x axis,
we can identify it with the real number ¢t. With this correspondence, we can easily verify that
our definitions for addition, subtraction, multiplication, and division of complex numbers are
consistent with the corresponding operations on real numbers. For example, if z; and xo are
real numbers, then

T1x2 = (LL’l, O)(JJ‘Q, 0) (by our agreed correspondence)
= (.’L‘l xTo — 0, 0+ 0) (by definition of multiplication of complex numbers)
= (.Z‘l x9, 0) (confirming the consistency of our correspondence).

It is now time to show specifically how the symbol 7 relates to the quantity v/—1. Note that

(0,1)* = (0,1)(0, 1)
( — 1 0+ 0) (by definition of multiplication of complex numbers)
=(=1,0)

=—-1 (by our agreed correspondence).

If we use the symbol ¢ for the point (0, 1), the preceding identity gives
=(0,1)? = —1,

which means i = (0, 1) = v/—1. So, the next time you are having a discussion with your friends
and they scoff when you claim that v/—1 is not imaginary, calmly put your pencil on the point
(0,1) of the coordinate plane and ask them if there is anything imaginary about it. When they
agree there isn’t, you can tell them that this point, in fact, represents the mysterious v/—1 in
the same way that (1,0) represents the number 1.

We can also see more clearly now how the notation z + iy equates to (z,y). Using the
preceding conventions (i.e., x = (x,0), etc.), we have

T4y = (x, 0) + (0, 1)(y, 0) (by our previously discussed conventions)
= (.%', 0) + (0, y) (by definition of multiplication of complex numbers)
= (.7}, y) (by definition of addition of complex numbers).

Thus, we may move freely between the notations z + iy and (z,y), depending on which is
more convenient for the context in which we are working. Students sometimes wonder whether

13
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it matters where the “” is located in writing a complex number. It does not. Generally, most
texts place terms containing an “i” at the end of an expression, and place the before a
variable, but after a constant. Thus, we write x + iy, u + iv, etc., but 3 + 7i, 5 — 64 and so
forth. Because letters lower in the alphabet generally denote constants, you will usually (but
not always) see the expression a-+bi instead of a+4-ib. Many authors write quantities like 1+4+/3
instead of 1+ v/3i to make sure the “/” is not mistakenly thought to be inside the square root
symbol. Additionally, if there is concern that the “¢” might be missed, it is sometimes placed
before a lengthy expression, as in 2 cos(—3F 4 2n7) + i2sin(—2F + 2nr).

1530
1

We close this section with three important definitions and a theorem involving them. We
ask you for a proof of the theorem in the exercises.

Definition 1.5 (Real Part). The real part of z, denoted by Re(z), is the real number x.

Definition 1.6 (Imaginary Part). The imaginary part of z, denoted by Im(z), is the real
number y.

Definition 1.7 (Conjugate). The conjugate of z, denoted by Z, is the complex number (x, —y) =
T —1y.

Example 1.4. Re(—3+ 7i) = —3 and Re[(9,4)] =9, Im(—3 + 7i) = 7. Also, Im[(9,4)] =
4, "3+7i=-3-7i and (9, 4) = (9, —4).

Theorem 1.1. Suppose that z, z1, and zo are arbitrary complex numbers. Then the following
identities hold true:

zZ =z (1.12)

21+ 22 =71 + 2o (1.13)
% = 7 (1.14)
<2) = z;; (if 22 #0); (1.15)
Re(z) = = ;E; (1.16)
Im(z) = Z;iz, (1.17)
Re(iz) = —Im(z); 1.18
Im(iz) = Re(2). (1.19)

Because of what it erroneously connotes, it is a shame that the term imaginary is used in
Definition 1.6. It was coined by the brilliant mathematician and philosopher René Descartes
(1596-1650) during an era when quantities such as v/—1 were thought to be just that. Gauss,
who was successful in getting mathematicians to adopt the phrase complexr number rather than
imaginary number, also suggested that we use lateral part of z in place of imaginary part of z.
Unfortunately, that suggestion never caught on, and it appears we are stuck with what history
has handed down to us.

14



Exercises for Section 1.2 (Selected answers or hints are on page 427.)

1. Perform the required calculations and express your answers in the form a + bi.

i275.

1
R

)

)

) Re(7).

) Im(2).

) (i - 18,

) (7 —2i)(3i +5).
) Re(7 + 63) + Im(5 — 4i).
) Im(35%5).
)

)

(4—1)(1—34)
—1+27

2. Evaluate the following quantities.

(a) (1+19)(244)(3+1).
(b) 3+1)/(2+74).
(c) Re(i—1)3].
(d) Im[(1+14)2].
142 _ 4-3i

)

)

)

)
(e) 355 — 5=
(f) 2

)

)

i)

i)

=
—~

1+414)2
g
h

1

(
(

J
3. Show that zZ is always a real number.

4. Verify Identities (1.12)—(1.19).

5. Let P(z) = ap2™ + an_12"" ' +--- + a1z + ap be a polynomial of degree n.

(a) Suppose that a,,an—1,...,a1,a9 are all real. Show that if z; is a root of P, then z1
is also a root. In other words, the roots must be complex conjugates, something you
likely learned without proof in high school.

(b) Suppose not all of ay,an—1,...,a1,ap are real. Show that P has at least one root
whose complex conjugate is not a root. Hint: Prove the contrapositive.

(c) Find an example of a polynomial that has some roots occurring as complex conju-
gates, and some not.

6. Let z1 = (x1,y1) and z3 = (z2,y2) be arbitrary complex numbers. Prove or disprove the
following.

15



10.

11.

12.

13.

14.

15.

e(z1 + z2) = Re(z1) + Re(22).
e(z122) = Re(z1)
Im(z1 + 22) = Im(21) + Im(22).
I (21)

=

e(z1)Re(z2).

m(z122) = Im(z1)Im(z2).

Prove that the complex number (1,0) (which we identify with the real number 1) is the
multiplicative identity for complex numbers.

. Use mathematical induction to show that the binomial theorem is valid for complex

numbers. In other words, show that, if z and w are arbitrary complex numbers and n is
a positive integer, then

(2 +w)" = zn: (Z) =k where (Z) - M(nnik)'

k=0

. Let’s use the symbol * for a new type of multiplication of complex numbers defined by

21 * z9 = (129, y1y2). This exercise shows why this is a bad definition.

(a) Use the definition given in property (P7) and state what the multiplicative identity
¢ would have to be for this new multiplication.

(b) Show that, if you use this new multiplication, nonzero complex numbers of the form
(0,a) have no inverse. That is, show that, if z = (0, a), there is no complex number
w with the property that z xw = {, where ( is the multiplicative identity you found
in part (a).

Explain why the complex number (0,0) (which, you recall, we identify with the real
number 0) has no multiplicative inverse.

Prove property (P9), the distributive law for complex numbers.

Verify that, if z = (x,%), with = and y not both 0, then 271 = (1,0) (i.e., P %) Hint:

z
Let z = (x,y) and use the (ordered pair) definition for division to compute 2z~ = (%2))

Then, with the result you obtained, use the (ordered pair) definition for multiplication to
confirm that z2~! = (1,0) = 1.

From Exercise 12 and basic cancellation laws, it follows that z—1 = % = % The numerator
here, Zz, is trivial to calculate and, as the denominator 2% is a real number (Exercise 3),
computing the quotient = should be rather straightforward. Use this fact to compute

271 if 2 = 2 + 3i and again if z = 7 — 5i.
Recall the following trigonometric identities:

(a) cos(61 + 02) = cos by cos by — sin 0y sin Oy;

(b) sin(6; + 62) = cos 6y sin 6y + cos O sin ;.
Use these identities to show (using Wessel’s analogy for the norm and angular displacement
discussed in Section 1.1.4) that the ordered-pair definition for the product of two vectors

must agree with Equation (1.10) of the text. In other words, show that it must be the
case that, if z1 = (z1,y1) and z2 = (22, y2), then z122 = (z122 — y1y1, T1Y2 + T2Y1).

Show, by equating the real numbers x; and x9 with (z1,0) and (x2,0), respectively, that
the complex definition for division is consistent with the real definition for division.
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1.3 The Geometry of Complex Numbers, Part I

Complex numbers are ordered pairs of real numbers, so they can be represented by points in
the plane. In this section we show the effect that algebraic operations on complex numbers
have on their geometric representations.

We can represent the number z = = + iy = (x,y) by a position vector in the xy plane
whose tail is at the origin and whose head is at the point (z,y). When the zy plane is used
for displaying complex numbers, it is called the complex plane, or more simply, the z plane.
Recall that Re(z) = x and Im(z) = y. Geometrically, Re(z) is the projection of z = (x,y) onto
the x axis, and Im(z) is the projection of z onto the y axis. It makes sense, then, to call the =
axis the real axis and the y axis the imaginary axis, as Figure 1.7 illustrates.

Imaginary axis
y

x Real axis
Figure 1.7: The complex plane

Addition of complex numbers is analogous to addition of vectors in the plane. As we saw in
Section 1.2, the sum of z; = z1 +1iy1 = (z1,y1) and 29 = o +iys = (x2,y2) is (x1 + 2, Y1 +Y2).
Hence z; 4+ 29 can be obtained using the “parallelogram law” for vectors, where the vector
sum is represented by the diagonal of the parallelogram formed by the two original vectors, as
illustrated by Figure 1.8. The difference z; — 25 can be represented by the displacement vector
from the point zo = (x2,y2) to the point z; = (x1,y1), as Figure 1.9 depicts.

y Copy of vector z;— 2,
y Copy of vector z, 22 ‘ (positioned at the tail of vector z,)
(positioned at the tail of vector z,) IR .
1

1t 2

- —"{

Copy of vector z,
(positioned at the tail of vector z;)
X a-2

X .
y Copy of vector —z,
(positioned at the tail of vector z;)

Figure 1.8: The sum 21 + 29 Figure 1.9: The difference z; — 25

Definition 1.8 (Modulus). The modulus, or absolute value ,of the complex number z =
x + 1y is a nonnegative real number denoted by |z| and defined by the relation

|z] = Va2 + y2. (1.20)

The number |z| is the distance between the origin and the point z = (z,y). The only
complex number with modulus zero is the number 0. The number z = 4 4+ 3¢ has modulus
|4+ 3i| = V42 + 32 = /25 = 5, and is depicted in Figure 1.10.

The numbers |Re(z)|, |[Im(z)|, and |z| are the lengths of the sides of the right triangle OPQ
shown in Figure 1.11. The inequality |z1| < |z2| means that the point z; is closer to the
origin than the point zo. Although obvious from Figure 1.11, it is still profitable to work out
algebraically (which we ask you to do in the exercises) that

|z[ = [Re(2)| < |2[ and |y| = [Im(z)[ < [2]. (1.21)
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4+3i

y
P=(xy)=z2
0. 3) )=z
K [tm ()|
[Re (z)|
— —— X
0=(0,0) 0=(x0)

Figure 1.11: The modulus of z and its components

The difference z; — z9 represents the displacement vector from zo to z1, so the distance
between z; and z9 is given by |z; — z2|. We can obtain this distance by using Definitions 1.2
and 1.8 to obtain the familiar formula

diSt(Zh 22) = |21 - 22| = \/(fm - :L"2)2 + (yl - y2)2.

If 2= (z,y) = = + iy, then —z = (—z, —y) = —x — iy is the reflection of z through the origin,
and Z = (x,—y) = © — iy is the reflection of z through the x axis, as illustrated in Figure 1.12

y
0,
R (---y)----,z (x, )
' o=x4i0y
< ¢ "
(=x,0): 1(x, 0)
- - oo PRI "T=(x-)
—z=(=x,-y) 0, -y) =x—iy
=-x—1y Y

Figure 1.12: The geometry of negation and conjugation

We can use an important algebraic relationship to establish properties of the absolute value
that have geometric applications. Its proof is rather straightforward, and we ask you to give it
in the exercises for this section.

|22 = 2z. (1.22)

An important application of Identity (1.22) is its use in establishing the triangle inequality,
which states that the sum of the lengths of two sides of a triangle is greater than or equal to
the length of the third side. Figure 1.13 illustrates this inequality.

Theorem 1.2 (The triangle inequality). If z1 and zo are arbitrary complex numbers, then

|Z1—|—22| < |Zl|—|—|2’2|. (1.23)
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1t 2
|21 + 2o
[zl

[z4] ’Zl

X

Figure 1.13: The triangle inequality

Proof. We appeal to basic results:
|Zl + ZQ|2 = (21 + ZQ)(Zl + 22) (by Identity (1.22))

= (21 4 22)(z1 + 22) (by Identity (1.13))

= 2121 + 2122 + 2921 + 2922

=z |2 + 2125 + Z129 + |z2|2 (by Identity (1.22) and the commutative law)
= |z1)? + 217 + (2122) + |22/ (by Identities (1.12) and (1.14))

= |21]* + 2Re(21%2) + |22 (by Identity (1.16))

<z * 4 2|17 + |2 (by Identity (1.21))

= (|z1] + |22))*.

Taking square roots yields the desired inequality. O

Example 1.5. To produce an example of which Figure 1.13 is a reasonable illustration, let
21 = T+iand 20 = 3+ 5i. Then |z| = V49 +1 = /50 and |2z2| = v/9 + 25 = v/34. Clearly,
21 + zo = 10 + 64; hence |21 + 29| = /100 + 36 = v/136. In this case, we can verify the triangle
inequality without appealing to calculator approximations because

|21 4+ 22| = V136 = 2v34 = V34 + V34 < VE0 + V34 = |z1| + |22
We can also establish other important identities by means of the triangle inequality. Note
that

|z1] = [(21 + 22) + (—22)|
< |21+ 22 + | — 29
= |21 + 22| + |2

Subtracting |z2| from the left and right sides of this string of inequalities gives an important
relationship that is used in determining lower bounds of sums of complex numbers:
|2’1 + 22| > |21’ - |2’2|. (1.24)
From Identity (1.22) and the commutative and associative laws, it follows that

|2120] = (2122)(2122) = (2171) (22%2) = |21|? |22/

Taking square roots of the terms on the left and right establishes another important identity:
|z122] = |21|| 22| (1.25)
As an exercise, we ask you to show that
2| _ |z

—| =1+, provided =z #D0. (1.26)
22 |22]
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Example 1.6. If z; = 1+2i and 23 = 3+2i, then |21| = 1+ 4 = V5 and |2 = V9 + 4 = V/13.
Also 2129 = —1 + 8i; hence |z122] = /1 + 64 = /65 = v/5/13 = |21]|22].

Figure 1.14 illustrates the multiplication shown in Example 1.6. The length of the 229
vector apparently equals the product of the lengths of z; and z2, confirming Equation (1.25),
but why is it located in the second quadrant when both z; and 29 are in the first quadrant?
The answer to this question will become apparent to you as you read Section 1.4.

y

SEal

T 24 2

<-—+————1—t+—+—+— X

Figure 1.14: The geometry of multiplication

Exercises for Section 1.3 (Selected answers or hints are on page 428.)

1. Evaluate the following quantities. Put your answer in the form a+ib and show your work.

(a) |(1+l)(2+2)|

(b) |5

() |(1+Z)50\

(d) |2Z|, where z = = + iy.
) |

z — 1|, where z = z + iy.
2. Plot z; and 29 as vectors, then find and plot z; + 22 and z; — 29 when

(a) 21 =243 and 2o =4+ ..
(b) z1 = —1+42i and 22 = —2 + 3i..
(c) 21 =1+14v3 and 29 = —1 4+ iV/3.

3. Which of the following points lie inside the circle |z — i| = 2?7 Explain.
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10.

11.

12.

13.

14.
15.
16.

17.

18.

19.

20.

21.

22.

. Prove the following Identities for z = = + iy:

(a) Identity (1.21): |z| = |Re(z)| < |z| and |y| = |[Im(2)| < |z|.
(b) Identity (1.22), the triangle inequality: |21 + 22| < |21| + |22].
(c) Identity (1.26):

_ =l
22|

provided 2z # 0.

Z1
22

. Show that nonzero vectors z; and zo are perpendicular iff Re(z;z2) = 0.

. Sketch the sets of points determined by the following relations.

(a) |[z+1—-2i| =2.
(b) Re(z+1) =0.
(c) |z+2i] < 1.

(d) Im(z — 2i) > 6.

Prove that v/2|z| > |Re(z)| + [Im(2)].

. Show that the point % is the midpoint of the line segment joining z; to zs.

. Show that |21 — 22| < |z1| + |22].

Prove that |z| =0 iff z = 0.

Show that, if z # 0, the four points z,Z, —z, and —Z are the vertices of a rectangle with
its center at the origin.

Show that, if z # 0, the four points z, iz, —z, and —iz are the vertices of a square with
its center at the origin.

Show that the equation of the line through the points z; and z can be expressed in the
form z = z; + t(22 — 21), where ¢ is a real number.

Show that nonzero vectors z; and zy are parallel iff Im(z1z3) = 0.
Show that |z12923] = |21]|22||23].
Show that |z"| = |z|™, where n is an integer.

Suppose that either |z| =1 or |w| = 1. Prove that |z — w| = |1 — Zw|.

n n
= 2 Ty 20 Jwel?.
k=1 k=1

n

> zpwy

k=1

Prove the Cauchy-Schwarz inequality:

Show that ‘]zl\ - \zQ]‘ < |z1 — 2.
Show that z1Z3 + Z129 is a real number.

If you study carefully the proof of the triangle inequality, you will note that the reasons for
the inequality hinge on Re(z1%z2) < |2172]. Under what conditions will these two quantities
be equal, thus turning the triangle inequality into an equality?

Prove that |21 — 22]% = |21|> — 2Re(2122) + |22/
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n

>

k=1

23. Prove by induction that

n
zk| < > |2k for all natural numbers n.
k=1

24. Let z; and z9 be two distinct points in the complex plane, and let K be a positive real
constant that is less than the distance between z; and zs.

(a) Show that the set of points {z : |z — 21| — |z — 22| = K} is a hyperbola with foci z;
and z9.
(b) Find the equation of the hyperbola with foci £2 that goes through the point 2 + 3i.

(c¢) Find the equation of the hyperbola with foci £25 that goes through the point 7+ 24s.

25. Let z; and 2z be two distinct points in the complex plane, and let K be a positive real
constant that is greater than the distance between 2z; and z».

(a) Show that the set of points {2 : |z — 21| + |2 — 22| = K} is an ellipse with foci z; and
z9.

(b) Find the equation of the ellipse with foci +3i that goes through the point 8 — 3i.

(c) Find the equation of the ellipse with foci +2i that goes through the point 3 + 2i.

1.4 The Geometry of Complex Numbers, Part 11

In Section 1.3 we saw that a complex number z = x + iy could be viewed as a vector in the
xy plane with its tail at the origin and its head at the point (x,y). A vector can be uniquely
specified by giving its magnitude (i.e., its length) and direction (i.e., the angle it makes with the
positive x axis). In this section, we focus on these two geometric aspects of complex numbers.

Let r be the modulus of z (i.e., = |z|) and let # be the angle that the line from the origin
to the complex number z makes with the positive x axis. (Note: The number 6 is undefined if
z =0). Then, as Figure 1.15(a) shows,

z = (rcosf, rsinf) =r(cosf + isinf). (1.27)
y y
) =X, y)=x+1iy

Z=xy)=x+iy ©0.5)9---"2—(rcos 0, rsin 6) = r(cos 0+ i sin 6)
0,y) 7, =(rcos 6, rsin 0) = r(cos 6 + i sin 6) . .

I :

| 0,

(x,0) ! x, 0)

() (b)

Figure 1.15: Polar representation of complex numbers

Definition 1.9 (Polar Representation). Identity (1.27) is known as a polar representation
of z, and the values v and 0 are called polar coordinates of z.
Example 1.7. If z =1+, then r = v2 and z = (V2cos F,v2sin T) = v2(cos T + isin ) is

a polar representation of z. The polar coordinates in this case are r = /2, and 6 = T

As Figure 1.15(b) shows, 6 can be any value for which the identities cos § = £ and sin = ¥
hold. For z # 0, the collection of all values of 6 for which z = r(cos @ + isin ) is denoted arg z.

Formally, we have the following definitions.
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Definition 1.10 (argz). If z # 0,
argz = {0 :z=r(cosf +isinh)}. (1.28)
If 0 € arg z, we say that 0 is an argument of z.
Note that we write § € arg z as opposed to 6§ = arg z. We do so because arg z is a set, and

the designation 6 € arg z indicates that 6 belongs to that set. Note also that, if §; € arg z and
0y € arg z, then there exists some integer n such that

01 = 05 + 2nm. (129)
Example 1.8. Because 1+ i = v/2(cos § + isin J), we have
(1+14) {7T+2 . - } mm 97 177
r =q- :n is an integer p = -+, —— — — —— ... .
arg i g Tnminisa ege VLV ERVEE

Mathematicians have agreed to single out a special choice of 8 € arg z. It is that value of 6
for which —7 < 0 < 7, as the following definition indicates.

Definition 1.11 (Argz). Let z # 0 be a complex number. Then
Argz =40 provided z=r(cosf+isinf) and —7<6O<m. (1.30)
If 0 = Arg z, we call 0 the argument of z.
Example 1.9. Arg(1+1i) = 7.
Remark 1.1. Clearly, if z = x + iy = r(cosf + isin ), where x # 0, then

arg z C arctan Q’
T

where arctan% ={0:tanf = %} Note that, for any real number t, arctant is a set (as opposed
to Arctant, which is a number). We specifically identify arg z as a proper subset of arctan ¥
because tan 6 has period w, whereas cos @ and sin 0 have period 2w. In selecting the proper values
for arg z, we must be careful in specifying the choices of arctan ¥ so that the point z associated
with v and 0 lies in the appropriate quadrant.

Example 1.10. If z = —/3 — i = r(cosf + isinf), then r = |z| = | — /3 —i| = 2 and

0 € arctan £ = arctan —= = {Z + n7 : nis an integer}. It would be a mistake to use Z as an

—V3
acceptable value for 6, as the point z associated with r = 2 and 6 = ¢ is in the first quadrant,
whereas —v/3 — i is in the third quadrant. A correct choice for 6 is § = ToT= —3T hecause

6
5 5
—\/g— 1 = 2cos <—g> + 12 sin (—g)

= 2cos <—57T + 2n7r> + 12 sin <_57r + 2n7r> ,

6 6

where n is any integer. Notice also, that
5
Arg(—V3 —i) = —%, and
) 51 . .
arg(—V3 —i) = 5 + 2nm : n is an integer » ,

which illustrates that arg(—+/3 — ) is indeed a proper subset of arctan _;\}g

23



Example 1.11. If z = z 4+ iy = 0 + 4i, it would be a mistake to attempt to find Argz by
looking at arctan ¥, as x = 0, so £ is undefined. If z # 0 is on the y axis, then

Argz=—, if Imz > Oand

b | 3

Argz = —g, if Imz <O0.

In this case, Arg(4i) = § and arg(4i) = {5 + 2n7 : n is an integer}.

As you will see in Chapter 2, Arg z is a discontinuous function of z because it “jumps” by
an amount of 27 as z crosses the negative real axis.

In Chapter 5 we define e* for any complex number z. You will see that this complex
exponential has all the properties of real exponentials that you studied in earlier mathematics
courses. That is, e*1e*2 = ¢*17%2 and so on. You will also see, amazingly, that if z = = + iy,
then

e* = e = ¢%(cos y + isin y). (1.31)

We will establish this result rigorously in Chapter 5, but there is a plausible explanation we
can give now. If e* has the normal properties of an exponential, it must be that e+ = e%e®.
Now, recall from Calculus the values of three infinite series:

1 o (=D)" o~ (D" s
_ n : _ n
kg_ ] ko cosx = ngzo @n)] ", and sinx = ngzo 2n+ 1)!1: .

Substituting ¢y for = in the infinite series for e” gives

At this point our argument loses rigor because we have not talked about infinite series of
complex numbers, let alone whether such series converge. Nevertheless, if we merely take the
last series as a formal expression and split it into two series according to whether the index k
is even (k = 2n) or odd (k = 2n + 1), we get

vy iy Y

k is even k is odd
=1 > 1
2n, 2n 2n+1, 2n+41
=S Y
| |
2 (2n) 2 @2n+ 1)
)
_ Z 1 (i2)ny2n + Z #(iQ)niyZn-H
2 (2n))! < (2n+1)!
_ i 1 n 2n 4 Z )ny2n+1
< (2n) (2n + 1)!
= COs Y +¢siny

Thus, it seems the only possible value for e* is that given by Equation (1.31). We will use this
result freely from now on, and, as stated, supply a rigorous proof in Chapter 5.
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If we set x = 0 and let 0 take the role of y in Equation (1.31), we get a famous result known
as Euler’s formula: ‘
¢ = (cosf + isin ) = (cos 6, sin ). (1.32)

If 0 is a real number, e will be located somewhere on the circle with radius 1 centered at
the origin. This assertion is easy to verify because

€] = V/cos2 0 +sin? 6 = 1. (1.33)

Figure 1.16 illustrates the location of e for various values of 6.

Yo ei= (0, 1) =i
e"=(-1,0)=-1 ///—e,%:(%’ v%)zéJrv‘T%i

/‘e’“" =e=(1,0)=1

The unit circle

Figure 1.16: The location of e for various values of
Note that, when 6 = 7, we get '™ = (cosm,sinm) = (—=1,0) = —1, so

€™ +1=0. (1.34)

Euler was the first to discover this relationship; it is referred to as Euler’s identity. It has
been labeled by many mathematicians as the most amazing relation in analysis—and with good
reason. Symbols with a rich history are miraculously woven together—the constant 7 used by
Hippocrates as early as 400 B.C.; e, the base of the natural logarithms; the basic concepts of
addition (4) and equality (=); the foundational whole numbers 0 and 1; and ¢, the number
that is the central focus of this book.

Euler’s Formula (1.32) is of tremendous use in establishing important algebraic and geomet-
ric properties of complex numbers. You will see shortly that it enables you to multiply complex
numbers with great ease. It also allows you to express a polar form of the complex number z
in a more compact way. Recall that, if » = |z| and 6 € arg z, then z = r(cos @ + isinf). Using
Euler’s Formula we can now write z in its exponential form:

z=re. (1.35)
Example 1.12. With reference to Example 1.10, with z = —v/3 — i, we have z = 2¢i(=57/6)
Together with the rules for exponentiation that we will verify in Chapter 5, Equation (1.35)
has interesting applications. If z; = r1e and 2z = r26i02, then
2129 = 1101 r0e'% = pryet@1102)
= riref[cos(6h + 02) + isin(61 + 62)]. (1.36)

Figure 1.17 illustrates the geometric significance of this equation.
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6;=0,+0,

r3=rrp 1"
6,
1/ .4

0,

~<—t+—+—+—+—+— —t—t—t—t X

Figure 1.17: The product of two complex numbers z3 = 2129

We have already shown that the modulus of the product is the product of the moduli; that is,
|z122| = |21||22|. Identity (1.36) establishes that an argument of z1z9 is an argument of z; plus
an argument of z9. It also answers the question posed at the end of Section 1.3 regarding why
the product z129 was in a different quadrant than either z; or zo. It further offers an interesting
explanation as to why the product of two negative real numbers is a positive real number. The
negative numbers, each of which has an angular displacement of 7 radians, combine to produce
a product that is rotated to a point with an argument of m + 7 = 27 radians, coinciding with
the positive real axis.

Using exponential form, if z £ 0, we can write arg z a bit more compactly as
argz = {0 : z = re?}. (1.37)
Doing so enables us to see a nice relationship between the sets arg(z122), arg z1, and arg zo:
Theorem 1.3. If z; = r1etf1 #0 and z5 = roeif2 # 0, then as sets,

arg(z129) = arg z1 + arg zo. (1.38)

Before proceeding with the proof of this theorem, we recall two important facts about sets.
First, to establish the equality of two sets, we must show that each is a subset of the other.
Second, the sum of two sets is the sum of all combinations of elements from the first and second
sets, respectively. In this case, arg z; + argze = {01 + 02 : 01 € arg zjandf € arg 2o }.

Proof. Let 0 € arg(z122). Because z129 = r1reei®1102) it follows from Formula (1.37) that
01 + 05 € arg(z122). By Equation (1.29) there is some integer n such that 6 = 6, + 02 + 2n.
Further, as z1 = rlewl, 0, € arg z;. Likewise, zo = roeif2 gives 0y € arg zo. But if 0y € arg zo,
then 0y + 2nm € argze. This result shows that = 6, + (02 + 2n7) € argz; + argze. Thus,
arg(z129) C arg z1 + arg zo. The proof that arg z; + arg zo C arg(z122) is left as an exercise. [J

Using Equality (1.35) gives 271 = % = reli@ = %e‘ig. In other words,
1 1 .
271 = Z[cos(—0) 4 isin(—0)] = e .
r r

Recalling that cos(—6) = cos(#) and sin(—6) = —sin(f), we also have

Z =1r(cos — isinh) = r[cos(—0) + isin(—0)] = re” ¥, and
2 M eos(0y — 03) + isin(fy — 0,)] = Lei®1=02),
z2 T2 9
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If z is in the first quadrant, the positions of the numbers z, Z, and z~! are as shown in
Figure 1.18 when |z| < 1. Figure 1.19 depicts the situation when |z| > 1.

y
Ti =0, 1)
z
0 \1=(1,0)
< X
z -6
The uni( circle | !

Figure 1.18: Relative positions of z, Z, and z~!, when |z| < 1

A

The unit circle

Il

Figure 1.19: Relative positions of z, z, and z~!, when |z| > 1

1

Example 1.13. If z = 1 + 4, then r = |2| = v/2 and 0 = 7. Therefore z7* =

%[cos(—%) +isin(—%)] = % [g - z?} and has modulus

Arg

N

ofS

1
V2
Example 1.14. If z; = 8 and 2z, = 1+14+/3, then representative polar forms for these numbers
are z1 = 8(cos § +isin §) and 2z = 2(cos § + isin §). Hence

8
225 [cos(g—g>+isin<g—g)} :4(cos%+isin%) :2\/§+2i.

Exercises for Section 1.4 (Selected answers or hints are on page 429.)

1. Find Arg z for the following values of z.
(a) 1—1.
) —V3+i.
(©) (—1—iv3)2
(d) (1-1)
2
) 1+iv/3°
) =1
)

1+iv/3
(1+0)2"
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(h) (1+4v3)(1+1).
2. Use exponential notation to show that

V3 —i)(1+iV3) =2v3 + 2i.

(a) (
(b) (1+14)3 = -2+ 2i.
2

)

b)
(c) 2i(v3+i)(1+iv3) =
(d) 1_’_1—4—42.

3. Represent the following complex numbers in polar form.

4. Show that arg z; + arg zo C arg 2129, thus completing the proof of Theorem 1.3.

5. Express the following in a + b form.

6. Show that argz; = arg zo iff z9 = cz1, where c¢ is a positive real constant.

7. Let z; = —1+iv/3 and 2o = —v/3+i. Show that the equation Arg(z129) = Arg z; +Arg 2o
does not hold for the specific choice of z; and z;. Why not?

8. Show that the equation Arg(z1z2) = Argz; + Arg 23 is true provided that the inequalities

™

—5 < Argz; < § and —§ < Argz; < 7 are satisfied. Describe the set of points that
meets this criterion.

9. Describe the set of complex numbers for which Arg(1) # —Arg(z). Prove your assertion.
10. Establish the identity arg(Zl) = arg 21 — arg 2.
11. Show that arg() = —arg .

12. Show that arg(z1z3) = arg z; — arg zo.
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13. Show that, if z # 0, then

(a) Arg(zz) =0.
(b) Arg(z + %) = 0 when Re(z) > 0.
14. Let 21, 2z, and z3 form the vertices of a triangle as indicated in Figure 1.20. Show that
a € arg(22=2L) = arg(ze — z1) — arg(zs — z1) is the angle at the vertex z;.

z3—21

15. Let z # zp. Show that the polar representation z — zp = p(cos ¢ + i sin ¢) can be used to
denote the displacement vector from 2y to z, as indicated in Figure 1.21

16. Show that Arg(z — w) = —Arg(z — w) iff z — w is not a negative real number.
y y
Z
3
22 P
a ¢
/4
B 2
21
X X
Figure 1.20: For Exercise 14 Figure 1.21: For Exercise 15

1.5 The Algebra of Complex Numbers, Part 11

The real numbers are deficient in the sense that not all algebraic operations on them produce
real numbers. Thus, for v/—1 to make sense, we must consider the domain of complex numbers.
Do complex numbers have this same deficiency? That is, if we are to make sense of expressions
such as v/1 + 4, must we appeal to yet another new number system? The answer to this question
is no. In other words, any reasonable algebraic operation performed on complex numbers gives
complex numbers. Later we show how to evaluate intriguing expressions such as i*. For now
we only look at integral powers and roots of complex numbers.

The important players in this regard are the exponential and polar forms of a non-zero
complex number z = re?? = r(cos@ + isin#). By the laws of exponents (which, you recall, we
have promised to prove in Chapter 5) we have

2" = (re®)" = "™ = " [cos(nb) + isin(nd)] and (1.39)

27 = (re®) ™" = e = 7" cos(—nh) + i sin(—nd)].

Example 1.15. Show that (—+v/3 — i) = —8i in two ways.

Solution:
(Method 1): The binomial formula (Exercise 8 of Section 1.2) gives

(V38 —i)? = (=V3)? + 3(—V3)*(—i) + 3(—V3)(—i)* + (—i)* = —8i.
(Method 2): Using Identity (1.39) and Example 1.12 yields

(V3 —i)? = (261-F))% = (23— 75)) =8 [cos (—127r> +isin <—157T>} = —8i.

Which method would you use if you were asked to compute (—v/3 — )300?
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Example 1.16. Evaluate (—v/3 — )30,

Solution:
(—V/3 — )% = (2€z‘(—%’7)>30 — 930,—i25m _ _930_

An interesting application of the laws of exponents comes to light when we put the equation
(€)™ = ™9 in its polar form. Doing so gives

(cos@ +isinf)" = (cosnb + isinnb), (1.40)

which is known as De Moivre’s formula, in honor of the French mathematician Abraham De
Moivre (1667-1754).

Example 1.17. Use De Moivre’s formula (see Equation (1.40)) to show that
cos 50 = cos® f — 10 cos® fsin? O + 5 cos O sin 6.

Solution:
If we let n =5 and use the binomial formula the left side of Equation (1.40) becomes

cos® 0 + i5cos* Osin  — 10 cos® @ sin? 6 — 10i cos® O sin® 6 + 5 cos @ sin* 6 + i sin® 6.

The real part of this expression is cos® @ — 10 cos? 6 sin? § + 5 cos @ sin* §. Equating this to the
real part of cos 50 + isin 50 on the right side of Equation (1.40) establishes the desired result.

A key aid in determining roots of complex numbers is a corollary to the fundamental theorem
of algebra. We prove this theorem in Chapter 6. Our proofs must be independent of the
conclusions we derive here because we are going to make use of the corollary now.

Theorem 1.4 (Corollary to the fundamental theorem of algebra). If P(z) is a polynomial of
degree n, (n > 0), with complex coefficients, then the equation P(z) = 0 has precisely n (not
necessarily distinct) solutions.

Proof. Refer to Chapter 6. O

Example 1.18. Let P(z) = 23 + (2 — 2i)2? + (=1 — 4i)z — 2. This polynomial of degree 3 can
be written as P(z) = (z —i)?(z + 2). Hence the equation P(z) = 0 has solutions z; = i, 23 = 1,
and z3 = —2. Thus, in accordance with Theorem 1.4, we have three solutions, with z; and 2
being repeated roots.

Theorem 1.4 implies that, if we can find n distinct solutions to the equation z" = ¢ (or
2" — ¢ = 0), we will have found all the solutions. We begin our search for these solutions by
looking at the simpler equation 2" = 1. Solving this equation will enable us to handle the more
general one quite easily.

To solve z" = 1 we first note that, from Identities (1.29) and (1.37), we can deduce an
important condition that determines when two nonzero complex numbers are equal. If we let
21 = 1€ and zp = r9€'%2, then

21 = 29 (i.e., riet? = rger) if r1=ry and 61 =060y + 27k, (1.41)

where k is an integer. That is, two complex numbers are equal iff their moduli agree and an
argument of one equals an argument of the other to within an integral multiple of 2.
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We now find all solutions to 2™ = 1 in two stages, with each stage corresponding to one
direction in the iff part of Relation (1.41) . First, we show that if we have a solution to z" =1,
then the solution must have a certain form. Second, we show that any quantity with that form
is indeed a solution.

For the first stage, suppose that z = re' is a solution to 2" = 1. Putting the latter
equation in exponential form gives r"e =1 ¢*Y so Relation (1.41) implies that 7" = 1 and
nf = 0+ 2nk. In other words,

ok
r=1 and =20 (1.42)
n

where k is an integer.

So, if z =re? is a solution to 2™ = 1, then Relation (1.42) must be true. This observation

completes the first stage of our solution strategy. For the second stage, we note that if » = 1, and
- - 21k ok .

0= %, then z = re’? = ¢! is indeed a solution to 2™ = 1 because 2" = (¢! n ) = 2™k =1,

For example, if n = 7and k = 3, then z = ¢iF is a solution to 27 = 1 because (eiﬁ?ﬁy =7 =1,

Furthermore, it is easy to verify that we get n distinct solutions to 2" = 1 (and, therefore, all
solutions, by Theorem 1.4) by setting k =0, 1, 2,...,n — 1. The solutions for k =n, n+1,...
merely repeat those for £k = 0, 1,..., because the arguments so generated agree to within an
integral multiple of 2. The n solutions can be expressed as

2o 2k 27k
zk:e’%:cosi+isini, for k=0,1,2,...,n—1. (1.43)
n n

They are called the nth roots of unity.

When k& = 0 in Equation (1.43), we get zg = s e 1, which is a rather trivial result.

The first interesting root of unity occurs when k = 1, giving z; = et . This particular value
shows up so often that mathematicians have given it a special symbol.

Definition 1.12 (Primitive nth root). If n is the smallest natural number for which 2™ =1,
then z is called a is called a primitive nth root of unity. Note that, from this definition, it
follows that

12w 2r .. 2w
Wp =€ n = CoS— —+ 18SIn —
n n

is a primitive nth root of unity for all positive integers n.

By De Moivre’s formula—Equation (1.40)—the nth roots of unity can be expressed as

1, wny w2, WL (1.44)

n? n

Geometrically, the nth roots of unity are equally spaced points that lie on the unit circle
C1(0) = {z : |z| = 1} and form the vertices of a regular polygon with n sides, which as we
mentioned in Section 1.1 is a fact discovered by Leonard Euler.

Example 1.19. The solutions to the equation 28 = 1 are given by the eight values z;, = i %
cos % +1sin %, for k=0, 1, 2,...,7. In Cartesian form, these solutions are +1, +i, +2+iv2
- 27

2
and iQL;/i. The primitive 8th root of unity is wg = ¢'s = ¢'7 = cos§ +isin’ = @ + z@

)

From Expressions (1.44) it is clear that wg = z1 of Equation (1.43), as Figure 1.22 illustrates.
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Figure 1.22: The eight eighth roots of unity

The procedure for solving 2" = 1 is easy to generalize in solving z" = c¢ for any nonzero
complex number c. If ¢ = pe’® = p(cos ¢ + isin¢) and z = 7€, then 2" = ¢ iff re™0 = pei?.

But this last equation is satisfied iff

r'*=p and
nf = ¢ + 2kw, wherekis an integer.

As before, we get n distinct solutions given by

prom 27k 21k
2k = p%el¢+3 E_ p% (cos(b—'_7T + 7sin W) , (1.45)
n n

fork=0,1,2,...,n—1.

Each solution in Equation (1.45) can be considered an nth root of c. Geometrically, the nth
roots of ¢ are equally spaced points that lie on the circle C' 1 (0) = {z : |2]| = p%} and form the
pn

vertices of a regular polygon with n sides. Figure 1.23 illustrates the case for n = 5.

') -
&.O ¢
5

23 24

4

Figure 1.23: The five solutions to the equation z° = ¢

It is interesting to note that if ¢ is any particular solution to the equation z™ = ¢, then

all solutions can be generated by multiplying ¢ by the various nth roots of unity. That is, the

solution set is
(1.46)

2 -1
Ca Cwnv CwTw ctcy ng :
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The reason for this is that, if (" = ¢, then forany j =0, 1, 2,...,n—1, (Cw%)” = Q”(w%)” =
¢("(wr)) = ¢"(1) = ¢, and that multiplying a number by w, = el increases an argument of
that number by 2%, so that Expressions (1.46) contains n distinct values.

Example 1.20. Find all cube roots of 8 = 8(cos § + isin 7).

Solution:

Formula (1.45) gives

T+ 27k T+ 27k
2 =2 [cos <2+37r> + ¢ sin <2+37T>] for k=0,1,2.

The Cartesian forms of the solutions are zg = /3 414, 21 = —v/3 + 14, and zp = —2i, as shown
in Figure 1.24

8i

A

\\ 2 ZO(,"

2

y

Figure 1.24: The point z = 8¢ and its three cube roots, 2y, 21, and 2z

Is the quadratic formula valid in the complex domain? The answer is yes, provided we are

careful with our terms.
1
Theorem 1.5 (Quadratic formula). The equation az? + bz +c = 0 has {M(bzijmc)?} as its

solution set for z, where by (b* — 4ac)% we mean all distinct square roots of that expression.

Proof. The proof is left as an exercise. O

Example 1.21. Find all solutions to the equation 22 + (1 + i)z + 5i = 0.
Solution:

The quadratic formula gives

_ =+ (A +)? — 4(1)(50)]

N

—(141) + (—18i)2
2(1) B 2 '

x (=5 +2km)

As —18i = 18¢(=3), Equations (1.45) give (—18i)z = 182¢' ~2 —, for k = 0 and 1. In

Cartesian form, this expression reduces to 3 — 3¢ and —3 + 3i. Thus, our solution set is
{—(1+i);-(3—3i)’ —(1+i)—g(—3+3i)}, or {1—2i, 24}
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In Exercise 5 of Section 1.2 we asked you to show that a polynomial with non real coefficients
must have some roots that do not occur in complex conjugate pairs. This last example gives
an illustration of such a phenomenon.

Exercises for Section 1.5 (Selected answers or hints are on page 430.)

1. Calculate the following.

(a) (1—iv3)3(V3+1i)?

i 3
(b) {5

(c) (V3+10)
2. Show that (v/3 4 4)* = —8 +i8/3 in two different ways:

(a) by squaring twice using the standard “FOIL” technique;
(b) by using De Moivre’s formula, given in Equation (1.40).

3. Use the method of Example 1.17 to establish trigonometric identities for cos 30 and sin 36.

4. Let z be any nonzero complex number and let n be an integer. Show that 2™ + (2)" is a
real number.

5. Find all the roots in both polar and Cartesian form for each expression.

(a) (—2+2i)3
(b) (~1)5

(c) (—64)1

(d) (8)

(e) (160)1

6. Prove Theorem 1.5, the quadratic formula.

7. Find all the roots of the equation z* — 423 + 622 — 42 + 5 = 0 given that z; =i is a root.
8. Solve the equation (z 4 1)3 = 23.

9. Find the three solutions to z% = 42 + i4/2.

10. Let m and n be positive integers that have no common factor. Show that there are n
distinct solutions to w™ = 2™, given by

m 0 + 2nk 0+ 2rk
W =7Tn (cosm(—i_w)—l—isinm(—i_ﬁ)) fork=0,1,...,n— 1.
n
11. Suppose that z #£ 1.
1—zntl

(a) Show that 1+ z+ 224 --- + 2" = =

(b) Use part (a) and De Moivre’s formula to derive Lagrange’s identity, which shows

1 sin[(n+ 16
that 1—|—COS€+C0829+'--+COSTM9:*—FM

.0 )
2 2sin 3

for 0 < 0 < 2m.
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12. If 1 = 29, 21,...,2n—1 are the nth roots of unity, prove that

(z—21)(z—22) - (z—2p 1) =14 2+22 - 271

13. Let z; # 1 be an nth root of unity. Prove that 1+ z, + zi + 4 zZ_l =0.

14. Equation (1.40), De Moivre’s formula, can be established without recourse to properties
of the exponential function. Note that this identity is trivially true for n = 1.
(a) Use basic trigonometric identities to show the identity is valid for n = 2.
(b) Use induction to verify the identity for all positive integers.

(c) How would you verify this identity for all negative integers?

15. Find all four roots of 2 +4 = 0, and use them to demonstrate that z*+4 can be factored
into two quadratics with real coefficients.

16.

(@)

Verify that Relation (1.41) is valid.

1.6 The Topology of Complex Numbers

In this section we investigate some basic ideas concerning sets of points in the plane. The first
concept is that of a curve. Intuitively, we think of a curve as a piece of string placed on a flat
surface in some type of meandering pattern. More formally, we define a curve to be the range
of a continuous complex-valued function z(t) defined on the interval [a,b]. That is, a curve C
is the range of a function given by z(t) = (z(t),y(t)) = z(t) + iy(t), for a < ¢ < b, where both
x(t) and y(t) are continuous real-valued functions. If both x(¢) and y(¢t) are differentiable and
not simultaneously zero (so that the tangent vector is never the zero vector), we say that the
curve is smooth. A curve for which z(¢) and y(t) are differentiable except for a finite number
of points is called piecewise smooth. We specify a curve C' as

C:z2(t) =a(t) +iy(t) = (z(t),y(t)) for a<t<b, (1.47)

and say that z(¢) is a parametrization for the curve C'. Note that, with this parametrization,
we are specifying a direction for the curve C, saying that C' is a curve that goes from the
initial point z(a) = (z(a),y(a)) = z(a) + iy(a) to the terminal point z(b) = (x(b),y(b)) =
x(b) + y(b). If we had another function whose range was the same set of points as z(t) but
whose initial and final points were reversed, we would indicate the curve that this function
defines by —C.

Example 1.22. Find parameterizations for C and —C, where C' is the straight line segment
beginning at zp = (zo, y0) and ending at z; = (z1,y1).

Solution:

Refer to Figure 1.25. The vector form of a line shows that the direction of C is z1 — z9. As 2z
is a point on C, its vector equation is

C:z(t)=z0+ (21 —20)t for 0<t<1, or (1.48)
C:z(t) = [xo+ (x1 — x0)t] +i[yo + (y1 — yo)t], for 0<t<1.

Using the same technique we see that one parametrization for —C' is

—C:v({t)=214+(20—21)t for 0<t<1. (1.49)
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z=z(1)
C z()

=2 (O)

T X

Figure 1.25: The straight-line segment C' joining zg to z;

Comparing Equations (1.48) and (1.49) illustrates a general principle: If C' is a curve
parametrized by z(t) for 0 < ¢ < 1, then one parametrization for —C will be v(¢) = z(1 — t),
for 0 <t <1.

A curve C having the property that z(a) = z(b) is said to be a closed curve. The
line segment of Expression (1.48) is not a closed curve. The range of z(t) = z(t) + iy(t),
where z(t) = sin2tcost, and y(t) = sin2¢sint for 0 < ¢ < 27 is a closed curve because
2(0) = (0,0) = z(2m). The range of z(t) is the four-leaved rose shown in Figure 1.26. Note

that, as t goes from 0 to 7, the point is on leaf 1; from § to m, it is on leaf 2; between 7 and

37”, it is on leaf 3; and finally, for ¢ between 37” and 2, it is on leaf 4.

Note further that, at (0,0), the curve has crossed over itself (at points other than those
corresponding with ¢ = 0 and ¢ = 27); we want to be able to distinguish when a curve does not
cross over itself in this way. The curve C' is called simple if it does not cross over itself, except
possibly at its initial and terminal points. In other words, the curve C : z(t), for a <t < b, is
simple provided that z(¢1) # z(t2) whenever t; # to, except possibly when ¢; = a and ty = b.

y
4

y

Figure 1.26: The four-leaved rose: x(t) = sin 2t cost, y(t) = sin2tsint for 0 <t < 27

Example 1.23. Show that the circle C with center zg = x¢ + iyp and radius rg can be
parametrized to form a simple closed curve.

Solution:
Note that C : 2(t) = (zo + rocost) + i(yo + rosint) = 2o + roe’t, for 0 < t < 27, gives the
required parametrization.

Figure 1.27 shows that, as ¢ varies from 0 to 2, the circle is traversed counterclockwise. If
you were traveling around the circle in this manner, its interior would be on your left. When
a simple closed curve is parametrized in this fashion, we say that the curve has a positive
orientation. We will have more to say about this idea shortly.

We need to develop some vocabulary that will help describe sets of points in the plane. One
fundamental idea is that of an e-neighborhood of the point zy. It is the open disk of radius
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Figure 1.27: The simple closed curve z(t) = zo + roe’, for 0 <t < 27

€ > 0 about zg shown in Figure 1.28. Formally, it is the set of all points satisfying the inequality
{z : |z — 20| < €} and is denoted by D.(zp). That is,

D.(z0) ={z: |z — 20| < &}. (1.50)

T X

Figure 1.28: An e-neighborhood of the point zg

Example 1.24. The solution sets of the inequalities |z| < 1, |z —i| < 2, and |z + 1+ 2i| < 3
are neighborhoods of the points 0, ¢, and —1 — 24, with radii 1, 2, and 3, respectively. They can
also be expressed as D;(0), D2(i), and Ds(—1 — 2i).

We also define D.(zg), the closed disk of radius ¢ centered at zy, and D?(z), the punc-
tured disk of radius ¢ centered at zj as

De(z0) ={z:]z— 20| <&} and (1.51)
DI(z0) ={2:0< |z — 2| < €} (1.52)

The point zg is said to be an interior point of the set S provided that there exists an
e-neighborhood of zg that contains only points of S; zg is called an exterior point of the set S
if there exists an e-neighborhood of zy that contains no points of S. If zy is neither an interior
point nor an exterior point of S, then it is called a boundary point of S and has the property
that each e-neighborhood of zy contains both points in S and points not in S. Figure 1.29
illustrates this situation.

The boundary of Dg(zp) is the circle depicted in Figure 1.27. We denote this circle Cr(zo)
and refer to it as the circle of radius R centered at z;. Thus

Cr(z0) = {2z : ]z — 20| = R}. (1.53)

We use the notation CE (z0) to indicate that the parametrization we chose for this simple closed
curve resulted in a positive orientation; Cp(z9) denotes the same circle, but with a negative
orientation. (In both cases, counterclockwise denotes the positive direction.) Using notation
that we have already introduced, we get Cx(20) = —C3# (20).
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Figure 1.29: The interior, exterior, and boundary of a set

Example 1.25. Find the interior, exterior, and boundary of S = D;(0) = {z : |2| < 1}.

Solution:

We show that every point of S is an interior point of S. Let zp be a point of S. Then |z| < 1,
and we can choose ¢ =1 — |zg| > 0. We claim that D.(z9) C S. If 2 € D.(z), then

|z| = |z — 20 + 20| < |z — 20| + |20] < &+ |20| =1—|20] + |20] = 1.

Hence the e-neighborhood of 2y is contained in S, which shows that zy is an interior point of
S. It follows that the interior of S is the set S itself.

Similarly, it can be shown that the exterior of S is {z : |z| > 1}, and the boundary of S is
the unit circle C1(0) = {z : |z| = 1}. These claims follow from that fact that, if zy = €% is any
point on the circle, then any e-neighborhood of zy will contain two points: (1 — %)ewo, which
belongs to S; and (1+ %)eieo, which does not belong to S. We leave the details of demonstrating
this claim as an exercise.

The point zy is called an accumulation point of the set S if, for each ¢, the punctured
disk D?(zp) contains at least one point of S. We ask you to show in the exercises that the
set of accumulation points of D1(0) is D1(0), and that there is only one accumulation point of
S = {% :n =1, 2,...}, namely, the point 0. We also ask you to prove that a set is closed if
and only if it contains all of its accumulation points.

A set S is called an open set if every point of S is an interior point of S. Thus, Example
(1.25) shows that D;(0) is open. A set S is called a closed set if it contains all its boundary
points. A set S is said to be a connected set if every pair of points z; and zo contained in
S can be joined by a curve that lies entirely in S. Roughly speaking, a connected set consists
of a “single piece.” The unit disk D;(0) = {z : |z| < 1} is a connected open set. We ask you
to verify in the exercises that, if z; and 29 lie in D1(0), then the straight-line segment joining
them lies entirely in D7 (0). The annulus A = {z : 1 < |z| < 2} is a connected open set because
any two points in A can be joined by a curve C' that lies entirely in A, as shown in Figure 1.30.

The set B ={z: |z +2| < 1or |z—2| <1} consists of two disjoint disks. We leave it as an
exercise for you to show that the set is not connected, as shown in Figure 1.31.

We call a connected open set a domain. In the exercises we ask you to show that the open
unit disk D1(0) = {2 : |2| < 1} is a domain and that the closed unit disk D1(0) = {z: |z| < 1}
is not a domain. The term domain is a noun and is a type of set. In Chapter 2 we note that it
also refers to the set of points on which a function is defined. In the latter context, it does not
necessarily mean a connected open set.
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Y
Figure 1.30: The annulus A = {z: 1 < |z| < 2} is a connected set

y

-3 -1 1 3

Figure 1.31: The set B={z: |2+ 2| <1 or |z — 2| < 1} is not a connected set

Example 1.26. Show that the right half-plane H = {z : Re(z) > 0} is a domain.

Solution:

First we show that H is connected. Let zg and z; be any two points in H. We claim the
obvious: the straight-line segment C' given by Equation (1.48) lies entirely within H. To prove
this claim, we let z(t*) = 29 + (21 — 20)t*, for some t* € [0, 1], be an arbitrary point on C. We
must show that Re(z(t*)) > 0. Now,

Re(z(t*)) = Re(zo + (21 — zo)t*)
= Re(Zo(l — t*)) + Re(zlt*)
= (1 —t")Re(z0) + t"Re(21). (1.54)
If t = 0, the last expression becomes Re(zp), which is greater than zero because zp € H.
Likewise, if ¢ = 1, then the right side of Equation (1.54) reduces to Re(z1), which also is

positive. Finally, if 0 < ¢* < 1, then each term in Equation (1.54) is positive, so in this case we
also have Re(z(t*)) > 0.

To show that H is open, we suppose without loss of generality that Re(zp) < Re(z1). We
claim that D.(z9) C H, where ¢ = Re(zp). We leave the proof of this claim as an exercise.
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A domain, together with some, none, or all its boundary points, is called a region. For
example, the horizontal strip {z : 1 < Im(z) < 2} is a region. A set formed by taking the union
of a domain and its boundary is called a closed region; thus {z : 1 < Im(z) < 2} is a closed
region. A set is said to be a bounded set if it can be completely contained in some closed
disk, that is, if there exists an R > 0 such that for each z in S we have |z| < R. The rectangle
given by {z : |z| < 4and|y| < 3} is bounded because it is contained inside the disk D5(0). A
set that cannot be enclosed by any closed disk is called an unbounded set.

We mentioned earlier that a simple closed curve is positively oriented if its interior is on the
left when the curve is traversed. How do we know, though, that any given simple closed curve
will have an interior and exterior? Theorem 1.6 guarantees that this is indeed the case. It is
due in part to the work of the French mathematician Camille Jordan (1838-1922).

Theorem 1.6 (The Jordan curve theorem). The complement of any simple closed curve C' can
be partitioned into two mutually exclusive domains, I and E, in such a way that I is bounded,
E is unbounded, and C is the boundary for both I and E. In addition, I U E U C' is the entire
complex plane. The domain I is called the interior of C, and the domain E is called the
exterior of C.

The Jordan curve theorem is a classic example of a result in mathematics that seems obvious
but is very hard to demonstrate, and its proof is beyond the scope of this book. Jordan’s original
argument, in fact, was inadequate, and not until 1905 was a correct version finally given by the
American topologist Oswald Veblen. The difficulty lies in describing the interior and exterior
of a simple closed curve analytically, and in showing that they are connected sets. For example,
in which domain (interior or exterior) do the two points depicted in Figure 1.32 lie? If they are
in the same domain, how, specifically, can they be connected with a curve? If you appreciated
the subtleties involved in showing that the right half-plane of Example 1.26 is connected, you
can begin to appreciate the obstacles that Veblen had to navigate.

Although an introductory treatment of complex analysis can be given without using this
theorem, we think it is important for the well-informed student at least to be aware of it.

Inl
)

21

Figure 1.32: Are z; and 2o in the interior or exterior of this simple closed curve?
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Exercises for Section 1.6 (Selected answers or hints are on page 431.)

1. Find a parametrization of the line that

joins the origin to the point 1 4+ 4.

(a
(b
(c
(d

joins the point 1 to the point 1 + 3.
joins the point ¢ to the point 1 4 .

~—_— — —

joins the point 2 to the point 1 + 3.
2. Sketch the curve z(t) = 2 + 2t +i(t + 1)

(a) for —1 <t <0.
(b) for 1 <t <2.

Hint: Use x = t?> + 2t, y = t + 1 and eliminate the parameter t.
3. Find a parametrization of the curve that is a portion of the parabola 3 = 22 that
(a) joins the origin to the point 2 + 4i.
(b) joins the point —1 + 4 to the origin.
(c) joins the point 1+ i to the origin.

4. This exercise completes Example (1.26): Suppose that Re(z9) > 0. Show that Re(z) > 0
for all z € D.(zp), where € = Re(zo).

5. Find a parametrization of the curve that is a portion of the circle |z| = 1 that joins the
point —% to ¢ if
(a) the curve is the right semicircle.

(b) the curve is the left semicircle.
6. Show that D;(0) is a domain and that D1(0) = {2 : |2| < 1} is not a domain.
7. Find a parametrization of the curve that is a portion of the circle C7(0) that joins the
point 1 to 7 if
(a) the parametrization is counterclockwise along the quarter circle.
(b) the parametrization is clockwise.

8. Fill in the details to complete Example (1.25). That is, show that

(a) the set {z:|z| > 1} is the exterior of the set S.
(b) the set C'1(0) is the boundary of the set S.

9. Consider the following sets.
(i) {z : Re(z) > 1}.

(i) {z: —1 <Im(z) < 2}.

(if)) {z: ]z —2—q| < 2.

(iv) {z : |z + 3i] > 1}.

(v) {re? :0<r<land —% <0<Z}.

(vi) {re?? :r>1and T <6< Z}.

(vil) {z: |z| < lor |z —4] < 1}.
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10.

11.
12.

13.

14.

15.

16.

17.

(a) Sketch each set.

(b) State, with reasons, which of the following terms apply to the above sets: open;
connected; domain; region; closed region; bounded.

Show that D;(0) is connected. Hint: Show that if z; and zy lie in D;(0), then the
straight-line segment joining them lies entirely in D;(0).

Let S = {z1,29,...,2,} be a finite set of points. Show that S is a bounded set.
Prove that the boundary of D.(zg) is the circle Cc(2p).

Let S be the open set consisting of all points z such that |z 4+ 2| < 1 or |z — 2| < 1. Show
that S is not connected.

Prove 0 is the only accumulation point of {% n=1,2,...}.
Regarding the relation between closed sets and accumulation points,

(a) Prove that if a set is closed, then it contains all its accumulations points.

(b) Prove that if a set contains all its accumulation points, then it is closed.
Prove that D;(0) is the set of accumulation points of

(a) The set D1(0).
(b) The set Dj(0).

Memorize and be prepared to illustrate all the terms in bold in this section.
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Chapter 2

Complex Functions

Overview

The last chapter developed a basic theory of complex numbers. For the next few chapters we
turn our attention to functions of complex numbers. They are defined in a similar way to
functions of real numbers that you studied in calculus; the only difference is that they operate
on complex numbers rather than real numbers. This chapter focuses primarily on very basic
functions, their representations, and properties associated with functions such as limits and
continuity. You will learn some interesting applications as well as some exciting new ideas.

2.1 Functions and Linear Mappings

A complex-valued function f of the complex variable z is a rule that assigns to each complex
number z in a set D one and only one complex number w. We write w = f(z) and call w
the image ofz under f. A simple example of a complex-valued function is given by the
formula w = f(z) = 22. The set D is called the domain of f, and the set of all images
{w = f(2) : z € D} is called the range of f. When the context is obvious, we omit the phrase
complex-valued, and simply refer to a function f, or to a complex function f.

We can define the domain to be any set that makes sense for a given rule, so for w = f(z) =
2%, we could have the entire complex plane for the domain D, or we might artificially restrict
the domain to some set such as D = D;(0) = {z : |2| < 1}. Determining the range for a
function defined by a formula is not always easy, but we will see plenty of examples later on.

In some contexts functions are referred to as mappings or transformations.

In Section 1.6, we used the term domain to indicate a connected open set. When speaking
about the domain of a function, however, we mean only the set of points on which the function
is defined. This distinction is worth noting, and context will make clear the use intended.

Just as z can be expressed by its real and imaginary parts, z = x + iy, we write f(z) = w =
u+ iv, where u and v are the real and imaginary parts of w, respectively. Doing so gives us the
representation

w= f(z) = f(z,y) = f(z +iy) = u+iv.

Because u and v depend on x and y, they can be considered to be real-valued functions of the
real variables x and y; that is,

u=u(z,y) and v=ov(z,vy).
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Combining these ideas, we often write a complex function f in the form

f(2) = f(z +iy) = u(z,y) +iv(z,y). (2.1)
Figure 2.1 illustrates the notion of a function (mapping) using these symbols.
y v

Domain u=u(x,y) Range
D v=v(x,y) R

| ) | !
Figure 2.1: The mapping w = f(2)

We now give several examples that illustrate how to express a complex function.
Example 2.1. Write f(z) = 2% in the form f(z) = u(z,y) + iv(z,y).

Solution:

Using the binomial formula, we obtain

f(2) = (z +iy)* = 2t + 42y + 622 (iy)* + 4z (iy)® + (iy)?
= (2" — 62y + ') + i(4a’y — day?),
so that u(z,y) = 2 — 62%y% + y* and v(z,y) = 423y — 429>,
Example 2.2. Express the function f(z) = ZRe(z) + 2% + Im(2) in the form f(z) = u(z,y) +
w(x,y).
Solution:

Using the elementary properties of complex numbers, it follows that
f(z) = (& —iy)x + (2° — y* +i2zy) +y = (227 —y* +y) +i(ay),

so that u(z,y) = 22% — y?> + y and v(z,y) = 2y.

Examples 2.1 and 2.2 show how to find u(z,y) and v(z,y) when a rule for computing f is
given. Conversely, if u(z,y) and v(z,y) are two real-valued functions of the real variables x
and y, they determine a complex-valued function f(z,y) = u(x,y) + iv(x,y), and we can use
the formulas

zZ+Zz zZ—Z
and y = -
2 21

to find a formula for f involving the variables z and Z.

€r =

Example 2.3. Express f(z) = 42? + i4y? by a formula involving the variables z and Z.

Solution:

Calculation reveals that

=22+ 2:24+7% —i(2% - 2224+ 7?)

=(1—i)22+ 2+ 2)2z+ (1 — )72
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Using z = re®? in the expression of a complex function f may be convenient. It gives us the
polar representation

F(z) = f(re) = u(r,0) + iv(r,0), (2.2)
where v and v are real functions of the real variables r and 6.

Remark 2.1. For any specific function f, the functions u and v defined here will be differ-
ent from those of Equation (2.1) because Equation (2.1) involves Cartesian coordinates and
Equation (2.2) involves polar coordinates.

Example 2.4. Express f(z) = 22 in both Cartesian and polar form.

Solution:

For the Cartesian form, a simple calculation gives

f(z) = fla+iy) = (z +1iy)* = (2% = y*) +i(22y) = u(z,y) + wv(z,y)
so that
u(z,y) =2* —y?, and v(z,y) = 2zy.
For the polar form, we refer to Equation (1.39) to get
f(re??y = (re?)? = 2™ = 12 cos 20 + ir?sin 20 = U(r,0) + iV (r,6),

so that
U(r,0) =r*cos20 and V(r,0) = r*sin 26.

Once we have defined u and v for a function f in Cartesian form, we must use different symbols
if we want to express f in polar form. As is clear here, the functions v and U are quite different,
as are v and V. Of course, if we are working only in one context, we can use any symbols we
choose.

Example 2.5. Express f(z) = z° 4+ 42?2 — 6 in polar form.

Solution:

Again, using Equation (1.39) we obtain

f(2) = f(re?) = r°(cos 50 + i sin 560) + 4r%(cos 20 + i sin 20) — 6
= (r° cos 50 4 412 cos 20 — 6) + i(r® sin 560 + 472 sin 26)
= u(r,0) + iv(r, ).

We now look at the geometric interpretation of a complex function. If D is the domain of
real-valued functions u(z,y) and v(z,y), the equations

u=u(z,y) and v=ov(x,y)

describe a transformation (or mapping) from D in the xy plane into the uv plane, also called
the w plane. Therefore, we can also consider the function

w = f(z) =ulz,y) +iv(z,y)

to be a transformation (or mapping) from the set D in the z plane onto the range R in the w
plane. This idea was illustrated in Figure 2.1. In the following paragraphs we present some
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additional key ideas. They are staples for any kind of function, and you should memorize all
the terms in bold.

If A is a subset of the domain D of f, the set B = {f(z) : z € A} is called the image of
the set A, and f is said to map A onto B. The image of a single point is a single point, and
the image of the entire domain, D, is the range, R. The mapping w = f(z) is said to be from
A into S if the image of A is contained in S. Mathematicians use the notation f: A +—— S to
indicate that a function maps A into S.

Figure 2.2 illustrates a function f whose domain is D and whose range is R. The shaded
areas depict that the function maps A onto B. The function also maps A into R, and, of course,
it maps D onto R.

y V

w=f)=u+iv

Domain

C

A

N

A

Range

R
v \/

u

Figure 2.2: f maps A onto B; f maps A into R

The inverse image of a point w is the set of all points z in D such that w = f(z). The
inverse image of a point may be one point, several points, or nothing at all. If the last case
occurs then the point w is not in the range of f. For example, if w = f(z) = iz, the inverse
image of the point —1 is the single point i, because f(i) = i(i) = —1, and i is the only point
that maps to —1. In the case of w = f(z) = 22, the inverse image of the point —1 is the set
{i,—i}. You will learn in Chapter 5 that, if w = f(z) = e?, the inverse image of the point 0 is
the empty set—there is no complex number z such that e* = 0.

The inverse image of a set of points, S, is the collection of all points in the domain that
map into S. If f maps D onto R it is possible for the inverse image of R to be function as well,
but the original function must have a special property: a function f is said to be one-to-one
if it maps distinct points z; # z2 onto distinct points f(z1) # f(22). Many times an easy way
to prove that a function f is one-to-one is to suppose f(z1) = f(22), and from this assumption
deduce that z; must equal zo. Thus, f(z) = iz is one-to-one because if f(z1) = f(z2), then
iz1 = izo. Dividing both sides of the last equation by ¢ gives z1 = zo. Figure 2.3 illustrates the
idea of a one-to-one function: distinct points get mapped to distinct points.

y ; )
I —_— A
.v®
________ P
B ol .
__________________

T - < > U
' . v

Figure 2.3: A one-to-one function

The function f(z) = 22 is not one-to-one. This is because —i # i, but f(i) = f(—i) = —1.
Figure 2.4 illustrates this situation: at least two different points get mapped to the same point.
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Figure 2.4: A function that is not one-to-one

In the exercises we ask you to demonstrate that one-to-one functions give rise to inverses
that are functions. Loosely speaking, if w = f(z) maps the set A one-to-one and onto the set
B, then for each w in B there exists exactly one point z in A such that w = f(z). For any such
value of z we can take the equation w = f(z) and “solve” for z as a function of w. Doing so
produces an inverse function z = g(w) where the following equations hold:

g(f(z)) =z forall z€ A and
flg(w)) =w forall we B. (2.3)

Conversely, if w = f(z) and z = g(w) are functions that map A into B and B into A,
respectively, and Equations (2.3) hold, then f maps the set A one-to-one and onto the set B.

Further, if f is a one-to-one mapping from D into T, and if A is a subset of D, then f
is a one-to-one mapping from A onto its image B. We can also show that, if ( = f(z) is a
one-to-one mapping from A onto B and w = ¢(() is a one-to-one mapping from B onto S, then
the composite mapping w = g( f (z)) is a one-to-one mapping from A onto S.

We usually indicate the inverse of f by the symbol f~!. If the domains of f and f~! are A
and B, respectively, we can rewrite Equations (2.3) as

f_l(f(z)) =z forall z€¢ A and
f(f Hw))=w forall we B. (2.4)

Also, for zp € B and wg € A,
wo = f(z0) iff fNwo) =2 and 2= f Y wo) iff f(z0) = wo. (2.5)

Example 2.6. If w = f(z) = iz for any complex number z, find f~!(w).

Solution:

We can easily show f is one-to-one and onto the entire complex plane. We solve for z, given
w = f(z) =1z, to get z = ¥ = —iw. By Equations (2.5), this result implies that fHw) = —iw
for all complex numbers w.

Remark 2.2. Once we have specified f~(w) = —iw for all complex numbers w, we note that
there is nothing magical about the symbol w. We could just as easily write f~1(z) = —iz for all

complex numbers z.

We now show how to find the image B of a specified set A under a given mapping u + iv =
w = f(z). The set A is usually described with an equation or inequality involving 2 and y. Using
inverse functions, we can construct a chain of equivalent statements leading to a description of
the set B in terms of an equation or an inequality involving u and v.
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Example 2.7. Show that the function f(z) = iz maps the line y = = + 1 in the zy plane onto
the line v = —u — 1 in the w plane.
Solution:

(Method 1): With A = {(x,y) : y = z+1}, we want to describe B = f(A). Welet z = z+iy € A
and use Equations (2.5) and Example 2.6 to get

utiv=w=f(z)EB<= fl(w)=z=x+iyc A
—= —iweA
< v—iweA
<~ (v,—u) € A
= —u=v-+1
<= v=—u—1,

where <= means “if and only if.”

Note what this result says: uw+ i = w € B <= v = —u — 1. The image of A under f,
therefore, is the set B = {(u,v) : v = —u — 1}.

(Method 2): We write u+iv = w = f(z) = i(x+iy) = —y+iz and note that the transformation
can be given by the equations u = —y and v = z. Because A is described by A ={z +iy:y =
x + 1}, we can substitute u = —y and v = z into the equation y = x + 1 to obtain —u = v + 1,
which we can rewrite as v = —u — 1. If you use this method, be sure to pay careful attention
to domains and ranges.

We now look at some elementary mappings. If we let B = a + ib denote a fixed complex
constant, the transformation

w=T(z)=2z4+B=x+a+i(y+0b)

is a one-to-one mapping of the z plane onto the w plane and is called a translation. This
transformation can be visualized as a rigid translation whereby the point z is displaced through
the vector B = a + ib to its new position w = T'(z). The inverse mapping is given by

z=T Y w)=w—-B=u—a+i(v—0>)

and shows that 7" is a one-to-one mapping from the z plane onto the w plane. The effect of a
translation is depicted in Figure 2.5.

y v

w=1(z)

w=z+B

B=a+ib > B=a+ib
u=x+a
v=y+b
z=x+1y

X u

Figure 2.5: The translation w =T(z) =2+ B=x+a+i(y + b)

If we let o be a fixed real number, then for z = re', the transformation

w = R(z) = 26! = reei® = pel0+e)
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is a one-to-one mapping of the z plane onto the w plane and is called a rotation. It can be
visualized as a rigid rotation whereby the point z is rotated about the origin through an angle
a to its new position w = R(z). If we use polar coordinates and designate w = p’® in the w
plane, then the inverse mapping is

2= RN (w) = we™ = pe'Pe™ = peil®=a),

This analysis shows that R is a one-to-one mapping of the z plane onto the w plane. The effect
of rotation is depicted in Figure 2.6.

~
<

W=R(Z) (|)=6+(x

i(0 + o)

w=re <
—_— v
p=r Q
0=060+0
r 0

Figure 2.6: The rotation w = R(z) = reif+a)

Example 2.8. The ellipse centered at the origin with a horizontal major axis of four units and
vertical minor axis of two units can be represented by the parametric equation

s(t) =2cost+isint = (2cost, sint) for0 <t < 2.

Suppose that we wanted to rotate the ellipse by an angle of 7/6 radians and shift the center of
the ellipse 2 units to the right and 1 unit up. Using complex arithmetic, we can easily generate
a parametric equation r(t) that does so:

r(t) = s(t)e's + (24 1)

(
(2cost +isint) (cos%+isin%) +(2+1)

™ . . T . . T . ™ .
<2costcosg — smtsmg> +1 (2costsmg —i—smtcosg) +(2+1)

1 3
(\/gcost— 2simt—l—2> +1 (cost+ \Q[Sint—l— 1)

1 3
= (\/gcost—2sint+2, cost—l—\gsint—i—l) for 0<t<2m.

Figure 2.7 shows parametric plots of these ellipses.

If we let K > 0 be a fixed positive real number, then the transformation
w=_95(2)=Kz=Kz+iKy

is a one-to-one mapping of the z plane onto the w plane and is called a magnification. If
K > 1, it has the effect of stretching the distance between points by the factor K. If K < 1,
then it reduces the distance between points by the factor K. The inverse transformation is

given by
1 1
=8 w)= —w=—u+i—v

K K K
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Figure 2.7: Plots of (a) the original ellipse; (b) the rotated ellipse

y v

Ki+ Ki i

X | + + u

1 K 1 K

Figure 2.8: The magnification w = S(z2) = Kz = Kz + iKYy

and shows that S is one-to-one mapping from the z plane onto the w plane. The effect of
magnification is shown in Figure 2.8.

Finally, if we let A = Ke' and B = a + ib, where K > 0 is a positive real number, then
the transformation
w=L(z)=Az+ B

is a one-to-one mapping of the z plane onto the w plane and is called a linear transformation.
It can be considered as the composition of a rotation, a magnification, and a translation. It
has the effect of rotating the plane through an angle given by a = Arg(A), followed by a
magnification by the factor K = |A|, followed by a translation by the vector B = a 4 ib. The

inverse mapping is given by z = L™} (w) = %w — % and shows that L is a one-to-one mapping

from the z plane onto the w plane.

Example 2.9. Show that the linear transformation w = iz + i maps the right half-plane
Re(z) > 1 onto the upper half-plane Im(w) > 2.
Solution:

(Method 1): Let A = {(z,y) : > 1}. To describe B = f(A), we solve w =iz + i for z to get
z=""" = —jw—1= f"}(w). Using Equations (2.5) and the method of Example 2.7 we have

utiv=w=f(z)EB= fl(w)=2¢€ A
= —iw—-1cA
—=v-1—-wmecA
— (v—-1,-u)ed
<—v—-1>1
< v > 2.

Thus B = {w = u+ iv : v > 2}, which is the same as saying Im(w) > 2.
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(Method 2): When we write w = f(z) in Cartesian form as
w=u+iv=ilr+iy)+i=—-y+i(z+1),

we see that the transformation can be given by the equations u = —y and v = x+1. Substituting
x = v—11in the inequality Re(z) = > 1 gives v—1 > 1, or v > 2, which is the upper half-plane
Im(w) > 2.

(Method 3): The effect of the transformation w = f(z) is a rotation of the plane through the
angle a = § (when z is multiplied by 7) followed by a translation by the vector B = i. The
first operation yields the set Im(w) > 1. The second shifts this set up 1 unit, resulting in the

set Im(w) > 2.

We illustrate this result in Figure 2.9.

i w=iz+i \ \\Q

- Z

/ \

Figure 2.9: The linear transformation w = f(z) =iz +1¢

Translations and rotations preserve angles. First, magnifications rescale distance by a fac-
tor K, so it follows that triangles are mapped onto similar triangles, preserving angles. Then,
because a linear transformation can be considered to be a composition of a rotation, a magnifi-
cation, and a translation, it follows that linear transformations preserve angles. Consequently,
any geometric object is mapped onto an object that is similar to the original object; hence
linear transformations can be called similarity mappings.

Example 2.10. Show that the image of D1(—1—14) = {z: |2+ 1+4| < 1} under the transfor-
mation w = (3 — 4i)z + 6 + 2i is the open disk D5(—1+3i) = {w : |w + 1 — 3i| < 5}.
Solution:

wg_ﬁji, so if we designate the range of f as B, then

The inverse transformation is z =

w= f(2) € B<= f(w)=2¢€ Dy(~1—1)
w—6—21

3—4i
w—06—2¢
R
w—6—21

’ 3— 4
= w—6—-2i+(1+10)(3—49)| <5

— |w+1-3i| <5.

S Dl(—l — Z)
+1+4<L

F 14| [3—4i] <1-]3— 4

Hence the disk with center —1 — ¢ and radius 1 is mapped one-to-one and onto the disk with
center —1 + 3¢ and radius 5 as shown in Figure 2.10.
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w=5(2)

<l L 1y x <l T R .y 7}

Y \

Figure 2.10: The mapping w = S(z) = (3 — 4i)z + 6 + 21

Example 2.11. Show that the image of the right half-plane Re(z) > 1 under the linear trans-
formation w = (=14 4)z — 2 + 3i is the half-plane v > u + 7.

Solution:

The inverse transformation is given by

w+2—-3i  u+2+i(v—23)
—14i —1+i

Zz =

)

which we write as
—u+v—5+ —u—-v+1
7 .

2 2

Substituting x = %”_5 into Re(z) =z > 1 gives _“‘;”_5 > 1, which simplifies to v > u + 7.
Figure 2.11 illustrates the mapping.

Tty =

w=f(2)
_—

<l Loy -l v !

Y
=

Y \

Figure 2.11: The mapping w = f(z) = (-1 +1i)z — 2+ 3i

Exercises for Section 2.1 (Selected answers or hints are on page 431.)

1. Find f(1+ i) for the following functions.
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. Let f(z) = 22! — 527 + 92%. Use polar coordinates to find
(a) f(—=1+1).
(b) f(1+14V3).

. Express the following functions in the form wu(z,y) + iv(x,y).

. Express the following functions in the polar coordinate form w(r, 6) + iv(r,0).

(a) f(z) = 2% +72°.
(b) f(z) =2°+7%

(¢) For what values of z are the above expressions valid? Why?

. Let f(2) = f(x +iy) = e cosy + ie” siny. Find

(a) f(0).

(b) f(im).

(c) FG%).

(d) f(2+1im)

(e) f(3mi).

(f) Is f a one-to-one function? Why or why not?

. For 2 #£0, let f(2) = f(z +1iy) = 5 In(z? + y?) + iarctan £. Find

. For 2z #0, let f(z) =Inr + 146, where r = |z|, and § = Arg z. Find

(a
(b
(c
(d

)
)
)
)
(e) Is f a one-to-one function? Why or why not?

. A line that carries a charge of % coulombs per unit length is perpendicular to the z plane
and passes through the point zy. The electric field E(z) at the point z is a vector, and
its intensity is its magnitude |E(z)|. It varies inversely as the distance from zj, and is

directed along the line from 2z to z. Show that E(z) = == k, , where k is some constant.

Note: in Section 10.11 we show that, in fact, k = ¢, so that actually E(z) = =4Z

zZ—Z0"
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10.

11.

12.

13.

14.

15.

16.

17.

18.

. Use the result of Exercise 8 to find the points z where the total charge E(z) = 0 given

the following conditions.

a) Three positively charged rods carry a charge of £ coulombs per unit length and pass
2
through the points 0, 1 — ¢, and 1 + 1.

(b) A positively charged rod carrying a charge of 4 coulombs per unit length passes
through the point 0 and positively charged rods carrying a charge of ¢ coulombs per
unit length pass through the points 2 +¢ and —2 + 1.

Suppose that f maps A into B, g maps B into A, and that Equations (2.3) hold.

(a) Show that f is one-to-one.
(b) Show that f maps A onto B.

Suppose f is a one-to-one mapping from D onto T and that A is a subset of D.

(a) Show that f is one-to-one from A onto B, where B = {f(z) : z € A}.
(b) Show, additionally, that if g is one-to-one from B onto S, then h(z) is one-to-one
from A onto S, where h(z) = f(g(z)).

For each part that follows produce a graphical and mathematical description of the images
of the following sets when mapped by the function w = f(z) = (3 +4i)z — 2 4 i (see, for
example, the solution to Example 2.11). In each case also indicate graphically the images
of z1 =0, 20 =1—14, and z3 = 2.

(a) The disk |z — 1| < 1.

(b) The linexz =t,y=1—-2t for —oco <t < oc.

(c) The half-plane Im(z) > 1.

Let w = (2 + i)z — 2i. Find the triangle onto which the triangle with vertices z; =
—2+4+14, 20 = =2+ 2i, and z3 = 2 + ¢ is mapped.

Let S(z) = Kz, where K > 0 is a positive real constant. Show that the equation
|S(21) — S(22)| = K|z1 — 22| holds and interpret this result geometrically.

Find the linear transformations w = f(z) that satisfy the following conditions.
(a) The points z; = 2 and z3 = —3i map onto w; = 1 + 4 and wy = 1.

(b) The circle |z| = 1 maps onto the circle |w — 3 + 2i| = 5, and f(—i) = 3 + 3i.

(¢) The triangle with vertices —4 + 2i, —4 + 7i, and 1 4 2i maps onto the triangle with
vertices 1, 0, and 1 + 4, respectively.

Give a proof that the image of a circle under a linear transformation is a circle. Hint: Let
the circle have the parameterization x = xg + Rcost , y = yo + Rsint.

Prove that the composition of two linear transformations is a linear transformation.

Show that a linear transformation that maps the circle |z — z9| = R; onto the circle
|w — wp| = Ry can be expressed in the form

A(w - 'U}())Rl = (Z — Zo)RQ, where ‘A’ =1.
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. 1
2.2 The Mappings w = 2" and w = z»
In this section we turn our attention to power functions.
For z = re # 0, we can express the function w = f(z) = 2% in polar coordinates as
w= f(z) = 2% =r2e?,

If we also use polar coordinates for w = pe’® in the w plane, we can express this mapping by
the system of equations
p=r> and ¢ = 20.

Because an argument of the product (2)(z) is twice an argument of z, we say that f doubles
angles at the origin. Points that lie on the ray r > 0, # = « are mapped onto points that lie on
the ray p > 0, ¢ = 2a. If we now restrict the domain of w = f(z) = 22 to the region

A={re?:r>0 and —g<9§g}, (2.6)

then the image of A under the mapping w = z? can be described by the set
B={pe":p>0 and —7<¢<m}, (2.7)
which consists of all points in the w plane except the point w = 0.
The inverse mapping of f, which we denote g, is then

1
_ 5 50
_p2€ y

N|=
-

z=g(w)=w

where w € B. That is,
1 1 . Arg(w)
z :g(w) = w2 = ’wyzez 2,

where w # 0. The function g is so important that we call special attention to it with a formal
definition.

Definition 2.1 (Principal Square Root). The function

. Arg(w

elT) for w #0, (2.8)

N

1
g(w) = w2 = |w|
1s called the principal square root function.

We leave as an exercise to show that f and g satisfy Equations (2.3) and thus are inverses
of each other that map the set A one-to-one and onto the set B and the set B one-to-one and
onto the set A, respectively. Figure 2.12 illustrates this relationship.

What are the images of rectangles under the mapping w = 2z2? To find out, we use the
Cartesian form

2

w=u+iv=f(z)=2%=a2>—y? +i2zy = (2% — 9°, 2zy) = (u,v)

and the resulting system of equations

u=2xz>—y? and v=2zy. (2.9)
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Figure 2.12: The mappings w = 22 and z = w3

Example 2.12. Show that the transformation w = f(z) = 22, for z # 0, usually maps
vertical and horizontal lines onto parabolas and use this fact to find the image of the rectangle
{(z,y): 0<z<a, 0<y<b}.

Solution:

Using Equations (2.9), we determine that the vertical line x = a is mapped onto the set of
points given by the equations u = a? — y? and v = 2ay. If a # 0, then y = 5. and

o V7
=a‘ - —. 2.10
u=a’= ( )
Equation (2.10) represents a parabola with vertex at a2, oriented horizontally, and opening to
the left. If @ > 0, the set {(u,v) : u = a® — 9%, v = 2ay} has v > 0 precisely when y > 0, so the

part of the line z = a lying above the = axis is mapped to the top half of the parabola.

The horizontal line y = b is mapped onto the parabola given by the equations u = 22 — b?
and v = 2xb. If b # 0, then as before we get

, 0
=—-b"4+ —. 2.11
Equation (2.11) represents a parabola with vertex at —b?, oriented horizontally and opening to
the right. If b > 0, the part of the line y = b to the right of the y axis is mapped to the top half
of the parabola because the set {(u,v) : u = 2% — b%, v = 2bx} has v > 0 precisely when z > 0.

Quadrant I is mapped onto quadrants I and II by w = 22, so the rectangle 0 < z < a, 0 <y <b
is mapped onto the region bounded by the top halves of the parabolas given by Equations (2.10)
and (2.11) and the u axis. The vertices 0, a, a + ib, and ib of the rectangle are mapped onto
the four points 0, a2, a®> — b + i2ab, and —b?, respectively, as indicated in Figure 2.13.

Finally, we can verify that the vertical line x = 0, y # 0 is mapped to {(—y%,0) : y # 0}.
This is simply the set of negative real numbers. Likewise, the horizontal line y = 0, z # 0 is
mapped to the set {(z2,0) :  # 0}, which is the set of positive real numbers.

What happens to images of regions under the mapping

. Arg(z)
w=f(z) = |z]7e"" 5

SIS

1, «
=r2e'2 for z=re? £0,

where —71 < 6 < 7? If we use polar coordinates for w = pe’® in the w plane, we can represent

this mapping by the system
0
p:T‘% and ¢ = 7 (2.12)
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Figure 2.13: The transformation w = 22

Equations (2.12) indicate that the argument of f(z) is half the argument of z and that the
modulus of f(z) is the square root of the modulus of z. Points that lie on the ray r > 0, 0 = «
are mapped onto the ray p > 0, ¢ = §. The image of the z plane (with the point z = 0 deleted)

consists of the right half-plane Re(w) > 0 together with the positive v axis. The mapping is
shown in Figure 2.14

y 24
A
1
w=2z2
NG
,,,,,,,,,,,,,,, = < = > i
P DR oS T =o
/ . 1 RN S~
. N p=ri AN
\ S 1 .
/ S
y N ¢:§ 1A -
2 R
1 \ \\
-T<O<T AR
y ¢

Figure 2.14: The mapping w = 22
We can use 1knowledge of the inverse mapping z = w? to get further insight into how the
mapping w = z2 acts on rectangles. If we let z = z + iy # 0, then

z:w2:u2—z}2+i2uv,

and we note that the point z = x + ¢y in the z plane is related to the point w = u +iv = 2% in
the w plane by the system of equations

r=u?—v? and y=2uww. (2.13)

Example 2.13. Show that the transformation w = f(z) = 22 usually maps vertical and
horizontal lines onto portions of hyperbolas.

Solution:

Let a > 0. Equations (2.13) map the right half-plane given by Re(z) > a (i.e., z > a) onto
the region in the right half-plane satisfying u? — v? > a and lying to the right of the hyperbola
u? —v? = a. If b > 0, Equations (2.13) map the upper half-plane Im(z) > b (i.e., y > b) onto the
region in quadrant I satisfying 2uv > b and lying above the hyperbola 2uv = b. This situation
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\
1
w=22
i =
9
2_
2uv=>b
y=b 4 z=w?2 1
-
X=a uz—vz =a
< T T —> X T T —> U
-3 3 6 9 1 2 3

N|=

Figure 2.15: The mapping w = z

is illustrated in Figure 2.15. We leave as an exercise the investigation of what happens when
a=0o0rb=0.

We can easily extend what we’ve done to integer powers greater than 2. We begin by letting
n be a positive integer, considering the function w = f(z) = 2", for z = re® # 0, and then
expressing it in the polar coordinate form

w= f(z) = 2" = r"em?, (2.14)

If we use polar coordinates w = pe’® in the w plane, the mapping defined by Equation (2.14)
can be given by the system of equations

p=r" and ¢ =nb.

The image of the ray r > 0, § = « is the ray p > 0, ¢ = no, and the angles at the origin
are increased by the factor n. The functions cosnf and sinnf are periodic with period 27 /n,
so f is in general an n-to-one function; that is, n points in the z plane are mapped onto each
non-zero point in the w plane.

If we now restrict the domain of w = f(z) = 2™ to the region

E:{rew:r>0 and —E<0§E},

n n
then the image of E under the mapping w = 2™ can be described by the set
F={pe®:p>0 and —7m<¢<n},

which consists of all points in the w plane except the point w = 0. The inverse mapping of f,
which we denote g, is then

sl

2= g(w) = wn = pre’a,

where w € F. That is,

- Arg(w)
2= g(w) = wn = wlme " m,

where w # 0. As with the principal square root function, we make an analogous definition for
nth roots.
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Definition 2.2 (Principal nth Root). The function

1 Z'Arg;(w)

g(w):w;:|w|%€ n for w=#0
1s called the principal nth root function.

We leave as an exercise to show that f and g are inverses of each other that map the set
FE one-to-one and onto the set ' and the set F' one-to-one and onto the set E, respectively.
Figure 2.16 illustrates this relationship.

y v
w=z"
—
E\
I X ~————————————> U
\\\ i‘/
\Nn -~
N 1
N I=wn

Figure 2.16: The mappings w = 2" and z = w

Exercises for section 2.2 (Seclected answers or hints are on page 432.)

2

1. Find the images of the mapping w = 2* in each case, and sketch the mapping.

) The horizontal line {(x,y) : y = 1}.

) The vertical line {(z,y) : x = 2}.

) The rectangle {(z,y) : 0 <2 <2, 0 <y < 1}.

(d) The triangle with vertices 0, 2, and 2 + 2i.

) The infinite strip {(z,y) : 1 < z < 2}.
) The right half-plane region to the right of the hyperbola 22 — y? = 1.
) The first quadrant region between the hyperbolas zy = % and zy = 4.

2. For what values of z does (22)% = z hold if the principal value of the square root is to be
used?

3. Sketch the set of points satisfying the following relations.

(a) Re(z?) > 4.
(b) Im(z?) > 6.

4. Find and illustrate the images of the following sets under the mapping w = 23,

(a) {re® :r>1and 3 <6 <3}
(b) {re?:1<r<9and0<6< 2}
(c) {re? :r<4and —7w<6<3Z}
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10.

11.

12.

(d) The vertical line {(z,y) : x = 4}.
(e) The infinite strip {(z,y) : 2 <y < 6}.

. . 2
(f) The region to the right of the parabola x =4 — ¥z.

Hint: Use the inverse mapping z = w? to show that the answer is the right half-plane
Re(w) > 2.

. Find the image of the right half-plane Re(z) > 1 under the mapping w = 22 + 2z + 1.

Find the image of the following sets under the mapping w = 23.

(a) {re :1<r<2and T <0< Z}.
0 . 2T 3m
(b) {re® :r>3and & < § < 3T}

Find the image of {re? : r > 2 and 7 <0< 5} under the following mappings.

(a) w=23
(b) w = 2*.
(c) w = 25.

. Find the image of the sector r > 0, —7m < 6 < %” under the following mappings.

(a) w= 23
(b) w =23
(c) w =21

. Use your knowledge of the principal square root function to explain the fallacy in the

following logic:

. Arg(w)
Show that the functions f(z) = 2% and g(w) = wz = \w]%ez 2 with domains given by
Equations (2.6) and (2.7), respectively, satisfy Equations (2.3). Thus, f and g are inverses
of each other that map the shaded regions in Figure 2.14 one-to-one and onto each other.

Show what happens when a = 0 and b = 0 in Example 2.13.

Establish the result referred to in Definition 2.2.

2.3 Limits and Continuity

Let u = u(z,y) be a real-valued function of the two real variables = and y. Recall that u has
the limit up as (x,y) approaches (xg,yo) provided the value of u(x,y) can be made to get as
close as we want to the value ug by taking (z,y) to be sufficiently close to (zg,y0). When this
happens we write

lim

w(z,y) = ug.
(z,y)—(z0,y0) (@9) 0

In more technical language, u has the limit uy as (z,y) approaches (xo, yo) iff |u(z,y) — uo|
can be made arbitrarily small by making both |z — xg| and |y — yo| small. This condition is like
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the definition of a limit for functions of one variable. The point (z,y) is in the zy plane, and
the distance between (z,y) and (zoyo) is \/(z — 20)2 + (y — yo)2. With this perspective we can
now give a precise definition of a limit.

Definition 2.3 (Limit of u(x,y)). The expression lim  wu(z,y) = up means that for each
(%Z/)*(xo,yo)
number € > 0, there is a corresponding number & > 0 such that

lu(z,y) —uo| < e whenever 0 <+/(x —x0)2+ (y —y0)2 < 6. (2.15)
Example 2.14. Show, if u(z,y) = (3522%22)7 then (x’yl)ighw) u(z,y) = 0.

Solution:
If £ =rcosf and y = rsinf, then
2r3 cos3 6

= 2rcos® 6.
r2cos2 0 + r2sin? 6

u(z,y) =

Because \/(z — 0)2 + (y — 0)2 = 7 and because | cos® 6| < 1,
|u(z,y) — 0] = 2r| cos®A| <& whenever 0<\/z2+y2=r< g

Hence, for any € > 0, Inequality (2.15) is satisfied for § = §; that is, u(z, y) has the limit ug = 0
as (z,y) approaches (0,0).

The value wuy of the limit must not depend on how (x,y) approaches (xo, o), so u(z,y)
must approach the value ug when (z,y) approaches (zg, y9) along any curve that ends at the
point (xg, yo). Conversely, if we can find two curves C; and Cy that end at (z¢, yo) along which
u(x,y) approaches two distinct values u; and ug, then u(z,y) does not have a limit as (z,y)
approaches (g, yp).

Example 2.15. Show that u(z,y) = xﬁ’yQ does not have a limit as (z,y) approaches (0,0).

Solution:

If we let (z,y) approach (0,0) along the x axis, then

: : (z)(0)
] 0)= 1 ),
(2.0)=(0.0) w=,0) (2.0)2(0,0) 22 + 02

But if we let (z,y) approach (0, 0) along the line y = x, then

lim w(x,z)= lim (@)(z) = 1
(z,2)—(0,0) (z,2)—(0,0) 22 + 22 2
Because the value of the limit differs depending on how (z,y) approaches (0,0), we conclude
that u(x,y) does not have a limit as (z,y) approaches (0,0).

Let f(z) be a complex function of the complex variable z that is defined for all values of z
in some neighborhood of 2y, except perhaps at the point zg. We say that f has the limit wg as
z approaches zg, provided the value f(z) can be made as close as we want to the value wgy by
taking z to be sufficiently close to zg. When this happens we write

lim f(z) = wo.
Z—r20

The distance between the points z and zp can be expressed by |z — 29|, so we can give a
precise definition similar to the one for a function of two variables.
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Definition 2.4 (Limit of f(z)). The expression lim f(z) = wg means that for each real number
Z—20

e > 0, there exists a real number § > 0 such that
|f(2) —wo| <& whenever 0 < |z—zp| <.
Using the notation of (1.50) and (1.52), we can express the last relationship as

f(2) € Do(wo) whenever z € Dj(2p).

The formulation of limits in terms of open disks provides a good context for looking at this
definition. It says that for each disk of radius € about the point wq (represented by D.(wyp))
there is a punctured disk of radius ¢ about the point zy (represented by D3 (z9)) such that the
image of each point in the punctured § disk lies in the € disk. The image of the § disk does
not have to fill up the entire ¢ disk; but if z approaches zy along a curve that ends at 2y, then
w = f(z) approaches wy. The situation is illustrated in Figure 2.17.

y v

&
\s o
w=
z —Z> Wy

0

Figure 2.17: As z — 2¢ the function values f(z) — wo

Example 2.16. Show that if f(z) =z, then H_)m f(2) =z, where zy is any complex number.
2—20

Solution:

As f merely reflects points about the y axis, we suspect that any ¢ disk about the point Zg would
contain the image of the punctured ¢ disk about 2 if § = . To confirm this conjecture, we let
e be any positive number and set 6 = . Then we suppose that z € D3(z9) = D}(2), which
means that 0 < |z — 29| < e. The modulus of a conjugate is the same as the modulus of the
number itself, so the last inequality implies that 0 < |z — zg| < . This inequality is the same as
0 < |z —7Zg| < e. Since f(z) =z and wy = Zp, this last inequality becomes 0 < |f(z) — wp| < ¢,
or f(z) € D.(%Zp), which is what we needed to show.

If we consider w = f(z) as a mapping from the z plane into the w plane and think about
the previous geometric interpretation of a limit, then we are led to conclude that the limit of a
function f should be determined by the limits of its real and imaginary parts, v and v. This
conclusion also gives us a tool for computing limits.

Theorem 2.1. Let f(z) = u(z,y) + iv(z,y) be a complex function that is defined in some
neighborhood of zg, except perhaps at zg = xo + iyo. Then

lim f(z) = wo = up + vy (2.16)
Z—r20
uf
lim  wu(z,y) =uy and lim  v(z,y) = vo. (2.17)
(@,y)—(z0,y0) (2,y)=(z0,90)
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Proof. We first assume that Statement (2.16) is true and show that Statement (2.17) is true.
According to the definition of limit, for each € > 0, there is a corresponding § > 0 such that

f(2) € De(wy) whenever =z € Dj(zp);
that is,
|f(2) —wp| <& whenever 0 < |z— zy| <.

Because f(z) —wo = u(z,y) — uo + i(v(x,y) — vo), we can use Inequalities (1.21) to conclude
that

lu(z,y) —uo| < [f(z) —wo| and |o(z,y) —vo| <|f(2) —wol.
It now follows that |u(z,y) — ug| < € and |v(z,y) — vo| < € whenever 0 < |z — 29| < J, and so
Statement (2.17) is true.

Conversely, assume that Statement (2.17) is true. Then for each € > 0, there exists §; > 0
and d2 > 0 so that

lu(z,y) — ug| < whenever 0 < |z — 29| <61, and

lv(x,y) —vo| < whenever 0 < |z — zp| < 2.

[CERON RG]

We choose é to be the minimum of the two values d; and d2. Then we can use the triangle
inequality

| f(2) —wol < |u(z,y) — uol + [v(z,y) — vo
to conclude that

e €
\f(z)—w0]<§+§:5 whenever 0 < |z — 29| < 6;

that is,
f(2) € De(wo) whenever =z € Dj(zp).

Hence the truth of Statement (2.17) implies the truth of Statement (2.16), and the proof of the

theorem is complete. ]

Example 2.17. Show that lim (2% —2z+4+1) = —1.

z— 141
Solution:

Let
f(2) =22 =224 1 =2 —y* — 20 +1+i(2zy — 2y).

Computing the limits for v and v, we obtain

lim w(x,y)=1-1-2+1=-1 and

(z,y)—(1,1)
lim ov(z,y)=2-2=0,
(z,y)—(1,1) (=9)
so our previous theorem implies that lim f(z) = —1.

z—1+1

Limits of complex functions are formally the same as those of real functions, and the sum,
difference, product, and quotient of functions have limits given by the sum, difference, product,
and quotient of the respective limits. We state this result as a theorem and leave the proof as
an exercise.
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Theorem 2.2. Suppose that le f(2) = A and lim g(z) = B. Then
z—20

lim [() £ 9(:)] = A% B, (2.18)
Zli)n,; f(2)g(z) = AB, and (2.19)
Zli_)rrzlo g(g = g, where B # 0. (2.20)

Definition 2.5 (Continuity of u(x,y)). Let u(z,y) be a real-valued function of the two real
variables x and y. We say that u is continuous at the point (xo, yo) if three conditions are
satisfied:

lim  w(z,y) exists, (2.21)
(z,y)—=(z0,90)
u(zo, yo) exists, and (2.22)

(#,y)=(20,0)

Condition (2.23) actually implies Conditions (2.21) and (2.22) because the existence of
the quantity on each side of Equation (2.23) is implicitly understood to exist. For example, if
3

u(z,y) = 'z when (z,y) # (0, 0) and if u(0, 0) = 0, then u(z,y) — (0, 0) so that Conditions
(2.21), (2.22), and (2.23) are satisfied. Hence u(z,y) is continuous at (0, 0).

There is a similar definition for complex valued functions.

Definition 2.6 (Continuity of f(z)). Let f(z) be a complex function of the complex variable
z that is defined for all values of z in some neighborhood of zg. We say that f is continuous at
zo if three conditions are satisfied:

le)n;l f(2) exists, (2.24)
f(z0) exists, and (2.25)
lim f(z) = £(z0). (2.26)

Remark 2.3. Ezample 2.16 shows that the function f(z) = Z is continuous.

A complex function f is continuous iff its real and imaginary parts, v and v, are continuous.
The proof of this fact is an immediate consequence of Theorem 2.1. Continuity of complex
functions is formally the same as that of real functions, and sums, differences, and products of
continuous functions are continuous; their quotient is continuous at points where the denomi-
nator is not zero. These results are summarized by the following theorems. We leave the proofs
as exercises.

Theorem 2.3. Let f(z) = u(z,y) + iv(x,y) be defined in some neighborhood of zy. Then f is
continuous at zo = xo + iyo iff u and v are continuous at (g, Yo).

Theorem 2.4. Suppose that f and g are continuous at the point zg. Then the following
functions are continuous at zq:

e The sum f + g, where (f + g)(2) = f(z) + g(2);
e The difference f — g, where (f — g)(z) = f(2) — g(2);
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e The product fg, where (fg)(z) = f(2)g(z);

e The quotient L g where g(z) =

g(g, provided g(z9) # 0; and

e The composition f o g, where (fog)(z) = f(g(z)), provided f is continuous in a neigh-
borhood of g(zp).
Example 2.18. Show that the polynomial function given by
w= P(2) = ap+ a1z +agz® + -+ ap2"

is continuous at each point zg in the complex plane.

Solution:

If ag is the constant function, then lim ag = ag; and if a; # 0, then we can use Definition 2.4
Z—>Zo

with f(z) = a1z and the choice § = | 17 to prove that lim (a1z) = a1zp. Using Property (2.19)
zZ—20
and mathematical induction, we obtain
lim (ap2%) = apzf for k=0,1,2,...,n. (2.27)

Z—20

We can extend Property (2.18) to a finite sum of terms and use the result of Equation (2.27)

to get
n
— k _
ZlgrleP z) = Zlgrzlo (Z arz ) = kz_oakzo = P(z
Conditions (2.24), (2.25), and (2.26) are satisfied, so we conclude that P is continuous at zp.

One technique for computing limits is to apply Theorem 2.4 to quotients. If we let P and
Q@ be polynomials and if Q(zp) # 0, then

1 P _ Pla)
S50 Q() Q)

Another technique involves factoring polynomials. If both P(zy) = 0 and Q(zp) = 0, then
P and @ can be factored as P(z) = (z — z9)P1(z) and Q(z) = (2 — 20)Q1(2). If Q1(z0) # 0,

then the limit is P(2) ( )Pi(2) Pi(2)
) z) L. z—z0)1(z)  Ii(%o
A G = A 0 0i2) ~ Giz)

Example 2.19. Show that lim 2{% =1-—q.
z2— 141 z+2

Solution:
Here P and @ can be factored: P(z) = (2 —1—4)(z+1+1); Q(z)=(2—1—14)(z —1+1).
Thus, the limit can be obtained in a straightforward manner:

lim ( 222 ) B T e GRS T <z+1+i) _ ()4 249

. 2 = ‘ . . — £T — 1.
21t \#2—22+2 21t (F—1=1)(z—141) it \F— 1+ (14+2)—1+2 21
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Exercises for Section 2.3 (Selected answers or hints are on page 433.)

1. Find the following limits.

(a) lim (22 — 4z + 2+ 5i).

2—2+1

i Zot4zt2
(b) lim =552,

zi—1

2242—1-3i

37515 by factoring.

2. Determine where the following functions are continuous.

(a) 22 =922 +iz—2.
(b) F5r-

(o) =525

(@) s

() ZHL.

(f) .

3. State why lim (e cosy + ix?y) = e cos yo + iz2yo.
Z—rZ20

4. State why lim [In(z? + y?) + iy] = In(23 + y3) + iyo, provided |z| # 0.

b
5. Show that
(@) lim - =0
) limg =0

6. Let f(2) = %‘(2) when z # 0 and let f(0) = 0. Show that f(z) is continuous for all
values of z.

2 2 .
7. Let f(z) = 25 = %:yzzm

Find lim f(z) as z — 0 along the line y = z.

Find liH(l) f(2) as z — 0 along the line y = 2.

Find lim f(2) as z — 0 along the parabola y = .

8. Let f(z) = f(z,y) = x;f;yﬁ + i5xﬁiyy2 when z # 0, and let f(0) = 0.

(a) Show that 1ir% f(z) = f(0) = 0 if z approaches zero along any straight line that
zZ—r
passes through the origin.

(b) Show that f is not continuous at the point 0.
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10.

11.

12.

13.
14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

. For z #0, let f(z) = 2. Does f(z) have a limit as z — 07

Does lim Argz exist? Why?

z——4
Hint: Use polar coordinates and let z approach —4 from the upper and lower half-planes.
Let f(z) = 23 = r%(cosg + isin%), where z = re, r > 0, and —7 < § < 7. Use the
polar form of z and show that
(a) f(z) =i as z — —1 along the upper semicircle r =1, 0 < 6 < 7.

(b) f(z) — —i as z — —1 along the lower semicircle r =1, —w < 6§ < 0.

Let f(z) = xj;ng when z # 0 and let f(0) = 1. Show that f(z) is not continuous at
20 = 0.

Let f(z) = xe¥ +iy?e~®. Show that f(z) is continuous for all values of 2.

Use the definition of the limit to show that lim 22 = —7 + 244.

z—3+4
Let f(z) = RFT(‘Z) when z # 0 and let f(0) = 1. Is f(z) continuous at the origin?
(e2)°
Let f(z) = T(ZZ') when z # 0 and let f(0) =0. Is f(z) continuous at the origin?

. Arg(z) . . . .
Let f(z) = 22 = |z|%eZ 5, where z # 0. Show that f(2) is discontinuous at each point
along the negative x axis.

Let f(z) = In|z| + iArg(z), where —m < Arg(z) < m. Show that f(z) is discontinuous at
zo = 0 and at each point along the negative x axis.

Let |g(z)] < M and lim f(z) = 0. Show that lim f(2)g(z) = 0. Note: Theorem 2.2 is
Z2—20 Z—20

of no use here because you don’t know whether ILm g(z) exists. Give an ¢, § argument.
z—20

Let Az = z — zp. Show that lim f(z) = wq iff Alimo f(z0 + Az) = wp.
z—

Z—r20

Let f(z) be continuous for all values of z.

(a) Show that g(z) = f(Z) is continuous for all z.
(b) Show that g(z) = f(z) is continuous for all z.

Verify the following identities:

(a) li_)m [f(z) £ 9(2)] = A+ B: Identity (2.18).
z2—20

(b) ILm f(2)g(z) = AB: Identity (2.19).
Z—%20

(c) Zli_}n;g 58 = %: Identity (2.20).

Verify the results of Theorem 2.4.

Show that the principal branch of the argument, Arg z, is discontinuous at 0 and all points
along the negative real axis.
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2.4 Branches of Functions

In Section 2.2 we defined the principal square root function and investigated some of its prop-
erties. We left unanswered some questions concerning the choices of square roots. We now look
at these questions because they are similar to situations involving other elementary functions.

In our definition of a function in Section 2.1, we specified that each value of the independent
variable in the domain is mapped onto one and only one value in the range. As a result, we often
talk about a single-valued function, which emphasizes the “only one” part of the definition and
allows us to distinguish such functions from multiple-valued functions, which we now introduce.

Let w = f(z) denote a function whose domain is the set D and whose range is the set R.
If w is a value in the range, then there is an associated inverse relation z = g(w) that assigns
to each value w the value (or values) of z in D for which the equation f(z) = w holds. But
unless f takes on the value w at most once in D , then the inverse relation g is necessarily many
valued, and we say that ¢ is a multivalued function. For example, the inverse of the function
w = f(z) = 22 is the square root function z = g(w) = w2. For each value z other than z = 0,
then, the two points z and —z are mapped onto the same point w = f(z); hence g is, in general,
a two-valued function.

The study of limits, continuity, and derivatives loses all meaning if an arbitrary or ambiguous
assignment of function values is made. For this reason we did not allow multivalued functions
to be considered when we defined these concepts. When working with inverse functions, you
have to specify carefully one of the many possible inverse values when constructing an inverse
function, as when you determine implicit functions in calculus. If the values of a function f
are determined by an equation that they satisfy rather than by an explicit formula, then we
say that the function is defined implicitly or that f is an implicit function. In the theory of
complex variables we present a similar concept.

We now let w = f(z) be a multiple-valued function. A branch of f is any single-valued
function fp that is continuous in some domain (except, perhaps, on the boundary). At each
point z in the domain, it assigns one of the values of f(z).

N |=

Example 2.20. We consider some branches of the two-valued square root function f(z) = z
(z # 0). Define the principal square root function as

0 1 0

i3 — 3 cos 3 + 472 sin 3 (2.28)

where r = |z| and 6 = Arg(z) so that —m < § < m. The function f; is a branch of f. Using the
same notation, we can find other branches of the square root function. For example, if we let

fa2) = 2|2 5T = phei
0+2 0+ 2
=72 cos Rl +ir? sin +en , (2.29)
2 2
then 1 0+2 1 0 1 %)
f2(z) = 7567‘ 2 = r?ezielﬂ = —rieZE = —fl(z)’

so f1 and fo can be thought of as “plus” and “minus” square root functions. The negative real
axis is called a branch cut for the functions f; and fo. Each point on the branch cut is a point
of discontinuity for both functions f; and fs.

Example 2.21. Show that the function f; is discontinuous along the negative real axis.
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Solution:

Let zg = rpe'™ denote a negative real number. We compute the limit as z approaches zy
through the upper half-plane {z : Im(z) > 0} and the limit as z approaches zy through the
lower half-plane {z : Im(z) < 0}. In polar coordinates these limits are given by

, 1
lim  fi(re?) = lim re <cos 4 + isin 9) =ir;, and
(r,0)—(ro,m) (r,0)—(ro,m) 2 2
lim fi(re?) = lim ra <C089 + ¢sin 9) = —ir%
(r,0)—(ro,—m) ! (r,0)—(ro,—m) 2 2 0

The two limits are distinct, so the function f; is discontinuous at zg.

Remark 2.4. Likewise, fo is discontinuous at zg. The mappings w = fi1(z), w = fa(z), and
the branch cut are illustrated in Figure 2.18.

y v
w=f(z) i }
1
~———————————————————— X 1 u
|
—
z=w? —tlb
|
|
Y
y v
A
|
w=£2) pi
-1 |
-~ X u
—— i
Z=w

Figure 2.18: The branches f; and fs of f(z) 23

We can construct other branches of the square root function by specifying that an argument of
z given by 6 = arg z is to lie in the interval o < 6 < a4 2xw. The corresponding branch is

6 0 ,
fa(z) = rZ cos 3 +ir? sin 3 where z=re? £0 and o <6 <a+ 27 (2.30)

The branch cut for f, is the ray » > 0, 8 = «, which includes the origin. The point z = 0,
common to all branch cuts for the multivalued square root function, is called a branch point.
The mapping w = f,(z) and its branch cut are illustrated in Figure 2.19.

2.4.1 The Riemann Surface for w = 23

A Riemann surface is a construct useful for visualizing a multivalued function. It was introduced
by G. F. B. Riemann (1826-1866) in 1851. The idea is ingenious—a geometric construction
that permits surfaces to be the domain or range of a multivalued function. Riemann surfaces
depend on the function being investigated. We now give a nontechnical formulation of the
Riemann surface for the multivalued square root function.

Consider w = f(z) = z%, which has two values for any z # 0. Each function f; and f2 in
Figure 2.18 is single-valued on the domain formed by cutting the z plane along the negative
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o2

Figure 2.19: The branch f, of f(z) = 23

x axis. Let Dy and Do be the domains of f; and fs, respectively. The range set for f; is the
set Hp consisting of the right half-plane, and the positive v axis; the range set for fs is the set
H, consisting of the left half-plane and the negative v axis. The sets Hy and Hy are “glued
together” along the positive v axis and the negative v axis to form the w plane with the origin
deleted.

We stack Dy directly above Dy. The edge of Dy in the upper half-plane is joined to the edge
of Dy in the lower half-plane, and the edge of D; in the lower half-plane is joined to the edge of
Dy in the upper half-plane. When these domains are glued together in this manner, they form
R, which is a Riemann surface domain for the mapping w = f(z) = 2. The portions of Dy,
Dy, and R that lie in {2 : |z| < 1} are shown in Figure 2.20.

Formation of the Riemann surface for w = 22 (a) a portion of D; and its image under
w = z%; (b) a portion of Dy and its image under w = z%; (c) a portion of R and its image
under w = 23.

The beauty of this structure is that it makes this “full square root function” continuous
for all z # 0. Normally, the principal square root function would be discontinuous along the
negative real axis, as points near —1 but above that axis would get mapped to points close
to ¢, and points near —1 but below the axis would get mapped to points close to —i. As
Figure 2.20(c) indicates, however, between the point A and the point B, the domain switches
from the edge of D; in the upper half-plane to the edge of Dy in the lower half-plane. The
corresponding mapped points A’ and B’ are exactly where they should be. The surface works
in such a way that going directly between the edges of Dy in the upper and lower half-planes
is impossible (likewise for Ds). Going counter-clockwise, the only way to get from the point A
to the point C, for example, is to follow the path indicated by the arrows in Figure 2.20(c).
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(b) A portion of Dy and its image under w = f,.

2
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(¢) A portion of R and its image under w = z2.

Figure 2.20: Formation of the Riemann surface for w = 23 (a) a portion of D; and its image
under w = 22; (b) a portion of Dy and its image under w = z%; (c) a portion of R and its
image under w = 23

Exercises for Section 2.4 (Selected answers or hints are on page 434.)

1. Let fi(z) and fa(z) be the two branches of the square root function given by Equations
(2.28) and (2.29), respectively. Use the polar coordinate formulas in Section 2.2 to find
the image of

(a) quadrant II, z < 0 and y > 0, under the mapping w = fi(z).
(b) quadrant II, x < 0 and y > 0, under the mapping w = fa(z).
(c) the right half-plane Re(z) > 0 under the mapping w = fi(z).
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(d) the right half-plane Re(z) > 0 under the mapping w = fa(z).
2. Let o = 0 in Equation (2.30). Find the range of the function w = f,(2).
3. Let a = 27 in Equation (2.30). Find the range of the function w = f,(2).

4. Find a branch of the square root that is continuous along the negative x axis.

- Arg(z)

5. Let fi(z) = |z|%eZ 5 =13 cosg +irs sing, where |z| = r # 0, and 6 = Arg(z). f1
denotes the principal cube root function.

W=

(a) Show that f; is a branch of the multivalued cube root f(z) = z3.
(b) What is the range of f17

(¢c) Where is f; continuous?

6. Let fa(z) = r3 cos(ﬁ%) +irs sin(ﬁ%), where r > 0 and —7 < 0 <.

(
(

ol

a) Show that fo is a branch of the multivalued cube root f(z) = 23.
b) What is the range of fo?

(c) Where is fy continuous?

(d) What is the branch point associated with f?

7. Find a branch of the multivalued cube root function that is different from those in Exer-
cises 5 and 6. State the domain and range of the branch you find.

8. Let f(z) = 2w denote the multivalued nth root, where n is a positive integer.

(a) Show that f is, in general, an n-valued function.
(b) Write the principal nth root function.

(¢) Produce a different branch of the multivalued nth root function.

9. Describe a Riemann surface for the domain of definition of

10. Discuss how Riemann surfaces should be used 2for both the domain and range to help
describe the multivalued function w = f(z) = z5.

2.5 The Reciprocal Transformation w =1

z

The mapping w = f(z) = % is called the reciprocal transformation. It maps the z plane one-to-

one and onto the w plane except for the point z = 0, which has no image. The point w = 0 has
no preimage or inverse image. Using exponential notation w = pe'®, if z = re? # 0, we have

w=pe'? === ¢ (2.31)

The geometric description of the reciprocal transformation is now evident. It is an inversion
(that is, the modulus of % is the reciprocal of the modulus of z) followed by a reflection through
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Figure 2.21: The reciprocal transformation w = %

the z axis. The ray r > 0, § = «, is mapped one-to-one and onto the ray p > 0, ¢ = —a. Points
that lie inside the unit circle C1(0) = {z : |z| = 1} are mapped onto points that lie outside the
unit circle and vice versa, as Figure 2.21 illustrates.

We can extend the system of complex numbers by joining to it an “ideal” point denoted by
oo and called the point at infinity. This new set is called the extended complex plane. You will
see shortly that the point co has the property, loosely speaking, that z — oo iff |2| — oc.

An e-neighborhood of the point at infinity is the set {z : |z > 1}. The usual way to
visualize the point at infinity is by using what we call the stereographic projection, which is
attributed to Riemann. Let € be a sphere of diameter 1 that is centered at the point (0, 0, %) in
three-dimensional space where coordinates are specified by the triple of real numbers (x,y, &).
Here the complex number z = x + iy is associated with the point z = (x,y,0).

The point N = (0,0,1) on § is called the north pole of Q. If we let z be a complex
number and consider the line segment L in three-dimensional space that joins z to the north
pole N = (0,0, 1), then L intersects € in exactly one point L. The correspondence z «— Z is
called the stereographic projection of the complex z plane onto the Riemann sphere €. A point
z = &+ iy of unit modulus will correspond with Z = (§, §, %) If z has modulus greater than 1,
then L will lie in the upper hemisphere where for points Z = (z,y,£) we have £ > % If z has
modulus less than 1, then L will lie in the lower hemisphere where for points Z = (z,y, £) we
have ¢ < % The complex number z = 0 = 0+ 0¢ corresponds with the south pole, S = (0,0,0).
Now you can see that indeed z — oo iff |z|] — oo iff L — N. Hence N corresponds with the
“ideal” point at infinity. The situation is shown in Figure 2.22.

N

Figure 2.22: The Riemann sphere

Let’s reconsider the mapping w = % by assigning the images w = co and w = 0 to the
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points z = 0 and z = oo, respectively. We now write the reciprocal transformation as

é when z#0 and 2z # oo
w=f(z) =40 when 2= oc; (2.32)

oo when z=0.

Note that the transformation w = f(z) is a one-to-one mapping of the extended complex
z plane onto the extended complex w plane. Further, f is a continuous mapping from the
extended z plane onto the extended w plane. We leave the details to you.

Example 2.22. Show that the image of the half-plane A = {z : Re(z) > 1} under the mapping
w = 1 is the closed disk D1(1) = {w : Jw— 1| < 1}.

Solution:

Proceeding as we did in Example 2.6, we get the inverse mapping of u + iv = w = f(z) = % as
z=f"Yw)=21. Then

utiv=we€B<+= fHw)=z=x+iyc A

1 .
<= —=z+iye A
U+
i . -v ) A
(:>u2+v2+lu2+v2_$+ly€
— U > 1
_— =2 —
u? + v? -2
U 1
= > = 2.33
w2 +02 2 ( )
—u—2u+1+02<1 (2.34)
= (u—12+(v-0)*<1,

which describes the disk D1(0). As the reciprocal transformation is one-to-one, preimages of

the points in the disk D1(0) will lie in the right half-plane Re(z) > 3. Figure 2.23 illustrates
this result.

y v

|
—_
=
—_
({5
|
()
|
—_
—_
S

—i —i F

4 Y

1
z

Figure 2.23: The image of Re(z) > 3 under the mapping w =

Remark 2.5. Alas, there is a fly in the ointment here. As our notation indicates, Equations
(2.33) and (2.34) are not equivalent. The former implies the latter, but not conversely. That
is, Equation (2.34) makes sense when (u, v) = (0, 0), whereas Equation (2.33) does not. Yet
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Figure 2.23 seems to indicate that f maps Re(z) > 5 onto the entire disk D1(0), including the
point (0, 0). Actually, it does not, because (0, 0) has no preimage in the complex plane. The
way out of this dilemma is to use the complex point at infinity. It is that quantity that gets
mapped to the point (u, v) = (0, 0), for as we have already indicated in Equation (2.32), the
preimage of 0 under the mapping % 1s 1ndeed 0.

Example 2.23. For the transformation %, find the image of the portion of the half plane
Re(z) > 1 that is inside the closed disk D1(3) = {2 : |z — 3| < 1}.
Solution:

Using the result of Example 2.22, we need only find the image of the disk 51(%) and intersect
it with the closed disk Dj(1). To begin, we note that

D (;) :{(x,y):xQ—i—yQ—xéz}.

L “we have, as before,

267

_ /1 — /(1
ut+iv=wef <D1 <2>> — f(w) e Dy <2>
1 — /1
<:>€D1<)
w 2
P S N
u? + v?2 lu2+1)2 19

2 2
PRI L + v _L<§
u? + v? u? + v? w2 4+v2 4

1 U <3
w2402 w402 T4

= +22+2>42
u-+ = v -
3 —\3/ 7

which is an inequality that determines the set of points in the w plane that lie on and outside
the circle Ca(—2) = {w : [w+ 2| = 3}. Note that we do not have to deal with the point at
3

infinity this time, as the last inequality is not satisfied when (u,v) = (0,0).

Because z = f~1(w)

When we intersect this set with D1 (1), we get the crescent-shaped region shown in Figure 2.24.

Figure 2.24: The mapping w = % discussed in Example 2.23

75



To study images of “generalized circles,” we consider the equation
Al +y*)+ Bz +Cy+D =0

where A, B, C, and D are real numbers. This equation represents either a circle or a line,
depending on whether A # 0 or A = 0, respectively. Transforming the equation to polar
coordinates gives

Ar? +1r(Bcos + Csinf) + D = 0.

Using the polar coordinate form of the reciprocal transformation given in Equation (2.31),
we can express the image of the curve in the preceding equation as

A+ p(Bcosp — Csing) + Dp? =0,

which represents either a circle or a line, depending on whether D # 0 or D = 0, respectively.
Thus, the reciprocal transformation w = % carries the class of lines and circles onto itself.

Example 2.24. Find the images of the vertical lines x = a and the horizontal lines y = b
under the mapping w = %

Solution:

Considering the point at infinity, the image of the line x = 0 is the line w = 0; that is, the
y-axis is mapped onto the v-axis. Similarly, the xz-axis is mapped onto the w-axis. The inverse

1

mapping is z = ; = 207 + iz, 80 if a # 0, the vertical line = a is mapped onto the set

of (u,v) points satisfying .>—> = a. For (u,v) # (0,0), this outcome is equivalent to

SR B B 12+2 1)?
U — —u+ — =|(u—— == .
a 402 " 2a v 2a

which is the equation of a circle in the w plane with center wy = % and radius |ﬁ| The point
at infinity is mapped to (u,v) = (0,0). Similarly, y = b is mapped onto the circle

I IR +i2—i2
TR T T T ") T\

which has center wg = —g; and radius |g;|. Figure 2.25 illustrates the images of several lines.
- e
| | —la — Vv
Il Il ] Il \
S S S b=-1
b=1 w= 1
z he_
—_
b=1
a=-1 a=1
< > X < > 1l
b=-1
a=-1 b=1 a=1
b=~
b=}
/

Figure 2.25: The images of horizontal and vertical lines under the reciprocal transformation
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Exercises for Section 2.5 (Selected answers or hints are on page 434.)

For Exercises 1-8, find the image of the given circle or line under the reciprocal transformation

w =

10.

11.

12.

13.

14.

15.

16.

17.

18.

. The horizontal line Im(z) =

1

z°

1
£

. The circle C%(—%) ={z:|z+ %=1}
. The vertical line Re(z) = —3.

. The circle C1(—2) ={z: |z +2| = 1}.
. The line 2z + 2y = 1.

. The circle C1(4) = {z: |z — 4| = 1}.

i
The circle C1(3) = {z: |z — 3| = 1}.

. The circle Co(—1+1i) ={z: |z +1—i| = 2}.

Limits involving co. The function f(z) is said to have the limit L as z approaches co, and
we write lim f(z) = L iff for every € > 0 there exists an R > 0 such that f(z) € D.(L)

Z—00
(i.e., | f(2) — L| < €) whenever |z| > R. Likewise, li_)m f(2) = oo iff for every R > 0 there
2—20
exists 0 > 0 such that |f(2)| > R whenever z € Dj(zg) (i.e., 0 < |z — 29| < §). Use this
definition to
(a) show that lim 1 =0.

Z—00
(b) show that lim 1 = oo.

2—0 *
Show that the reciprocal transformation w = % maps the vertical strip 0 < x < % onto the
region in the right half-plane Re(w) > 0 that is outside the disk D;(1) = {w : lw—1| < 1}.
Find the image of the disk D4 (-2) ={z:]z+%| < 3} under f(z) = 1.
Show that the reciprocal transformation maps the disk |z — 1| < 2 onto the region that
lies exterior to the circle {w : |w + §| = 2}.

1
o

Find the image of the half-plane y > % — x under the mapping w =

Show that the half-plane y < x — % is mapped onto the disk |w — 1 — i| < v/2 by the
reciprocal transformation.

1
>

Find the image of the quadrant > 1, y > 1 under the mapping w =

Show that the transformation w = % maps the disk |z —i| < 1 onto the lower half-plane
Im(w) < —1.

Show that the transformation w = 222 = —1 + 2 maps the disk |z — 1| < 1 onto the right
half-plane Re(w) > 0.

Show that the parabola 2oz = 1 — y? is mapped onto the cardioid p = 1 4 cos¢ by the
reciprocal transformation.
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19. Use the definition in Exercise 9 to prove that lim ‘z—ﬂ =1.
Z—00

20. Show that z = x + iy, when mapped onto the Riemann sphere, has coordinates

x y % 492
2242+ 2242+ 2242+ 1)

21. Explain how the quantities +00, —o0, and oo differ. How are they similar?
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Chapter 3

Analytic and Harmonic Functions

Overview

Does the notion of a derivative of a complex function make sense? If so, how should it be
defined and what does it represent? These and similar questions are the focus of this chapter.
As you might guess, complex derivatives have a meaningful definition, and many of the standard
derivative theorems from calculus (such as the product rule and chain rule) carry over. There
are also some interesting applications. But not everything is symmetric. You will learn in this
chapter that the mean value theorem for derivatives does not extend to complex functions. In
later chapters you will see that differentiable complex functions are, in some sense, much more
“differentiable” than differentiable real functions.

3.1 Differentiable and Analytic Functions

Using our imagination, we take our lead from elementary calculus and define the derivative of
f at 2o, written f'(zp), by
F'(z0) = lim M’ (3.1)

Z—20 zZ — 20

provided the limit exists. If it does, we say that the function f is differentiable at zy. If we
write Az = z — zp, then we can express Equation (3.1) in the form

P R C R C))

Az—0 Az (32)

Letting w = f(z) and Aw = f(z) — f(20) and using the Leibniz notation 22 for the derivatives
gives

_dw gy, A
dz Az—0 Az

f'(20) (3.3)

Example 3.1. If f(z) = 23, show that f’(z) = 322
Solution:

Using Equation (3.1), we have
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3_ .3
f'(z) = lim =—0

Z—=20 Z — 20
(z — zo)(z2 + 202 + 2(2))

= lim
Z—20 Z— 20
= lim (22 + 202 + 23)
Z—r20
= 323.

We can drop the subscript on 2y to obtain f/(z) = 322 as a general formula.

Pay careful attention to the value Az in Equation (3.3); the limit must be independent
of the manner in which Az — 0. If we can find two curves that end at zy along which %ﬁ’
approaches distinct values, then % does not have a limit as Az — 0, so f does not have a
derivative at zg. The same observation applies to the limits in Equations (3.1) and (3.2).

Example 3.2. Show that the function w = f(z) = Z = x — iy is nowhere differentiable.

Solution:
We choose two approaches to the point zyp = zg + iyp and compute limits of the difference

quotients. First, we approach zy = xg + iyg along a line parallel to the z-axis by forcing z to
be of the form z = x + iyy.

. f(z) = f(z0) ! f(z +iyo) — f(xo + iyo)
m ————— = 11m " B
20 2 — 2 (a+iyo)—(zo+iyo) (T + iyo) — (w0 + iyo)
(z —iyo) — (w0 — iyo)
11m B
(z+iyo)—(zo+iyo) (T — Zo) +i(¥o — o)
T — X0

= lim
(z+iyo)—(zo+iyo) T — Lo

=1.

Next, we approach 2y along a line parallel to the y axis by forcing z to be of the form z = zg+1y.

lim f(z) = fz0) _ f(zo +iy) — f(xo + iyo)

lim - -
z=z0 2 — 2 (wo+iy)—(zotiye) (To +1y) — (o + iyo)
_ lim (o — iy) — (%0 — i)
(zo+iy)—(zo+iyo) (o — x0) +i(y — o)
(zo+iy)—(zo+iyo) (Y — Yo)

=—1.

The limits along the two paths are different, so there is no possible value for the right side
of Equation (3.1). Therefore f(z) = Z is not differentiable at the point zg, and since zo was
arbitrary, f(z) is nowhere differentiable.

Remark 3.1. In Section 2.3 we showed that f(z) = Z is continuous for all z. Thus, we have
a simple example of a function that is continuous everywhere but differentiable nowhere. Such
functions are hard to construct in real variables. In some sense, the complex case has made
pathological constructions simpler!
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We seldom are interested in studying functions that aren’t differentiable, or are differentiable
at only a single point. Complex functions that have a derivative at all points in a neighborhood
of zy deserve further study. Indeed, functions that are differentiable in neighborhoods of points
are pillars of the complex analysis edifice. We give them a special name, as indicated in the
following definition.

Definition 3.1 (Analytic). The complex function f is analytic at the point zy provided there
is some € > 0 such that f'(z) exists for all z € D.(zp). In other words, f must be differentiable
not only at zg, but also at all points in some e-neighborhood of zg.

If f is analytic at each point in the region R, then we say that f is analytic on R. Again,
we have a special term if f is analytic on the whole complex plane.

Definition 3.2 (Entire). If f is analytic on the whole complex plane then f is said to be entire.

Points of non analyticity for a function are called singular points. They are important for
certain applications in physics and engineering.

Our definition of the derivative for complex functions is formally the same as for real func-
tions and is the natural extension from real variables to complex variables. The basic differ-
entiation formulas are identical to those for real functions, and we obtain the same rules for
differentiating powers, sums, products, quotients, and compositions of functions. We can easily
establish the proof of the differentiation formulas by using the limit theorems.

Suppose that f and g are differentiable. From Equation (3.1) and the technique exhibited in
the solution to Example 3.1, we can establish the following rules, which are virtually identical
to those for real-valued functions.

d

%C =0, where C is a constant, and (3.4)
%z" =nz""', where n is a positive integer. (3.5)
d /
ZleiE=cr'() (3.6)
1) + 9] = £1(2) + /() (37
d
@9 = f(2)9'(z) + 9(2)f(2) (3.8)
d f(z) _9(x)f'(z) = f(2)g'(z) .
dz 9(2) Bk A o
d
- f9(2) = 1'(9(2)9'(2). (3.10)
Important particular cases of Equations (3.9) and (3.10), respectively, are
d _
@zin = szl’ for z#0, n a positive integer, and (3.11)
diz[f(z)]” =n[f(2)]""'f'(z), n a positive integer. (3.12)

Example 3.3. If we use Equation (3.12) with f(2) = 22 +42z + 3 and f'(z) = 2z + 2i, then
we get

d
%(z"' +i22 4+ 3)1 = 8(2% +i22 4+ 3)3(2 +9).
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The proofs of the rules given in Equations (3.4) through (3.10) depend on the validity of
extending theorems for real functions to their complex companions. Equation (3.8), for example,
relies on Theorem 3.1.

Theorem 3.1. If f is differentiable at zy, then f is continuous at zg.

Proof. From Equation (3.1), we obtain
o () = F(z)

Z—20 Z— 20

= ['(=0).
Using the multiplicative property of limits given by Formula (2.19), we get
f(z) = f(20)

Jim [f(2) = f(z0)] = lim ——— - (z — 20)
— lim f(2) = f(z0) lim (z — 20)
zZ—20 zZ— 20 Z—r20
= /(ZU) -0=0
This result implies that li_)m f(2) = f(z0), which is equivalent to showing that f is continuous
Z—20
at zg. ]

We can establish Equation (3.8) from Theorem 3.1. Letting h(z) = f(2)g(z) and using
Definition 3.1, we write

h'(zo) = lim M — lim f(z)g(z) - f(ZO)g(ZO)‘

Z—r20 zZ— 20 Z—20 zZ— 20

If we subtract and add the term f(29)g(z) in the numerator, we get

f(2)g(2) = f(20)9(2) + f(20)9(2) — f(20)g(20)

h/(zo) = ZILIQO e
_ i 18)90) = fl0)g(2) | f(20)9(2) = F(20)9(20)
Py Z— 20 2=r20 2= 20
z—20 Z— 29 z—20 zZ—20 Z— 2

Using the definition of the derivative given by Equation (3.1) and the continuity of g, we obtain
h'(z0) = f'(20)9(20) + f(20)9'(20), which is what we wanted to establish. We leave the proofs
of the other rules as exercises.

The rule for differentiating polynomials carries over to the complex case as well. If we let
P(z) be a polynomial of degree n, so

P(2) =ag+ a1z + agz® + -+ + a,2".
then mathematical induction, along with Equations (3.5) and (3.7), gives
P'(2) = a1 + 2a2z + 3a32® + - - + nayz"" L.

Again, we leave the proof of this result as an exercise.

We can use the differentiation rules as aids in determining when functions are analytic. For
example, Equation (3.9) tells us that if P(z) and Q(z) are polynomials, then their quotient ggzg
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is analytic at all points where Q(z) # 0. This condition implies that the function f(z ) = %
Ar (z
analytic for all z # 0. The square root function is more complicated. If f(z) = 2 = |z| 3 ,

then f is analytic at all points except z = 0 (because Arg(0) is undefined) and at points that
lie along the negative x axis. The argument function, and therefore the function f itself, are
not continuous at points that lie along the negative = axis.

is
)

We close this section with a complex extension of a famous theorem, the proof of which will
be given in Chapter 7.

Theorem 3.2 (L’Hopital’s rule). Assume that f and g are analytic at zo. If f(z0) = 0,
g(20) =0, and g'(29) # 0, then

lim @ = lim )
z—z0 g(z) 220 g’(z)'

Proof. See Corollary 7.11. 0

Exercises for Section 3.1 (Selected answers or hints are on page 435.)

1. Find the derivatives of the following functions.
(a) g(z) = (2% —iz+9)°.
(b) h(z) = 2Z+1 for z # —2.
(c) F(z2) = (z + (1= 3i)z + 1)(2* + 322 + 5i).
2. Show that the following functions are differentiable nowhere.
(a) f(2) =Re(z).
(b) f(z) = Im(2).

3. If f and g are entire functions, which of the following are necessarily entire?

(a) [f(2))°.
(

b) f(2)g(2).
© 13
(d) f(3).
(e) f(z—1).
(£) f(9(2))-

4. Use Equation (3.1) to verify Rule (3.5).

5. Let P(z) = ag + a1z + - - - + a, 2™ be a polynomial of degree n > 1.

(a) Show that P'(2) = aj + 2a2z + - -+ + na,z" 1.

(b) Show that, for k =0,1,...,n, ax = PU:( ) where P®) denotes the k" derivative of

P. (By convention, PO (z) = P(2).)
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6.

10.

11.

12.

13.

Let P be a polynomial of degree 2, given by
P(z) = (z— z1)(z — 22).

where z1 # z3. Show that
P'(2) 1 1

P(z) z—21 z—2z

Note: The quotient IIDDI((ZZ)) is known as the logarithmic derivative of P.

Use L’Hopital’s rule to find the following limits.

28—64
2348 -

(e) lim
z—14iy/3

. 9_
(f)  lim Zzgf’élf.
2z——1+iV3

. Use Equation (3.1) to show that = —Z%.

dzz

. Show that %z_” = —nz "1 where n is a positive integer.

Verify the identity.
d%f(Z)g(Z)h(Z) = (2)9(2)h(2) + f(2)g"(2)h(z) + f(2)g(2)h" ().

Show that the function f(z) = |z|? is differentiable only at the point 2o = 0. Hint: To
show that f is mot differentiable at zyp # 0, choose horizontal and vertical lines through
the point zg and show that % approaches two distinct values as Az — 0 along those two
lines.

Verify the following identities:

(a) £C =0, where C' is a constant: Identity (3.4).

(b) d%[f(z)+g( )] = f'(2) + 9'(2): Identity (3.7).

(0) I8 = dEIEEE it g(2) £ 0: Identity (3.9).

(d) L f(g(2)) = £'(9(2))g"(2): Identity (3.10).

(e) d%[f(z)] n[f(2)]" 1 f'(z), where n is a positive integer: Identity (3.12).

Consider the differentiable function f(z) = 2% and the two points z; = 1 and z = i.
Show that there does not exist a point ¢ on the line y = 1 — x between 1 and 7 such that
% = f'(¢). This result shows that the mean value theorem for derivatives does
not extend to complex functions.
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14. Let f(z) = 2w denote the multivalued “nth root function,” where n is a positive integer.
Use the chain rule to show that, if g(z) is any branch of the nth root function, then

9'(2) = Lg(z)

n z

in some suitably chosen domain (which you should specify).
15. Explain why the composition of two entire functions is an entire function.

16. Let f be differentiable at zp. Show that there exists a function n(z) such that

F(z) = f(20) + f"(20)(2 = 20) + n(2) (2 = 20),

where n(z) — 0 asz — 2p.

3.2 The Cauchy-Riemann Equations

In Section 3.1 we showed that computing the derivative of complex functions written in a
form such as f(z) = 22 is a rather simple task. But life isn’t always so easy. Many times we
encounter complex functions written in the form of f(z) = f(z,y) = u(x,y) + iv(z,y). For
example, suppose we had

f(z) = flz,y) = u(z,y) +iv(z,y) = (&° — 3zy?) + i3’y — ¢°). (3.13)

Is there some criterion that we can use to determine whether f is differentiable, and if so, to
find the value of f'(2)?

The answer to this question is yes, thanks to the independent discovery of two important
equations by the French mathematician Augustin-Louis Cauchy' and the German mathemati-
cian Georg Friedrich Bernhard Riemann.

First, let’s reconsider the derivative of f(z) = 22. As we have stated, the limit given in

Equation (3.1) must not depend on how z approaches zy. We investigate two such approaches:
a horizontal approach and a vertical approach to zg. Recall from our graphical analysis of
w = 22 that the image of a square is a “curvilinear quadrilateral.” For convenience, we let the
square have vertices zg = 2+ 4, 21 = 2.01 + 4, 29 = 24+ 1.014, and z3 = 2.01 + 1.01¢. Then the
image points are wyg = 3441, w1 = 3.0401+4.02¢, wo = 2.9799+4.044, and w3 = 3.02+4.06021,
as shown in Figure 3.1.

We know that f is differentiable, so the limit of the difference quotient FE=1E0) ovists no

Z— 20
matter how we approach zg = 2 + i. Thus we can approzimate f’(2+ i) by using horizontal or

vertical increments in z:

F(2.01 +4) — f(24+14) _ 0.0401 + 0.02i

e+~ ooy — @t 0.01

=4.01+2¢

and
f(241.012) — f(2419) ~ —0.0201 + 0.044

_ — 4+ 2.014.
(2+ 1.017) — (2 + 1) 0.014 a0l

fl2+i)~

'A.L. Cauchy (1789-1857) played a prominent role in the development of complex analysis, and his name
appears often throughout this text. The last name is not pronounced as “kaushee.” The first syllable has a long
“0” sound, like the word kosher, but with the second syllable having a long “e” instead of “er” at the end. Thus,

we pronounce Cauchy as “koshe.” In mathematical circles it is not kosher to mispronounce Cauchy!
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Figure 3.1: The image of a small square with vertex zy = 2 + 4, using w = 2?

These computations lead to the idea of taking limits along the horizontal and vertical directions.
When we do so, we get

f/(2—|—i):hmf(2+h+l) f(2+z):hm4h—|—h +Z2h:4+2i
h—0 h h—0 h
and . . . 2 .
f’(2—|—i):limf(2+z+”,l)_f(2+z): im _Qh_,h +Z4h:4+2i.
h—0 ih h—0 ih

We now generalize this idea by taking limits of an arbitrary differentiable complex function
and obtain an important result.

Theorem 3.3 (Cauchy-Riemann equations). Suppose that

f(z) = f(z +1y) = u(z,y) + iv(z, y)

is differentiable at the point zg = xg + iyo. Then the partial derivatives of u and v exist at the
point (l’o,yo), and

f'(20) = ux (w0, y0) + ive(z0,y0)  and also (3.14)
f'(20) = vy(z0,y0) — iy (zo, yo)- (3.15)

Equating the real and imaginary parts of Equations (3.14) and (3.15) gives

Uz (70, Y0) = vy(To,y0) and  uy(xo,yo) = —vz(To, Yo)- (3.16)

Proof. Because f is differentiable, we know that lim (M) exists regardless of the path

2—20 220
we take as z — zg. We will choose horizontal and vertical lines that pass through the point

20 = (x0,y0) and compute the limiting values of % along these lines. Equating the two

resulting limits will yield Equations (3.16). For the horizontal approach to zy, we set z = z+iyo

86



and obtain

f/(ZO) _ lim f(.T + Zy()) - f(xo + Zy())
(z,y0)—(zo,y0) T+ 1Yo — (370 + ZyO)
u(z,y0) — u(zo,y0) + i[v(z,y0) — v(xo, yo)]

= lim
T—TQ Tr — X0

— lim U(CC, yO) - U(J?O’ yO) + i lim U(LE, ZUO) - /U(x()a Z/O) )
=0 T — X T—T0 T — X0

The last two limits are the partial derivatives of v and v with respect to x, so

f'(20) = uz(z0,y0) + ivz(z0, Yo)-
giving us Equation (3.14).
Along the vertical approach to zg, we have z = xg + iy, so
£/(z0) = lim f(xo +iy) — f(xo + iyo)

(z0.y)—(zowo)  To + iy — (To + iyo)
U(J:Oa y) B U(J?Q, yO) + i[U(.’L‘O, y) - ’U(l'(), ?JO)]

= lim -
Y—yo i(y — o)

— lim ’U(LU(),y) _U(‘/I:anO) — i lim u($0)y) _u(:I:OJyO).
[ecly Y—1%Y Yy=Yo Y —Yo

The last two limits are the partial derivatives of v and v with respect to y, so
f'(20) = vy(z0, y0) — iuy (0, yo)-

giving us Equation (3.15).

Since f is differentiable at zg, the limits given by Equations (3.14) and (3.15) must be equal.
If we equate the real and imaginary parts in those equations, the result is Equations (3.16),
and the proof is complete. O

Note some of the important implications of this theorem.

e If f is differentiable at zp, then the Cauchy-Riemann Equations (3.16) will be satisfied at
20, and we can use either Equation (3.14) or (3.15) to evaluate f’(zp).

e Taking the contrapositive, if Equations (3.16) are not satisfied at zp, then we know auto-
matically that f is not differentiable at zg.

e If Equations (3.16) are satisfied at zp, however, we cannot necessarily conclude that f is
differentiable at zg.

We now illustrate each of these points.
Example 3.4. We know that f(z) = 2?2 is differentiable and that f’(z) = 2z. We also have
f(2) = 2% = (z +iy)* = (2* =) +i(2ay) = ulz,y) + iv(z,y).
It is easy to verify that Equations (3.16) are indeed satisfied:

Um(may) = 2$ = Uy($7y) and uy(l‘»y) = _2y = —Ux(l‘,y)-
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Using Equations (3.14) and (3.15), respectively, to compute f'(z) gives

f'(2)
f'(2)

ug(z,y) + tvg(z,y) = 22 +i2y = 2z, and
v

y(,y) —iuy(x,y) = 20 — i(—2y) = 2z + 2y = 2z,
as expected.

Example 3.5. Show that f(z) = Z is nowhere differentiable.

Solution:

We have f(z) = f(x +iy) = z — iy = u(x,y) + iv(x,y), where u(z,y) = = and v(z,y) = —y.
Thus, for any point (z,y), uz(x,y) =1 and vy(z,y) = —1. The Cauchy-Riemann equations are
not satisfied at any point z = (z,y), so we conclude that f is nowhere differentiable.

Example 3.6. Show that the function defined by

= 221 y2 221 y2
0 when z=0

€Tr) =

is not differentiable at the point zg = 0 even though the Cauchy-Riemann equations are satisfied
at (0,0).
Solution:

We must use limits to calculate the partial derivatives at (0,0).

z3—0
12(0,0) = lig W00 =000 _ o g
z—0 z—0 z—0 X

Similarly, we can show that
uy(0,0) =v,(0,0) =0 and v,(0,0) = 1.

Hence the Cauchy-Riemann equations hold at the point (0,0).

We now show that f is not differentiable at zg = 0. Letting z approach 0 along the x axis

gives
. x2
_ zZ _ _
i f@ +OZ), 1(0) = lim £ = lim z =0 =1.
(x,0)—=(0,0) z+0:—-0 z—0 x —0 z—0x — 0

But if we let z approach 0 along the line y = x given by the parametric equations z = ¢ and
y =t, then

. 2t3 . 2t3 .
fletit) = fO) _ s +i(=5p) . it

lim - : = ;
(t,t)—(0,0) t+it—0 t—0 t+at t—0 t+ it

The two limits are distinct, so f is not differentiable at the origin.

Example 3.6 reiterates that the mere satisfaction of the Cauchy-Riemann equations is not
sufficient to guarantee the differentiability of a function. The following theorem, however,
gives conditions that guarantee the differentiability of f at zg, so that which we can use either
Equation (3.14) or (3.15) to compute f’(zg). They are referred to as the Cauchy-Riemann
conditions for differentiability.
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Theorem 3.4 (Cauchy-Riemann conditions for differentiability). Let f(z) = u(z,y) + iv(z,y)
be a continuous function that is defined in some neighborhood of the point zg = xg + 1yo. If all
the partial derivatives ug, uy, vy and vy are continuous at the point (xg,yo), and if the Cauchy-
Riemann equations u,(xo, yo) = vy(xo,y0) and uy(ro,y0) = —vz(x0, yo) hold at (zo,y0), then f
is differentiable at zo, and f'(29) can be computed with either Equation (3.14) or (3.15).

Proof. Let Az = Ax +iAy and Aw = Au + iAv, and let Az be small enough so that z lies in

the e-neighborhood of zg in which the hypotheses hold. We need to show that % approaches

the limit given in Equation (3.15) as Az approaches zero. We write the difference, Au, as

Au = u(zo + Az, yo + Ay) — u(zo, yo)-

If we subtract and add the term u(xg,yo + Ay), then we get

Au = [u(zo + Az, yo + Ay) — u(xo, yo + Ay)]
+ [U(ZEO, Yo + Ay) - U(l’o, yO)] (317)

The partial derivatives u, and u, exist, so the mean value theorem for real functions of two
variables implies that a value x* exists between xg and xg+ Az such that we can write the first
term in brackets on the right side of Equation (3.17) as

u(zo + Az, yo + Ay) — u(wo, yo + Ay) = uz(z*, yo + Ay)Az.
Furthermore, as u, and u, are continuous at (xo, o), there exists a quantity e; such that
uz (2", Yo + Ay) = ug (2o, y0) + €1

where e;1 — 0 as #* — g and Ay — 0. Because Ax — 0 forces x* — xg, we can use the
equation
u(zo + Az, yo + Ay) — u(zo, yo + Ay) = [ux(T0,%0) + 1]Az. (3.18)

the second term in brackets on the right side of Equation (3.17) satisfies the equation
u(z0,y0 + Ay) — u(wo, yo) = [uy(zo,yo) + £2]Ay. (3.19)
where €9 — 0 as Az — 0 and Ay — 0. Combining Equations (3.18) and (3.19) gives
Au = (uy + 1) Az + (uy + €2)Ay.

where partial derivatives u, and u, are evaluated at the point (xg,y0) and €; and 3 tend to
zero as Az and Ay both tend to zero. Similarly, the change Av is related to the changes Ax
and Ay by the equation

Av = (vg + €3) Az + (vy + €4) Ay,

where the partial derivatives v, and v, are evaluated at the point (zg,%0) and €3 and e4 tend
to zero as Ax and Ay both tend to zero. Combining these last two equations gives

Aw = up Az + uy Ay + i(v, Az + vy Ay) + e1Az + e0Ay + i(e3Az + e4Ay). (3.20)

We can use the Cauchy-Riemann equations in Equation (3.20) to obtain

Aw = up Ax — v Ay + (VA + up Ay) + e1Ax 4+ e9Ay + i(e3Ax + 4 Ay).
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Now we rearrange the terms and get

Aw = ug [Az + iAy] + v [Ax + iAy] + e1Ax + e2Ay + i(e3Ax + e4Ay).

Since Az = Ax + iAy, we can divide both sides of this equation by Az and take the limit
as Az — 0:

w
im — = u, +iv; + lim
Az—0 Az r r Az—0

[sle N SYAVY] N e3Ax n 4y (3.21)

Az Az ! Az ¢ Az

Because ¢1 tends to zero as Az and Ay both tend to zero, we have

ElAl‘
Az

< lim ‘51‘ =0.

- ol |52 < i

1m
Az—0 Az%O

Similarly, the limits of the other quantities in Equation (3.21) involving e9, €3, €4 are zero.
Therefore the limit in Equation (3.21) becomes

. Aw / .
ALIEO E = f (Z()) = U:(;(x(% yO) + va(x07 y0)7
which completes the proof of the theorem. O

Example 3.7. At the beginning of this section (Equation (3.13)) we defined the function
f(z) = u(z,y) +iv(x,y) = 2® — 3zy® + i(32%y — 93). Show that this function is differentiable
for all z, and find its derivative.

Solution:

We compute ug(z,y) = vy(z,y) = 32% — 3y? and uy(z,y) = —6zy = —v,(z,y), so the Cauchy-
Riemann Equations (3.16) are satisfied. Moreover, u, v, ug, uy, vz, and v, are continuous
everywhere. By Theorem 3.4, f is differentiable everywhere, and Equation (3.14) gives

F/(2) = up(x,y) + ive(2,9) = (32% — 3y%) + by = 3(2? — y* + i2zy) = 32°.
Alternatively, from Equation (3.15),
F'(2) = vy(x,y) —iuy(z,y) = (32* = 3y%) — i(—6ay) = 3(a® — y* + i2zy) = 32°.

This result isn’t surprising because (x + iy)® = 2® — 3zy? + i(32%y — 3®) and so the function f

is really our old friend f(z) = 23.

Example 3.8. Show that the function f(z) = e Y cosz + ie Ysinx is differentiable for all z

and find its derivative.

Solution:

We first write u(z,y) = e Y cosz and v(z,y) = e Ysinz and then compute the partial deriva-
tives.

uz(x,y) = vy(z,y) = —e Ysinx  and

Vg (T,y) = —Uy(.%',y) =e Ycosw.

We note that u, v, ug, Uy, vz, and vy are continuous functions and that the Cauchy-Riemann
equations hold for all values of (z,y). Hence, using Equation (3.14), we write

F'(2) = f(2,y) = ue(a,y) + v (z,y) = —e ¥ sinz +ie™¥ cosz.

The Cauchy-Riemann conditions are particularly useful in determining the set of points for
which a function f is differentiable.
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Example 3.9. Show that the function f(z) = 2 + 32y + i(y> + 322y) is differentiable on the
z and y axes, but analytic nowhere.

Solution:

Recall (Definition 3.1) that when we say a function is analytic at a point zyp we mean that the
function is differentiable not only at zg, but also at every point in some e-neighborhood of z.
With this in mind, we proceed to determine where the Cauchy-Riemann equations are satisfied.
We write u(x,y) = 23 4 3zy? and v(z,y) = 3> + 322y and compute the partial derivatives:

ug(x,y) = 322 + 3y2, vy(z,y) = 322 + 3y2, and
uy(%?/) = nya Ux(.l‘, y) = 6.%':1/

Here u, v, uy, uy, and v are continuous, and u,(x,y) = vy(z,y) holds for all (z,y). But
uy(x,y) = —vz(x,y) iff 62y = —6zy, which is equivalent to 12zy = 0. The Cauchy-Riemann
equations hold only when z = 0 or y = 0, and according to Theorem 3.4, f is differentiable only
at points that lie on the coordinate axes. But this means that f is nowhere analytic because
any e-neighborhood about a point on either axis contains points that are not on those axes.

When polar coordinates (r, ) are used to locate points in the plane, we use Expression 2.2
for a complex function for convenience; that is,

f(z) = u(z,y) +iv(z,y)
F(re?) = u(re®) + iv(re'?)
=U(r,0)+iV(r,0).

where U and V are real functions of the real variables r and 8. The polar form of the Cauchy-
Riemann equations and a formula for finding f’(z) in terms of the partial derivatives of U(r,0)
and V (r,0) are given in Theorem 3.5, which we ask you to prove in Exercise 10. This theorem
makes use of the validity of the Cauchy-Riemann equations for the functions v and v, so the
relation between them and the functions U and V-—namely, u(z,y) = u(re) = U(r,0) and
v(x,y) = v(re?) = V(r,0)—is important.

Theorem 3.5 (Polar form). Let f(z) = f(re’?) = U(r,0) + iV (r,0) be a continuous function
that is defined in some neighborhood of the point zy = roe'c. If all the partial derivatives
Uy, Ug, Vi and Vi are continuous at the point (ro,00) and if the polar form of the Cauchy-
Riemann equations,

1 1
Uy (ro,00) = %Ve(ro,@o) and Vy(ro,00) = _%UG(T(LQO)? (3.22)

holds, then f is differentiable at z9 and we can compute the derivative f'(29) by using either of
the following formulas:

f(z0) = f’(rewo) = ¢ "o [Uy(ro,00) +iV,.(r0,60)], or (3.23)
f(z0) = f'(re?) = :Oewo [Va(ro,00) — iUg(r0,60)]. (3.24)

Example 3.10. Show that, if f is given by
0

1 A
=72C0S— +17r2sin—.
2 2

(NI

Jre) = f(2) = 2



where the domain is restricted to be {re?® : 7 > 0 and — 7 < 0 < 7}, then the derivative is
given by

1 1 0 0
I'(z) = " = 57“*% cos 5 = 'ir*% sin 2
for every point in the domain.
Solution:
Write
1 6 1. 0
U(r,0) =r2 cos o and V(r,0) =r2sin 3
Then

0
27
0

1 1
Vi(r,0) = —Up(r,0) = §r—% sin 3.

1 1
Up(r,0) = ;Vg(r,@) = 57’_% cos and

Since U, V, U,, Uy, V,, and Vy are continuous at every point in the domain (note the strict
inequality in —7 < 6 < 7), we use Theorem 3.5 and Equation (3.23) to get

o (1 1
fl(z)=e¥ <r_; cos b +isr2sin 9>

2 2 2 2
= efie <1r%ezg> = lrféefi% = 11 .
2 2 222

Note that f(z) is discontinuous on the negative real axis and is undefined at the origin. Using
the terminology of Section 2.4, the negative real axis is a branch cut, and the origin is a branch
point for this function.

Two important consequences of the Cauchy-Riemann equations close this section.
Theorem 3.6. Let f = u+iv be an analytic function on the domain D. Suppose for all z € D
that |f(z)] = K, where K is a constant. Then f is constant on D.

Proof. The equation |f(z)| = K implies that, for all z = (x,y) € D,
u(z,y)* +v(z,y)* = K2 (3.25)

If K = 0, then it must be that u(z,y)? = 0 and v(x,y)? = 0 for all (z,y) € D, so f is identically
zero on D. If K # 0, then we take the partial derivative of both sides of Equation (3.25) with
respect to both x and y, resulting in

2uug + 2vv, =0 and  2uu, + 2vv, = 0.

where for brevity we write u in place of u(x,y), and so on. We can now use the Cauchy-Riemann
equations to rewrite this system as

uuy —vuy =0 and  vug +uuy = 0.

Treating u and v as coefficients, we have two equations with two unknowns, u, and u,.
Solving for u, and u, gives

0 0

Up = ———==0 and uy, = 5 =
u? + v? Yu2 42
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Note that it is important here for K # 0 in Equation (3.25).

A theorem from the calculus of real functions states that, if for all (xz,y) € D we have
both ug(z,y) = 0 and uy(xz,y) = 0, then for all (z,y) € D, u(z,y) = c¢1, where ¢; is a
constant. Using a similar argument, we find that v(z,y) = cq, for all (z,y) € D, and therefore
f(z) = f(z,y) = c1 + icy, for all (x,y) € D. In other words, f is constant on D. O

Theorem 3.7. Let f be an analytic function in the domain D. If f'(z) = 0 for all z in D,
then f is constant in D.

Proof. By the Cauchy-Riemann equations, f'(z) = ug(2)+ivy(2) = vy(2) —iuy(z) for all z € D.
By hypothesis f’(z) = 0 for all z € D, so for all z € D the functions ug, uy, vy, and v, are
identically zero. As with the conclusion to the proof of Theorem 3.6, this situation means both
u and v are constant functions, from whence the result follows. ]

Exercises for Section 3.2 (Selected answers or hints are on page 436.)

1. Use the Cauchy Riemann conditions to determine where the following functions are dif-
ferentiable, and evaluate the derivatives at those points where they exist.

(a) f(z) =iz +4i

(b) f(z) = f(z,y) = xyzifz

(c) f(z) = —2(zy + ) +i(z® — 2y — *).

(d) f(2) = 23— 32% — 3wy? + 3y + i(32%y — 62y — v3).
(e) fz) =a®+i(1—y)"

f) f(z) =22 +2z

(8) f(2) =% +y* +i2zy

(h) f(2) =12~ (2+3)

2. Let f be a differentiable function. Verify the identity |f'(z)> = u3 4 v2 = uZ + v3.
3. Find the constants a and b so that f(z) = (22 — y) + i(ax + by) is differentiable for all z.

4. Let f be differentiable at zg = roe?0. Let z approach zy along the ray = > 0, 6 = 6y and
use Equation (3.1) to show that Equation (3.14) holds.

5. Let f(z) = e®cosy + ie” siny. Show that both f(z) and f'(2) are differentiable for all 2.

6. A vector field F(z) = U(x,y) + iV (z,y) is said to be irrotational if Uy(x,y) = Vi(x,y).
It is said to be solenoidal if Uy(z,y) = —Vy(x,y). If f(z) is an analytic function, show
that F(z) = f(z) is both irrotational and solenoidal.

7. Use any method to show that the following functions are nowhere differentiable.

(a) h(z) =eYcosx +ie¥sinx.
(b) g(2) =z +7Z.

8. Use Theorem 3.5 with regard to the following.
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(a) Let f(2) = f(re?®) = Inr+i6, where r > 0 and —7 < € < 7. Show that f is analytic
in the domain indicated and that f’(z) = 1.

z

(b) Let f(z) = (In7)? — 62 +i20Inr where, r > 0 and —7 < § < 7. Show that f is
analytic for r > 0, —7 < 6 < 7, and find f'(2).

9. Show that the following functions are entire (see Definition 3.2).
(a) f(z) = coshzsiny — isinhz cosy.p
(b) g(z) = coshx cosy + isinhzsiny.

10. To prove Theorem 3.5, the polar form of the Cauchy-Riemann equations,

(a) Let f(2) = f(z,5) = f(re®) = u(re®) + iv(re®) = U(r,0) + iV (r,6). Use the
transformation z = rcosf and y = rsind (i.e., (z,y) = re?’) and the chain rules

0 0 0 0
U, = uxa—:: + uya—i and Uy = uxa—z + uy—‘z (similarly for V).
to prove that
Ur = ug cos 0 + uy sin 6, Up = —ugrsind + uyrcost; and
V, = vz cos ) + vy sin 0, Vo = —vgrsin@ + vyr cos 0.

(b) Use the original Cauchy-Riemann equations for v and v and the results of part (a)
to prove that rU, = Vpy and rV, = —Uy, thus verifying Equation (3.22)

(c¢) Use part (a) and Equations (3.14) and (3.15) to show that the right sides of Equations
(3.23) and (3.24) simplify to f'(zo).

11. Determine where the following functions are differentiable and where they are analytic.
Explain!
(a) f(z) = 2% + 3xy® +i(y® + 322y).
(b) f(2) =8z — a3 — zy? +i(2?y + v — 8y).
(€) fz) = 2% —y? +i2lay|.
12. Let f and g be analytic functions in the domain D. If f'(z) = ¢g'(z) for all z in D, then
show that f(z) = g(z) + C, where C is a complex constant.

13. Explain how the limit definition for the derivative in complex analysis and the limit
definition for the derivative in calculus are different. How are they similar?

14. Let f be an analytic function in the domain D. Show that if Re[f(z)] = 0 at all points in
D, then f is constant in D.

15. Let f be a nonconstant analytic function in the domain D. Show that the function
g9(z) = f(2) is not analytic in D.

16. Recall that, for z =z + iy, z = 2% and y = 2.

(a) Temporarily, think of z and Z as dummy symbols for real variables. With this
perspective, x and y can be viewed as functions of z and Z. Use the chain rule for a
function h of two variables to show that

oh_onox onoy _1(0h  oh
0z 0xdz Oyoz 2\0x Oy)’
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(b) Now define the operator % = %(% +ia%) that is suggested by the previous equation.
With this construct, show that if f = u + iv is differentiable at z = (z,y), then, at
the point (z,y), g—é = 3 [uz — vy +i(ys + uy)] = 0. Equating real and imaginary

parts thus gives the complex form of the Cauchy-Riemann equations: 37 =

3.3 Harmonic Functions

Let ¢(z,y) be a real-valued function of the two real variables z and y defined on a domain D.
(Recall that a domain is a connected open set.) The partial differential equation

Paz (@, y) + dyy(z,y) =0 (3.26)

is known as Laplace’s equation (sometimes referred to as the potential equation). If
b, Gz, Gys aa, Guys Pya, and ¢y, are all continuous, and if ¢(z,y) satisfies Laplace’s equation,
then ¢(z,y) is harmonic on D. Harmonic functions are important in applied mathematics,
engineering, and mathematical physics. They are used to solve problems involving steady state
temperatures, two-dimensional electrostatics, and ideal fluid flow. In Chapter 10 we describe
how complex analysis techniques can be used to solve some problems involving harmonic func-
tions. We begin with an important theorem relating analytic and harmonic functions.

Theorem 3.8. Let f(z) = u(x,y) + iv(z,y) be an analytic function on a domain D. Then
both w and v are harmonic functions on D. In other words, the real and imaginary parts of an
analytic function are harmonic.

Proof. In Corollary 6.3 we will show that, if f(z) is analytic, then all partial derivatives of u
and v are continuous. Using that result here, we see that, as f is analytic, u and v satisfy the
Cauchy-Riemann equations

Uy = vy and Uy = —v;.

Taking the partial derivative with respect to z of each side of these equations gives
Ugy = Vyp  and  Uyy = —Vgy.

Similarly, taking the partial derivative of each side with respect to y yields
Ugy = Vyy aNd Uy = —Vgy.

The partial derivatives uzy, Uys, Vzy, and vy, are all continuous, so we use a theorem from the
calculus of real functions that states that the mixed partial derivatives are equal; that is,

Ugy = Uyy aNd  Ugy = Vyg.

Combining all these results finally gives U, +uyy = Vye—Vzy = 0, and vy +Vyy = —Uyz+Ugzy = 0.
Therefore both © and v are harmonic functions on D. O

If we have a function u(x,y) that is harmonic on the domain D and if we can find another
harmonic function v(z,y) such that the partial derivatives for u and v satisfy the Cauchy-
Riemann equations throughout D, then we say that v(x,y) is a harmonic conjugate of
u(z,y). It then follows that the function f(z) = u(z,y) + iv(x,y) is analytic on D.
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Example 3.11. If u(z,y) = 2% — y?, then uz.(2,y) + uyy(z,y) = 2 — 2 = 0; hence u is a
harmonic function for all z. We find that v(z,y) = 2xy is also a harmonic function and that

Uy = vy = 2x and uy = —v; = —2y.
Therefore v is a harmonic conjugate of u, and the function f given by
f(z) =2 — oy +i2zy = 22

is an analytic function.

Theorem 3.8 makes the construction of harmonic functions from known analytic functions
an easy task.

Example 3.12. The function f(z) = 23 = 23 — 3xy? +i(32%y — ¢?) is analytic for all values of
z. Hence it follows that
u(@,y) = Re[f(2)] = 2° — 3xy”

is harmonic for all z, and that

v(z,y) =Im[f(2)] = 3a*y — ¢°

is a harmonic conjugate of u(x,y).

Figures 3.2 and 3.3 show the graphs of these two functions. The partial derivatives are
ug(r,y) = 322 — 3y, uy(x,y) = —6zy, vo(z,y) = 6zy, and v,(z,y) = 322 — 3y%. They satisfy
the Cauchy-Riemann equations because they are the real and imaginary parts of an analytic
function. At the point (x,y) = (2,—1), we have u;(2,—1) = v,(2,—1) = 9, and these partial
derivatives appear along the edges of the surfaces for u and v where x = 2 and y = —1.
Similarly, u, (2, —1) = 12 and v,(2, —1) = —12 also appear along the edges of the surfaces for u
and v where z =2 and y = —1.

Figure 3.2: u(z,y) = 23 — 3xy? Figure 3.3: v(z,y) = 32%y — 3

We can use complex analysis to show easily that certain combinations of harmonic functions
are harmonic. For example, if v is a harmonic conjugate of u, then their product ¢(z,y) =
u(z,y)v(z,y) is a harmonic function. This condition can be verified directly by computing the
partial derivatives and showing that Equation (3.26) holds, but the details are tedious. If we
use complex variable techniques instead, we can start with the fact that f(z) = u(z,y)+iv(z,y)
is an analytic function. Then we observe that the square of f is also an analytic function:

[f(2)]7 = [u(z, y)]? — [z, y)]* +i2u(z, y)o(z, y).
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We then know immediately that the imaginary part, 2u(z, y)v(z,y), is a harmonic function
by Theorem 3.8. A constant multiple of a harmonic function is harmonic, so it follows that ¢ is
harmonic. We leave as an exercise to show that, if u; and us are two harmonic functions that
are not related in the preceding fashion, then their product need not be harmonic.

Theorem 3.9 (Construction of a harmonic conjugate). Let u(x,y) be harmonic in an e-
neighborhood of the point (xo,yo). Then there exists a conjugate harmonic function v(z,y)
defined in this neighborhood such that f(z) = u(x,y) + v(x,y) is an analytic function.

Proof. A conjugate harmonic function v will satisfy the Cauchy-Riemann equations u, = vy
and u, = —v,. Assuming that such a function exists, we determine what it would have to look
like by using a two-step process. First, we integrate v, (which should equal u,) with respect to
y and get

o) = [ usey)dy +Cla). (3.27)

where C(x) is a function of z alone that is yet to be determined. Second, we compute C’(x) by
differentiating both sides of this equation with respect to z and replacing v, with —u, on the
left side, which gives

) = 5 [ sl dy + (@),

It can be shown (we omit the details) that because u is harmonic, all terms except those
involving x in the last equation will cancel, revealing a formula for C'/(x) involving x alone.
Elementary integration of the single-variable function C'’(z) can then be used to discover C(z).
We finally observe that the function v so created indeed has the properties we seek. O

Technically we should always specify the domain of function when defining it. When no
such specification is given, it is assumed that the domain is the entire complex plane, or the
largest set for which the expression defining the function makes sense.

Example 3.13. Show that u(x,y) = zy® — 23y is a harmonic function and find a conjugate
harmonic function v(z,y).

Solution:

We follow the construction process of Theorem 3.9. The first partial derivatives are
ug(z,y) = y> — 322y and uy(z,y) = 3zy? — 22, (3.28)

To verify that w is harmonic, we compute the second partial derivatives and note that ug,(z, y)+
Uyy(x,y) = —6zy + 62y = 0, so u satisfies Laplace’s Equation (3.26). To construct v, we start
with Equation (3.27) and the first of Equations (3.28) to get

1 3
va) = [ =382 dy+ Cw) = ot = Sa% + o).

Differentiating the left and right sides of this equation with respect to z and using —uy(z,y) =
vz (z,y) and Equations (3.28) on the left side yields

—3xy? + 23 =0 - 329° + C'(x),
which implies that

C'(x) = 2.
Integrating to get C(x) and using the prior expression for v(x,y) gives
1 1
v(z,y) = Zy‘* - §$2y2 + 1x4 + K, where K is some constant.
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Harmonic functions arise as solutions to many physical problems. Applications include two-
dimensional models of heat flow, electrostatics, and fluid flow. We now give an example of the
latter.

We assume that an incompressible and frictionless fluid flows over the complex plane and
that all cross sections in planes parallel to the complex plane are the same. Situations such as
this occur when fluid is flowing in a deep channel. The velocity vector at the point (x,y) is

V(z,y) = p(z,y) +iq(z,y), (3.29)

C_—x

Figure 3.4: The vector field V(z,y) = p(z,y) +iq(x,y), which can be considered as a fluid flow

which we illustrate in Figure 3.4.

The assumption that the flow is irrotational and has no sources or sinks implies that both
the curl and divergence vanish; that is, ¢, — p, = 0 and p, + ¢, = 0. Hence p and ¢ obey the
equations

p$($7y) = —qy(a:,y) and py(:v,y) = qx(m7y)‘ (330)

Equations (3.30) are similar to the Cauchy-Riemann equations and permit us to define a
special complex function:

f(2) = u(z,y) +iv(z,y) = p(z,y) —iq(z,y). (3.31)

Here we have u, = ps, uy = py, Vo = —¢z, and vy = —q,. We can use Equations (3.30) to
verify that the Cauchy-Riemann equations hold for f:

ux(az,y) = px(x,y) = _Qy('I,y) = Uy(IE,y) and
uy(x7y> :py(:l?,y) = %c(wvy) - _Uz(x7y)'

Assuming that the functions p and ¢ have continuous partials, Theorem 3.4 guarantees that
function f defined in Equation (3.31) is analytic and that the fluid flow of Equation (3.29) is
the conjugate of an analytic function; that is,

Viz,y) = f(2).

In Chapter 6 we prove that every analytic function f has an analytic antiderivative F;
assuming this to be the case, we can write

where F'(z) = f(z).

Theorem 3.8 implies that ¢(z,y) is a harmonic function. Using the vector interpretation of
a complex number, the gradient of ¢ can be written as

grad¢($a y) = ¢x(1:a y) + Z'st(l', y)
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The Cauchy-Riemann equations applied to F(z) give ¢y (z,y) = —t(x,y). Making this
substitution in the preceding equation yields

gradd(z,y) = ¢z (z,y) — e (2, y) = ¢u(,y) + ithe(, y).

Equation (3.14) says that ¢.(z,y) + itpx(z,y) = F'(z), which by the preceding equation
and Equation (3.32) implies that

gradg(z,y) = F'(z) = f(2).

Finally, from Equation (3.29) ¢ is the scalar potential function for the fluid flow, so
V(z,y) = grade(z, y).

The curves given by {(z,y) : ¢(x,y) = constant} are called equipotentials. The curves
{(z,y) : Y¥(x,y) = constant} are called streamlines and describe the path of fluid flow. In
Section 10.4 we show that the family of equipotentials is orthogonal to the family of streamlines,
as depicted in Figure 3.5.

Equipotential

/

/

Streamline

Figure 3.5: The families of orthogonal curves {(z,y) : ¢(z,y) = constant} and {(z,y) :
Y(x,y) = constant} for the function F(z) = ¢(z,y) + i(x,y)

Example 3.14. Show that the harmonic function ¢(z,y) = 2% — 32 is the scalar potential
function for the fluid flow expression V(z,y) = 2z — i2y.

Solution:

We can write the fluid flow expression as
V(z,y) = f(z) =2z + 2y = 2z.

An antiderivative of f(z) = 2z is F(z) = 22, and the real part of F(z) is the desired harmonic
function:
¢(z,y) = Re[F(2)] = Im [2? — y? + i2zy] = 2® —y°.

Note that the hyperbolas ¢(z,y) = 22 — ? = C are the equipotential curves and that the

hyperbolas ¥ (x,y) = 2zy = C are the streamline curves; these curves are orthogonal, as shown
in Figure 3.6.
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y
\ The fluid flow V(x,y) =2x —i 2y

6 .
~— Equipotential
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4
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— Streamline
2

2

Figure 3.6: The equipotential curves 22> — y?> = C and streamline curves 2zy = C for the

function F(z) = 22

Exercises for Section 3.3 (Selected answers or hints are on page 436.)

1. Determine where the following functions are harmonic.
(a) u(z,y) = €e*cosy and v(z,y) = e*siny.
(b) u(z,y) = In(z® + y?) for (z,y) # (0,0).

2. Does an analytic function f(2) = u(z,y)+iv(x,y) exist for which v(z,y) = 23 +y3? Why
or why not?

3. Let a, b, and ¢ be real constants. Determine a relation among the coefficients that will
guarantee that the function ¢(z,y) = az? + by + cy? is harmonic.

4. Let v(z,y) = arctan(¥) for  # 0. Compute the partial derivatives of v and verify that v
satisfies Laplace’s equation.

5. Find an analytic function f(z) = u(z,y) + iv(z,y) given the following information.
(a) u(z,y)
(b) w(z,y) = sinysinhx.
(¢) v(z,y)
(d) v(z,y)

6. Let uy(z,y) = 22 — y? and uz(z,y) = 23 — 3vy?. Show that u; and uy are harmonic
functions but that their product u;(x,y)ua(z,y) is not a harmonic function.

7. Let u(x,y) be harmonic on a region D that is symmetric about the line y = 0. Show that
U(z,y) = u(z, —y) is harmonic on D. Hint: Use the chain rule for differentiation of real
functions and note that u(z, —y) is really the function u(g(z,y)), where g(z,y) = (z, —y).

8. Let v be a harmonic conjugate of w. Show that —u is a harmonic conjugate of v.

2

9. Let v be a harmonic conjugate of u. Show that h = u? — v? is a harmonic function.
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10.

11.

12.

13.

14.

15.

16.

17.

Suppose that v is a harmonic conjugate of v and that u is a harmonic conjugate of v.
Show that u and v must be constant functions.

Let f(2) = f(re’?) = u(r, 0)+iv(r,0) be analytic on a domain D that does not contain the
origin. Use the polar form of the Cauchy-Riemann equations uwg = —rv,, and vg = ru,.
Differentiate them first with respect to # and then with respect to r. Use the results to
establish the polar form of Laplace’s equation:

20 (7, 0) + 7 (7, 0) + ugg(r, 0) = 0.

Use the polar form of Laplace’s equation given in Exercise 11 to show that the following
functions are harmonic.

(a) u(r,0) = (r+ L)cos® and v(r,0) = (r — 1)sin.

(b) u(r,0) =1r"cosnf and v(r,0) = r™sinnb.

The function F(z) = % is used to determine a field known as a dipole.

(a) Express F(z) in the form F(z) = ¢(x,y) + iv(x,y).

(b) Sketch the equipotentials ¢ = 1, %, i and streamlines ¢ = 1, %, %.
Assume that F(z) = ¢(z,y) + i (z,y) is analytic on the domain D and that F'/(z) # 0 on
D. Consider the families of level curves {¢(z,y) = constant} and {¢(x,y) = constant},
which are the equipotentials and streamlines for the fluid flow V(z,y) = F'/(z). Prove
that the two families of curves are orthogonal.

Hint: Suppose that (xg, yo) is a point common to the two curves ¢(z,y) = ¢; and ¥ (z,y) =

co. Use the gradients of ¢ and 1 to show that the normals to the curves are perpendicular.

We introduce the logarithmic function in Chapter 5. For now, let F(z) = Logz =
In |z|4+iArg z. Here we have ¢(z,y) = In|z| and ¢(z,y) = Argz. Sketch the equipotentials
¢=0,1n2,In3, In4 and streamlines ¢ = %” for k=0,1,...,7.

Theorem 3.9 claims that it is possible to prove that C'’/(x) is a function of x alone. Prove
this assertion.

Discuss and compare the statements “u(zx,y) is harmonic” and “u(x,y) is the imaginary
part of an analytic function.”
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Chapter 4

Sequences, Series, and Fractals

Overview

In 1980 Benoit Mandelbrot led a team of mathematicians in producing some stunning computer
graphics from very simple rules for manipulating complex numbers. This event marked the
beginning of a new branch of mathematics known as fractal geometry. Many of the tools
needed to appreciate Mandelbrot’s work are contained in this chapter. We look at extensions
to the complex domain of sequences and series, ideas that are part of a standard calculus course.

4.1 Sequences and Series

In formal terms, a complex sequence is a function whose domain is the positive integers and
whose range is a subset of the complex numbers. The following are examples of sequences:

1 1
n n
g(n)zei% for n=1,2,3,...; (4.2)
1 k
h(k)=5—i—3i+<.> for k=1,23 ... and (43)
141
(n) = 14_1” f =1,2,3 (4.4)
rin)={7+3 or n=1,2,3,.... )

For convenience, at times we use the term sequence rather than complex sequence. If we want
a function s to represent an arbitrary sequence, we can specify it by writing s(1) = z1, s(3) = z3,
and so on. The values z1, 29, 23, ..., are called the terms of a sequence, and mathematicians,
being generally lazy when it comes to such things, often refer to 21, 29, 23... as the sequence
itself, even though they are really speaking of the range of the sequence when they do so. You
will usually see a sequence written as {z,}22 1, {2,}7°, or, when the indices are understood, as
{zn}. Mathematicians are also not so fussy about starting a sequence at z; so that {z,}5° _,
{2z}, --- would also be acceptable notation provided all terms were defined. For example,
the sequence r given by Equation (4.4) could be written in a variety of ways:

(G, (G- (G}
(G G -
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The sequences f and g given by Equations (4.1) and (4.2) behave differently as n gets
larger. The terms in Equation (4.1) approach 2 + 5i = (2,5), but those in Equation (4.2) do
not approach any particular number, as they oscillate around the eight eighth roots of unity
on the unit circle. Informally, the sequence {z,}° has ¢ as its limit as n approaches infinity,
provided the terms z, can be made as close as we want to ¢ by making n large enough. When
this happens, we write

lim z,=¢ or z,—( as n— oco. (4.5)
n—oo

If lim z, = ¢, we say that the sequence {z,}{° converges to (.
n—oo

We need a rigorous definition for Statement (4.5), however, if we are to do honest mathe-
matics.

Definition 4.1 (Limit of a Sequence). lim, _,~ 2z, = ¢ means that for any real number € > 0
there corresponds a positive integer N, (which depends on €) such that z, € D.(¢) whenever
n > N.. That is, |zn, — (| < € whenever n > N..

Remark 4.1. The reason that we use the notation N, is to emphasize the fact that this number
depends on our choice of €. Sometimes, for convenience, we drop the subscript.

Figure 4.1 illustrates a convergent sequence.

{All terms z,,, forn > N,

/ are inside this disk D, (£).
" /

P ;

Figure 4.1: A sequence that converges to ¢

In form, Definition (4.1) is exactly the same as the corresponding definition for limits of
real sequences. In fact, a simple criterion casts the convergence of complex sequences in terms
of the convergence of real sequences.

Theorem 4.1. Let z,, = z,, + 1y, and ( = u + tv. Then,

lim 2z, =(¢ iff (4.6)
n—oo

lim z, =u and lim y, =v. (4.7)
n—oo n—oo

Proof. First we assume that Statement (4.6) is true and then deduce the truth of Statement
(4.7). Let € be an arbitrary positive real number. To establish Statement (4.7), we must show
(1) that there is a positive integer N, such that the inequality |z, — u| < ¢ holds whenever
n > N and (2) that there is a positive integer M. such that the inequality |y, — v| < € holds
whenever n > M.. Because we are assuming Statement (4.6) to be true, we know (according to
Definition 4.1) that there is a positive integer N, such that z, € D.(¢) if n > N.. Recall that
zn € D(C) is equivalent to the inequality |z, — (| < . Thus, whenever n > N., we have

|20 — u| = [Re(zn — ()]
<lzn — (| (by Inequality (1.21))
<e.
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Similarly, we can show that there is a number M. such that |y, — v| < € whenever n > M,
which proves Statement (4.7).

To complete the proof of this theorem, we must show that the conditions of Statement (4.7)
imply Statement (4.6). Let € > 0 be an arbitrary real number. By Statement (4.7), there exist
positive integers N, and M, such that

|z, whenever n > N;, and (4.8)

| |
s =
VANEWAN
T IR

[Yn whenever n > M.. (4.9)

Let L. = max{Ng, M.}; then, if n > L.,

‘Zn - C‘ = ‘(mn "‘iyn) - (u—i—iv)]
= ‘(xn - u) +i(yn - U)|

<l|zp —ul + |i(y, —v)| What is the reason for this step?)

= |xn — ul|yn — v| because |i| = 1)

9 9

(

= |xp —u|+ || |yn —v|  (by properties of absolute value)
(
(

A

B + 5 by Statements (4.8) and (4.9))

O

We needed to show the strict inequality |z, — (| < ¢, and the next-to-last line in the proof
gives us precisely that. Note also that we have been speaking of the limit of a sequence. Strictly
speaking, we are not entitled to use this terminology because we haven’t proved that a complex
sequence can have only one limit. The proof, however, is almost identical to the corresponding
result for real sequences, and we leave it as an exercise.

Example 4.1. Find lim z, if z, = %
n—oo

Solution:

We write z, = x,, + 1y, = ﬁ + Z”TH Using results concerning sequences of real numbers,

we find that lim z, = lim -~ = 0 and lim Yp = lim ntl — 1. Therefore, lim z, =
n—oo n—oo \/ﬁ n—oo n—oo n—oo

lim Yot

n—o00 n

Example 4.2. Show that {(1 4 ¢)"} diverges.

Solution:
We have

zn = (14+4)" = (v/2)" cos %T +i(V/2)" sin %r

The real sequences {(v/2)" cos 2} and {(v/2)"sin 2T} both diverge, so we conclude that the
sequence {(1+ ¢)"} diverges.

Definition 4.2 (Bounded Sequence). A complex sequence {z,} is bounded provided that there
exists a positive real number R and an integer N such that |z,| < R for all n > N. In other
words, for n > N, the sequence {z,} is contained in the disk Dg(0).
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Bounded sequences play an important role in some newer developments in complex analysis
that are discussed in Section 4.2. A theorem from real analysis stipulates that convergent
sequences are bounded. The same result holds for complex sequences.

Theorem 4.2. If {z,} is a convergent sequence, then {z,} is bounded.
Proof. The proof is left as an exercise. O

As with the real numbers, we also have the following definition.

Definition 4.3 (Cauchy Sequence). The sequence {z,} is a Cauchy sequence if for every
e > 0 there is a positive integer N, such that if n, m > N, then |z, — zm| < €, or, equivalently,
Zn — zm € D:(0).

The following theorem should now come as no surprise.

Theorem 4.3. If {z,} is a Cauchy sequence, {z,} converges.

Proof. Let z, = x, + iy,. Using the techniques of Theorem 4.1, we can easily show that both
{z,} and {y,} are Cauchy sequences of real numbers. Since Cauchy sequences of real numbers
are convergent, we know that

lim x, =29 and lim y, =1y
n—o0 n—oo

for some real numbers xg and yg. By Theorem 4.1, then, lim,,_,o 2, = 20, Where zy = x¢ + yo.
In other words, the sequence {z,} converges to z. O

One of the most important notions in analysis (real or complex) is a theory that allows us
to add up infinitely many terms. To make sense of such an idea we begin with a sequence {z,},
and form a new sequence {S,}, called the sequence of partial sums, as follows.

51221,
Sy = 21 + 29,
S3 =21 + 29 + 23,

n
Sp=21+2m+ tm=) 2,
k=1

o0

Definition 4.4 (Infinite Series). The formal expression Y zr = z1+ 22+ -+ 2zn+- - is called
k=1

an infinite series, and z1, zo, ... are called the terms of the series.

Definition 4.5 (Convergent Series). If there is a complex number S for which
n— o0

n
S = lim S, = lim sz,
n—0o0
k=1

o0
we say that the infinite series . z, converges to S, and that S is the sum of the infinite

k=1
o0
series. When convergence occurs, we write S = ) 2.
k=1
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o0
Definition 4.6 (Absolutely Convergent Series). The series Y zp is said to be absolutely
k=1

o0
convergent provided that the (real) series of magnitudes _ |zp| converges.
k=1
Definition 4.7 (Divergent Series). If a series does not converge, we say that it diverges.

Remark 4.2. The first finitely many terms of a series do not affect its convergence or diver-

gence and, in this respect, the beginning index of a series is irrelevant. Thus, we will without
o0 o

comment conclude that if a series Y, zj converges, then so does Y zi, where 2, z1,..., 2N
k=N+1 k=0
is any finite collection of terms. A similar remark applies to determining divergence of a series.

As you might expect, many of the results concerning real series carry over to complex series.
We now give several of the more standard theorems for complex series, along with examples of
how they are used.

Theorem 4.4. Let z, = xp, + iyp, and S =U +iV. Then
o0 o0
S S YO
n=1 n=1
o o]
U:Zmn and V:Zyn.
n=1 n=1

Proof. Let U, Z Ty, Vo = Z Yk, and S, = U, + iV,,. We use Theorem 4.1 to conclude

that hm S, = hm (U + zV) U +1V = S iff both 11_>m U, = U and h_>m Vo, = V. The

n
completlon of the proof now follows from Definition 4.4. O
(o ¢]
Theorem 4.5. If Y z, is a convergent complex series, then hm zn = 0.
n=1
Proof. The proof is left as an exercise. O

125 n
Example 4.3. Show that the series Z m > {nQ +il= ) ] is convergent.

n=1 n=1

Solution:

Recall that the real series Z -z and Z

are convergent. Hence, Theorem 4.4 implies

that the given complex serles 1s convergent

00 no s
Example 4.4. Show that the series ) # = Z [( DA } is divergent.
n=1 n=1
Solution:
o0
We know that the real series ) % is divergent. Hence, Theorem 4.4 implies that the given

n=1
complex series is divergent.
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oo
Example 4.5. Show that the series »_ (1 4+ ¢)" is divergent.

n=1
Solution:
Here we set 2, = (1+14)" and observe that lim |z,| = lim (v/2)” = co. Thus lim z, # 0, and
n—oo n—oo n—oo

Theorem 4.5 implies that the series is not convergent; hence it is divergent.

o0 o0
Theorem 4.6. Let Y z, and > w, be convergent series and let ¢ be a complex number. Then
n=1 n=1

i czp =c i Zn and (4.10)

n=1

[o.¢]
Zzn—i—wn Zzn—i—an
n=1

Proof. The proof is left as an exercise. O

o0

o0
Definition 4.8 (Cauchy Product). Let Y a, and ) b, be convergent series, where a, and

n=0 n=
b, are complexr numbers. The Cauchy product of the two series is defined to be the series
oo n
> cn, where ¢ = Y arby_.
n=0 k=0

Theorem 4.7. If the Cauchy product converges, then

S (54) ()

n=0

Proof. The proof can be found in a number of texts—for example, Infinite Sequences and Series,
by Konrad Knopp (translated by Frederick Bagemihl; New York: Dover, 1956). O

o
Theorem 4.8 (Comparison test). Let Y M, be a convergent series of real nonnegative terms.
n=1
If {z,} is a sequence of complex numbers and |z,| < M, holds for all n, then the infinite series
o0

[&.8]
Yo ozn = Y (xn +iyy) converges.
n=1

n=1

Proof. Using Equations (1.21), we determine that |z,| < |z,| < M, and |y,| < |z, < M,

[ee] [ee]
holds for all n. By the comparison test for real series, we conclude that Y |z,| and ) |yn]

n=1 n=1
o0 o0
are convergent. An absolutely convergent real series is convergent, so Z z, and > y, are
=1 n=1
convergent With these results, together with Theorem 4.4, we conclude that the infinite series
Z Zn = Z Tp + 10 Z Yn 1s convergent. O
n=1
o0 o0
Corollary 4.1. If > |z,| converges, then > z, converges. In other words, absolute conver-
n=1 n=0
gence implies convergence for complexr series as well as for real series.
Proof. The proof is left as an exercise. O
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Example 4.6. Show that E ‘HLM converges.

Solution:
(o)
We calculate |z,| = ‘ 3;‘; = 1, = M,. Using the comparison test and the fact that ).
n=1
converges, we determine that Z ‘ 3+412 ‘ converges, and hence so does Z 3;::;2) .

n=1

Exercises for Section 4.1 (Selected answers or hints are on page 437.)

1. Find the following limits.

(a) lim (3 +4)"
. 7’L+(’L)n
() 3, =
. 7L2 i2n
(€) Jim, =5

2. Show that li_>m (z)% = 1, where (2)% is the principal value of the nth root of i.
n—oo

3. Suppose that lim z, = zp. Show that lim Z, = Zj.
n—oo n—oo

4. Suppose that the complex series {z,} converges to (. Show that {z,} is bounded in two
ways.

(a) Write z, = z,, + iy, and use the fact that convergent series of real numbers are

bounded.
(b) For e = 1, use Definitions 4.1 and 4.2 to show that there is some integer N such that,
forn > N, |z,| = [(+ (2, —C)| < [¢|+1. Then set R = max{|z1|, |22|,...,|2n|, (+1}.
5. Show that Z (n+1+z — n%”) — .

6. Suppose that Z zn, = S. Show that E Zn=25.

n=1

i 1+iyn oyigt? ?
7. Does nh_)rrolo( \/5) exist? Why or why not’

8. Let z, = e £ 0, where 6,, = Arg(z,).

a) Suppose hm T = 1o and hm 0, = 6y. Show that lim 7,e" = ryei.
(a) Supp

n—oo
(b) Find an example of a sequence {z,} = {r,e?"} where lim z, = 2y = rpe’® and
n—oo

lim r, = rg, but lim 0,, does not exist.
n—oo — 00

(c) If {zn} = {rnew"} is it possible to have lim z, = 29 = roe’, but lim r, does not
n—oo n—oo

exist?

9. Show that, if Z zn converges, then hm zn = 0.
Hint: z, = S Sn,l
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10. State

—~

with justification) whether the following series converge.

A
R
M2
3|3

S
Il
—

=
NoE:
™
+
g
N~—

3
Il
—

oo
11. Let > (xn +iyn) = u+iv. If ¢ = a + ib is a complex constant, show that

gjl(a b (2 + i) = (a+ ib) (u + ).

o0

o0
< 2. [zl

n=0

oo
12. If > z, converges, show that

n=0

Zn
n=0

13. Complete the proof of Theorem 4.1. In other words, suppose that lim z, = (, where
n—oo

Zn = Tpn + 1y and ( = u + tv. Prove that lim y, = v.
n—oo

14. A side comment asked you to justify the first inequality in the proof of Theorem 4.1. Give
a justification.

15. Prove that a sequence can have only one limit. Hint: Suppose that there is a sequence
{zn} such that z, — (; and z, — (2. Show this assumption implies {; = (2 by proving
that for all € > 0, |(1 — (2] < e.

16. Prove Corollary 4.1.

17. Prove that lim z, =0 iff lim |z,| = 0.

4.2 Julia and Mandelbrot Sets

An impetus for studying complex analysis is the comparison of properties of real numbers and
functions with their complex counterparts. In this section we take a look at Newton’s method
for finding solutions to the equation f(z) = 0. Then, by examining the more general topic of
iteration, we will plunge into a breathtaking world of color and imagination. The mathematics
surrounding this topic has generated a great deal of popular attention in the past few years.

Recall from calculus that Newton’s method proceeds by starting with a function f(z) and

an initial “guess” of xy as a solution to f(x) = 0. We then generate a new guess z1 by the
. _ . f@o) . . . . . _
computation 1 = g F(z0)" Using z1 in place of zg, this process is repeated, giving xo =

] — }J:/((le)). We thus obtain a sequence of points {xy}, where xp 1 = z) — }c(,ﬁi) The points

{xr}72,, are called the iterates of xg. For functions defined on the real numbers, this method
gives remarkably good results, and the sequence {xj} often converges to a solution of f(x) =0
rather quickly. In the late 1800s, the British mathematician Arthur Cayley investigated the
question of whether Newton’s method can be applied to complex functions. He wrote a paper
giving an analysis for how this method works for quadratic polynomials and indicated his
intention to publish a subsequent paper for cubic polynomials. Unfortunately, Cayley died
before producing this paper. As you will see, the extension of Newton’s method to the complex
domain and the general question of iteration are quite (if you’ll pardon the pun) complez.
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Example 4.7. Trace the next five iterates of Newton’s method for an initial guess of zg = %4—

as a solution to the equation f(z) = 0, where f(z) = 2% + 1.

Solution:

For any guess z for a solution, Newton’s method gives as the next guess the number z —

22—1
2z

23

Table 4.1 gives the iterates, rounded to five decimal places.

f(zk)

1

1

1

1

1

0.25000 + 0.250001

1.00000 + 0.125001¢

=

GURTWINIRITO|

0.00000 + 1.00000¢z | 0.00000 + 0.00000¢

Table 4.1: The iterates of zy = 1 + 1i for Newton’s method applied to f(z) = 2% + 1.

Figure 4.2 shows the relative positions of these points on the z plane. Note that the points
z4 and z5 are so close together that they appear to coincide, and that the value for z5 agrees
to five decimal places with the actual solution z = i.

12 1

z4and z5
21 ) /

23

2 08 T
0.6 T
04 1

0.2+ 20

- - - - - + X
-0.75 -0.5 -0.25 025 05 0.75

-0.2y

Figure 4.2: The iterates of zo = 1 + 1i for Newton’s method applied to f(z) = 2%+ 1

The complex version of Newton’s method also appears to work quite well. Recall, however,
that with functions defined on the reals, not every initial guess produces a sequence that
converges to a solution. Example 4.8 shows that the same is true in the complex case.

Example 4.8. Show that Newton’s method fails for the function f(z) = 22 + 1 if the initial
guess is a real number.

Solution:

From Example 4.7 we know that, for any guess z as a solution of 22 + 1 = 0, the next guess at
2

a solution is N(z) = z — ]f,((zz)) = 21 We let 29 be any real number and {z;} be the sequence
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of iterations produced by the initial seed zy. If for any k, zx = 0, the procedure terminates,
as zx+1 will be undefined. If all the terms of the sequence {z;} are defined, an easy induction
argument shows that all the terms of the sequence are real. Because the solutions of 22 +1 =0
are +i, the sequence {z;} cannot possibly converge to either solution. In the exercises we ask
you to explore in detail what happens when zg is in the upper or lower half-plane.

The case for cubic polynomials is more complicated than that for quadratics. Fortunately,
we can get an idea of what’s going on by doing some experimentation with computer graphics.
We begin with the cubic polynomial f(z) = 2% + 1. (Recall that the roots of this polynomial
are at —1, % + @i, and % — @z) We associate a color with each root (blue, red, and green,
respectively). We form a rectangular region R, which contains the three roots of f(z), and
partition this region into equal rectangles R;;. We then choose a point z;; at the center of each
rectangle, and for each of these points apply the following algorithm:

1. With N(z) = z — J{ ,((ZZ)), compute N(z;;). Continue computing successive iterates of this
initial point until we either are within a certain preassigned tolerance (say, €) of one of the
roots of f(z) = 0, or until the number of iterations has exceeded a preassigned maximum.

2. If Step 1 leaves us within € of one of the roots of f(z), we color the entire rectangle R;;
with the color associated with that root. Otherwise, we assume that the initial point z;;
does not converge to any root, and we color the entire rectangle yellow.

Note that this algorithm doesn’t prove anything. In Step 2, there is no a priori reason to
justify the assumption mentioned, nor is there any necessity for an initial point z;; to have its
sequence of iterates converging to one of the roots of f(z) = 0 just because a particular iteration
is within € of that root. Finally, the fact that one point in a rectangle behaves in a certain way
does not imply that all the points in that rectangle behave in a like manner. Nevertheless, we
can use this algorithm as a basis for mathematical explorations. Indeed, computer experiments
such as the one described have contributed to a lot of exciting mathematics during the past 30
years. Figure 4.3a shows the results for the cubic polynomial f(z) = 23 + 1.

The points in the blue, red, and green regions are those “initial guesses” that will converge

to the roots —1, % + @i, and % — ‘égz', respectively. (The roots themselves are located in the
middle of the three largest colored regions.) The complexity of this picture becomes apparent
when you observe that, wherever two colors appear to meet, the third color emerges between
them. But then, a closer inspection of the area where this third color meets one of the other
colors reveals again a different color between them. This process continues with an infinite

complexity.

There appear to be no yellow regions with any area in Figure 4.3a, indicating that at
least most initial guesses zg at a solution to 2% + 1 = 0 will produce a sequence {z;} that
converges to one of the three roots. Figure 4.3b demonstrates that this outcome does not
always occur. It shows the results of applying the preceding algorithm to the polynomial
f(2) = 23+ (=0.26 + 0.02i)z + (—0.74 + 0.02i).

The yellow area shown is often referred to as the rabbit. It consists of a main body and two
ears, and is an example of a fractal image. Mathematicians use the term fractal to indicate an
object that is self-similar and infinitely replicating. Figure 4.4 illustrates this phenomenon by
zooming in on a portion of Figure 4.3b. You can see that each of the ears consists of a main
body and two ears, and so on.
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(a) f(z) =23 +1 (b) £(2) = 2% + (—0.26 + 0.02i)z + (—0.74 + 0.02i)

Figure 4.3: Newton’s method applied to two different cubics

Figure 4.4: A zoom of the rabbit

In 1918, the French mathematicians Gaston Julia and Pierre Fatou noticed this fractal
phenomenon when exploring iterations of functions not necessarily connected with Newton’s
method. Beginning with a function f(z) and a point zg, they computed the iterates

z1 = f(20), 22 = f(21)s -y 2h41 = f(2k), - -

and investigated properties of the sequence {zx}. Their findings did not receive a great deal
of attention, largely because computer graphics were not available at that time. With the
recent proliferation of computers, it is not surprising that these investigations were revived in
the 1980s. Detailed studies of Newton’s method and the more general topic of iteration were
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undertaken by a host of mathematicians including Curry, Devaney, Douady, Garnett, Hubbard,
Mandelbrot, Milnor, and Sullivan. We now turn our attention to some of their results by
focusing on the iterations produced by quadratics of the form f.(z) = z? + ¢. You will be
surprised at the startling pictures that graphical iterates of such a simple function produce.

Example 4.9. For f.(z) = 22 + ¢, analyze all possible iterations when ¢ = 0, that is, for the
function fy defined by fo(z) = 22 + 0.

Solution:

We leave as an exercise the claim that, if |zp| < 1, the sequence will converge to 0; if |zo| > 1,
the sequence will be unbounded; and if |z9| = 1, the sequence will either oscillate around the
unit circle or converge to 1.

For the function f., defined by f.(z) = 22+ ¢, and an initial seed zg, the set of iterates given
by z1 = fe(20), 22 = fe(21), .. .1s also called the orbit of zy generated by f.. We let K. denote
the set of points with a bounded orbit for f.. Example 4.9 shows that K is the closed unit
disk D1(0). The boundary of K, is known as the Julia set for the function f.. Thus the Julia
set for fo is the unit circle C1(0). It turns out that K. is a nice simple set only when ¢ = 0 or
¢ = —2; otherwise, K, is fractal. Figure 4.5a shows K_1 95. Its reflective nature has reminded
some of St. Mark’s square in Venice when flooding occurs. The variation in colors in that figure
indicate the length of time it takes for points to become “sufficiently unbounded” according
to the following algorithm, which uses the same notation as our algorithm for iterations via
Newton’s method:

1. Compute f¢(z;;). Continue computing successive iterates of this initial point until the
absolute value of one of the iterations exceeds a certain bound (say, L), or until the
number of iterations has exceeded a preassigned maximum.

2. If Step 1 leaves us with an iteration whose absolute value exceeds L , we color the entire
rectangle R;; with a color indicating the number of iterations needed before this value
was attained (the more iterations required, the darker the color). Otherwise, we assume
that the orbit of the initial point z;; do not diverge to infinity, and we color the entire
rectangle black.

Note, again, that this algorithm doesn’t prove anything. It merely guides the direction of
our efforts to do rigorous mathematics.

Figure 4.5b shows the Julia set for the function f., where ¢ = —0.11—0.67¢. The boundary of
this set is different from the boundaries of the other sets we have seen, in that it is disconnected.
Julia and Fatou independently discovered a simple criterion that can be used to tell when the
Julia set for f. is connected or disconnected. We state their result, but omit the proof, as it is
beyond the scope of this text.

Theorem 4.9. The boundary of K. is connected if and only if 0 € K.. In other words, the
Julia set for f. is connected if and only if the orbit of 0 is bounded.

Example 4.10. Show that the Julia set for f; is connected.

Solution:

We apply Theorem 4.9 and compute the orbit of 0 for f;(z) = 22 + 4. We have f;(0) = i,
fiti) = =141, fi(—1+1i) = —i, and f;(—i) = —1 4 4. Thus the orbit of 0 are the sequence
{0, =1+, —i, =144, —i, —1+1i, —i,...}, which is clearly a bounded sequence. Thus, by
Theorem 4.9, the Julia set for f; is connected.
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Figure 4.5: Results of iterating f.(z) for two different values of ¢

In 1980, the Polish-born mathematician Benoit Mandelbrot used computer graphics to study
the set

M = {c : the Julia set for f. is connected}
= {c : the orbit of 0 determined by f. is bounded}.

The set M is known as the Mandelbrot set. Figure 4.6 shows its intricate nature.

Figure 4.6: The Mandelbrot set

Technically, the Mandelbrot set is not fractal because it is not self-similar (although it may
look that way). However, it is infinitely complex. Figure 4.7a shows a zoom over the upper
portion of the set shown in Figure 4.6. Likewise, Figure 4.7b zooms in on the upper portion
of Figure 4.7a. In Figure 4.7b you can see the emergence of another structure very similar to
the Mandelbrot set that we began with. Although it isn’t an exact replica, if you zoomed in
on this set at almost any spot, you would eventually see yet another “Mandelbrot clone” and
so on ad infinitum! In the remainder of this section we look at some of the properties of this
amazing set.
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(a) A zoom of the upper-portion of Figure 4.6 (b) A zoom of the upper-portion of Figure 4.7a

Figure 4.7: Zooming in on the Mandelbrot set

Example 4.11. Show that {c: |c| < 1} C M.

Solution:
Let {a,}22 be the orbit of 0 generated by f.(z) = 2% + ¢, where |¢| < . Then

ag =0,
a1 = felag) = ad +c=c,
as = fo(ay) = a? + ¢, and in general,
ani1 = folan) = d® +c.
We show that {a,} is bounded, and, in particular, we show that |a,| < % for all n by mathe-

matical induction. Clearly |a,| < 1 if n =0 or 1. We assume that |a,| < 3 for some value of
n > 1 (our goal is to show |an41| < 3). Now,

|ant1| = laj, +¢|
<la2| + |¢| (by the triangle inequality)
1

1
< 4-=

1
S1t173 (by our induction assumption and the fact that |c| <

=

In the exercises, we ask you to show that, if |¢| > 2, then ¢ ¢ M. Thus the Mandelbrot set
depicted in Figure 4.6 contains the disk D 1 (0) and is contained in the disk D3(0).

We can use other methods to determine which points belong to M. To do so, we need some
additional vocabulary.

Definition 4.9 (Fixed Point). The point zg is a fized point for the function f if f(z0) = 2o.
Definition 4.10 (Attracting Point). The point zy is an attracting point for the function f
if 1f'(20)] < 1.

Theorem 4.10 explains the significance of these terms.

Theorem 4.10. Suppose that zy is an attracting fized point for the function f. Then there is
a disk D,(zo) about zy such that the iterates of all the points in D} (zp) are drawn toward z
in the sense that, if z € D}(z0), then |f(2) — 20| < |z — 20|. In fact, if zi is the kth iterate of
z € D} (z0), then klggo 2K = 20.
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Proof. Because zp is an attracting point for f, we know that |f’(20)] < 1. And because f is
differentiable at zp, we know that for any € > 0 there exists some r > 0 such that if z € D}(zp),

then |M — f(20)| <e. I weset e =1—]f"(20)|, then we have for all z in D}(zy) that

f(z) = f(20) f(2) = f(20)

zZ— 2 zZ— 29

— f(20)] < 1—[f"(20)l,

—f (o) < ‘

which gives ‘%ﬁzo)‘ < 1. Thus |f(z) — f(20)] < |z — 20|- Because z is a fixed point for f,
this last inequality implies that |f(2z) — 20| < |z — 20|, which is the first part of our theorem.

The proof that lim z; = zg is left as an exercise. ]
k—o0

In 1905, Fatou showed that, if the function f. defined by f.(z) = 22 + ¢ has attracting fixed
points, then the orbit of 0 determined by f. must converge to one of them. Because a convergent
sequence is bounded, this condition implies that ¢ must belong to M. In the exercises we ask
you to show that the main cardioid-shaped body of M in Figure 4.6 is composed of those
points ¢ for which f. has attracting fixed points. You will find Theorem 4.11 to be a useful
characterization of these points.

Theorem 4.11. The function f.(z) = z? + ¢ has attracting fived points iff |1 + /1 —4c| < 1
or |1 —+/1—4c| < 1, where the square root designates the principal square root function.

Proof. The point 2 is a fixed point for f. iff f.(20) = 20. In other words, iff 232 — 29 + ¢ = 0.
By Theorem 1.5, the solutions to this equation are

_1—|—\/1—4c 1—-+v1—4c

or zpg=——,

=0 2 2

where again the square root designates the principal square root function. Now, zy is an
attracting point iff |f/(20)| = |220] < 1. Combining this result with the solutions for z gives
our desired result. O

Definition 4.11 (n-cycle). An n-cycle for a function f is a set

{20, 21, -, 201}
of n complex numbers such that z;, = f(zix—1), for 1 <k <n—1 and f(z,—1) = 20.

Definition 4.12 (Attracting). An n-cycle {zo, z1,..., zn—1} for a function f is said to be
attracting if |g,'(20)| < 1, where gy, is the composition of f with itself n times. For example,

if n =2, then ga2(z) = (fof)(z) = f(f(z))

Example 4.12. Example 4.10 shows that {—1 + i, —i} is a 2-cycle for the function f;. It is
not an attracting 2-cycle because go(z) = 2* + 2i2%2 +i — 1 and go'(2) = 423 + 4iz. Hence
g2 (=1 +4)| = |4 4 4i], s0 |g2"(—1 +14)| > 1.

In the exercises, we ask you to show that, if {20, 21,...,2,-1} is an attracting n-cycle for
a function f, then not only does zy satisfy |g,'(20)] < 1, but also that |g,’(zx)| < 1, for
k=1,2,....,n—1.

One can prove that the large disk to the left of the cardioid in Figure 4.6 consists of those
points ¢ for which f.(z) has a 2-cycle. The large disks above and below the main cardioid disk
are the points ¢ for which f.(z) has a 3-cycle.
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Continuing with this scheme, we see that the idea of n-cycles explains the appearance of the
“buds” that you see on Figure 4.6 . It does not, however, begin to do justice to the enormous
complexity of the entire set. Even Figures 4.7a and 4.7b are mere glimpses into its awesome
beauty.

Exercises for Section 4.2 (Selected answers or hints are on page 437.)

1. Consider the function f(z) = 2% + 1, where

e )

(a) Show that, if Im(zp) > 0, the sequence {zj} formed by successive iterations of zy via
N(z) lies entirely within the upper half-plane.

(b) Show that a similar result holds if Im(zg) < 0.
(c) Use induction to show that, if all the terms of the sequence {z;} are defined, then
the sequence {z} is real, provided z is real.

(d) Discuss whether {zx} converges to i if Im(zp) > 0 and to —i if Im(zp) < 0.

2. Formulate and solve problems analogous to those in Exercise 1 for the function f(z) =
2
24— 1.

3. Prove that Newton’s method always works for polynomials having degree 1 (functions of
the form f(z) = az+b, where a # 0). How many iterations are necessary before Newton’s

method produces the solution z = —% to f(z) =07

4. Consider the function fo(z) = 22 and an initial point zy. Let {2} be the sequence of
iterates of zp generated by fo. That is, z1 = fo(20), 22 = fo(z1), and so on.

(a) Show that, if |z9| < 1, the sequence {zx} converges to 0.

(b) Show that, if |z9| > 1, the sequence {zx} is unbounded.

(c) Show that, if |z9| = 1, the sequence {zj} either converges to 1 or oscillates around
the unit circle. Give a simple criterion that you can apply to zg that will reveal
which of these two paths {z} takes.

5. Show that the Julia set for f_o(2) is connected.
6. Determine the precise structure of the set K_s.

7. Prove that if a complex number ¢ is in the Mandelbrot set, then its conjugate ¢ is also in
the Mandelbrot set. Thus, the Mandelbrot set is symmetric about the x axis. Hint: Use
mathematical induction.

8. Show that, if ¢ is any real number greater than i, then c is not in the Mandelbrot set.
Note: Combining this condition with Example 4.11 shows that the cusp in the cardioid
section of the Mandelbrot set occurs precisely at ¢ = i.

9. Find a value for ¢ that is in the Mandelbrot set such that its negative, —c¢, is not in the
Mandelbrot set.
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10. Show that the points ¢ that solve the inequalities of Theorem 4.11 form a cardioid. This
cardioid is the main body of the Mandelbrot set shown in Figure 4.6. Hint: It may be
helpful to write the inequalities of Theorem 4.11 as

L,
2 \V1 ¢

1 1
——4/-—c

<1
2 4 2

< = or
2

11. Use Theorem 4.11 and the paragraph immediately before it to show that the point —%\/?:i
belongs to the Mandelbrot set.

12. Suppose that {zg, z1} is a 2-cycle for f.

(a) Show that, if zp is attracting for go(z), then so is the point z;. Hint: Differentiate
92(2) = f(f(2)) using the chain rule, and show that g2'(z0) = g2'(21).

(b) Generalize part (a) to n-cycles.

13. Prove that lim z; = 2z in Theorem 4.10.
k—00

4.3 Geometric Series and Convergence Theorems

o0

We begin this section by presenting a series of the form »_ 2", which is called a geometric
n=0

series and is one of the most important series in mathematics.

o0
Theorem 4.12 (Geometric series). If |z| < 1 the series Y. 2™ converges to f(z) = 1~ That

1-2
n=0
is, if |z| < 1, then
S 1
Zzn:1+z+22+...+zk+...:1 . (411)
n=0 - F
If |z| > 1 the series diverges.
Proof. Suppose that |z| < 1. By Definition 4.4, we must show lim S, = ﬁlzv where
n—oo
Sp=1+z+224 271 (4.12)
Multiplying both sides of Equation (4.12) by z gives
2Sp=z2+ 22+ 234 24 (4.13)
Subtracting Equation (4.13) from Equation (4.12) yields
(1-2)S,=1-2"
so that . "
z
Sy = - . 4.14
" l-z 1-2z ( )

Since |z| < 1, lim 2" = 0. (Can you prove this assertion? We ask you to do so in the exercises!)
n—oo

1
1—2z"

Hence lim S,, =
n—oo

Now suppose |z| > 1. Clearly, lim |2"| # 0, so lim 2" # 0 (see Exercise 17, Section 4.1).

oo
Thus, by the contrapositive of Theorem 4.5, > 2™ must diverge. O
n=0
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oo
Corollary 4.2. If |z| > 1 the series Y z~™ converges to f(z) = =5 That is, if |z| > 1 then

n=1

> 1

E = T = ,  or equivalently,
ot z—1
o0
1
_E Z—'fl:_Z—l_Z—Q_._'_z—n__“: .
n=1 -z

If |z| <1, the series diverges.

Proof. If we let 1 take the role of 2 in Equation (4.11), we get

oo n
1 1 1
Z() - w PYen
z 1-—= z
n=0 z
Multiplying both sides of this equation by % gives
I (1\" 1 1
- -] = if |—-|<1
2 Z (z> -1 Tz
n=0
which, by Equation (4.10), is the same as
00 n+1
1 1 1
> () = if =<1
z z—1 z
n=0
oo
But this expression is equivalent to saying that Y (2)® = L+, if 1 < |z|, which is what the
n=1
corollary claims.
It is left as an exercise to show that the series diverges if |z| < 1. O

Corollary 4.3. If z # 1 then for all n,

n

1
T
1-=2 1-2
Proof. This result follows immediately from Equation (4.14). O
X (1)
Example 4.13. Show that Eo % =1—i.
n=
Solution:
If we set z = 152, then |z| = § < 1. By Theorem 4.12, the sum is
1 2 2 .
- = - = -=1—n1.
1-= 2140 1+
S .
Example 4.14. Evaluate }_ (5)".
n=3
Solution:
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We can put this expression in the form of a geometric series:

o] i n o] i 3 i n—3
>(:)-20) ()
n=3 n=3
i 3 oo i n—3
= (2> nz:; <2> (by Equation (4.10) in Theorem 4.5)
i 3 oo i n
= <2> Z;) <2> (by reindexing)
N3 .
=(z ! (by Theorem 4.12 b oLy
=13 -1 y Theorem 4.12 because || = 5
1 1

=— - — (by standard simplification procedures).

Remark 4.3. The equalities given in Example 4.1} collectively illustrate an important point
with regard to evaluating a geometric series whose beginning index is other than zero. The

o0
value of Y 2" equals . If we think of z as the “ratio” by which any term of the series
n=r

18 multz’pligd to gemerate successive terms, we note that the sum of a geometric series equals
ﬁ{i#, provided |ratio| < 1.

The geometric series is used in the proof of Theorem 4.12, which is known as the ratio
test. It is one of the most commonly used tests for determining the convergence or divergence
of series. The proof is similar to the one used for real series, and we leave it for you to do.

o0
Theorem 4.13 (d’Alembert’s ratio test). If > (, is a complex series with the property that
n=0

tim ol g

oo |Gl

then the series is absolutely convergent if L < 1 and divergent if L > 1.

00 N\
Example 4.15. Show that (1%) converges.
n=0

Solution:
Using the ratio test, we find that

n—00 |(1 — z)"/n!| N—00 (n—i— 1)! n—oo n + 1
2
= lim V2 =0=0L.
n—oon + 1

Because L < 1, the series converges.

) \n
Example 4.16. Show that the series (Z;) converges for all values of z in the disk |z—i| < 2
n=0

and diverges if |z —i| > 2.

Solution:
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Using the ratio test, we see that

(R i B EE BN e

L.

If |z — 4| < 2, then L < 1, and the series converges. If |z —i| > 2, then L > 1, and the series
diverges.

Our next result, known as the root test, is slightly more powerful than the ratio test.
Before we present this test, we need to discuss a rather sophisticated idea used with it—the
limit supremum.

Definition 4.13 (Limit Supremum). Let {t,} be a sequence of positive real numbers. The
limit supremum of the sequence (denoted lim sup t,,) is the smallest real number L having
n—oo

the property that for any € > 0, there are at most finitely many terms in the sequence that are

larger than L + e. If there is no such number L, then lim sup t, = oco.
n— o0

Example 4.17. The limit supremum of the sequence

{tn} = {4.1, 5.1, 4.01, 5.01, 4.001, 5.001,...} is  lim sup ¢, = 5,

n—oo

because if we set L = 5, then for any € > 0, there are only finitely many terms in the sequence
larger than L 4+ ¢ = 5 4 ¢. Additionally, if L is smaller than 5, then by setting ¢ = 5 — L, we
can find infinitely many terms in the sequence larger than L + ¢ (because L + ¢ = 5).

Example 4.18. The limit supremum of the sequence

{t,}=11,2,3,1,2,31,2,3,1,2,3,...} is lim supt, =3,

n—o0

because if we set L = 3, then for any € > 0, there are only finitely many terms (actually, there

are none) in the sequence larger than L +¢ = 3+¢. Additionally, if L is smaller than 3, then by

setting € = % we can find infinitely many terms in the sequence larger than L + ¢ (because

L + ¢ < 3), as the following calculation shows:

= = 3.

3—-L 34L 3 L 3 3
L =L+ —=— = — 4 =
+e + 3 9 2-|-2<2-1—2

Example 4.19. The limit supremum of the Fibonacci sequence

{tn} ={1, 1, 2, 3, 5, 8, 13, 21, 34,...} is lim sup t, = co.

n—oo

(The Fibonacci sequence satisfies the relation t,, = t,,—1 + t,,—2 for n > 2.)

The limit supremum is a powerful idea because the limit supremum of a sequence always
exists, which is not true for the ordinary limit. However, Example 4.20 illustrates the fact that,
if the limit of a sequence does exist, then it will be the same as the limit supremum.

Example 4.20. The sequence

1
()= 1+ 4
={2, 1.5, 1.33, 1.25, 1.2, ...} has ILm sup t, = 1.

We leave verification of this as an exercise.

121



Theorem 4.14 (Root test). Suppose the series E Cn has hm sup |Cn|" = L. Then the series

is absolutely convergent if L < 1 and divergent sz > 1.

Proof. Suppose first that L < 1. We can select a number r such that L <r< 1. By definition
of the limit supremum, only finitely many terms in the sequence {|Cn|n} exceed 7 , so there

exists a positive integer N such that for all n > N we have |Cn|" < r. That is, |(,| < r™ for
[e.°]
all n > N. For r < 1, Theorem 4.12 implies that > 7" converges. But then Theorem 4.8

n=N+1
o0 o0
implies that > || converges, and hence so does ) |(,| . Corollary 4.1 then guarantees
n=N+1 n=0
(o]
that > (, converges.

n=0
Now suppose that L > 1. We can select a number r such that 1 < r < L. Again, by
definition of the limit supremum we conclude that ]Cn]n > r for infinitely many n. But this
condition means that |(,| > r™ for infinitely many n, and as r > 1, this implies that ¢, does
[o.¢]

not converge to 0. By Theorem 4.5, > (, does not converge. O
n=0

Note that, in applying either Theorem 4.13 or 4.14, if L = 1 the convergence or divergence
of the series is unknown, and further analysis is required to determine the true state of affairs.

Exercises for Section 4.3 (Selected answers or hints are on page 438.)

1. Evaluate

n=0

2. Show that Z 2,; )% converges for all values of z in the disk Dy(—i) ={z: |z + 1| < 2}
n=0
and diverges if ]z +i| > 2.

n=0
4. Use the ratio test to show that the following series converge.

[&.°]

(a)

—~

—
vl

<.
~—
S

N
I
o

=
8
3T
3
1=

3
Il
—

—
S
M2
=
3t
=

i
I

(14i)%n
(2n+1)!"

2
o
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5. Use the ratio test to find a disk in which the following series converge.

(e8]

(a) Y. (140)m=".

n=0

X (2—3—4i)"
(d) ¥ A

n=0

6. Establish the claim in the proof of Theorem 4.12 that, if |z| < 1, then lim 2" = 0.
n—roo
7. In the geometric series, show that if |z| > 1, then li_>m |Sn| = 0.
n o
8. Prove that the series in Corollary 4.2 diverges if |z] < 1.

9. Prove Theorem 4.13.

10. Give a rigorous argument to show that li_>m sup t, = 1 in Example 4.20.
n—oo

11. For |z| < 1,1et f(2) = 3 2" = 2422424+ 422" +.... Show that f(z) = z+ f(22).
n=0

12. This exercise makes interesting use of the geometric series.

(a) Use the formula for geometric series with z = re??, where 7 < 1, to show that

i n i n ing 1 —mrcosf+irsinf
2= rte" = .
—~ s 1472 —2rcosf

(b) Use part (a) to obtain

> 1—17rcos@

" 0 = d
;T cosn 1472 —2rcosf’ an
(o) .

rsin @

"sinnf = )

%T Y T 2 " 2r cos 6

4.4 Power Series Functions

oo

Suppose that we have a series > (,, where ¢, = ¢p(2z — @)”. If a and the collection of ¢, are
n=0

fixed complex numbers, we get different series by selecting different values for z. For example, if

00 . . 00
o =2and ¢, = 2 for all n, we get the series ). 2 (5—2)"if 2 =% and Y L (2+i)"if 2 = 4+4.
n=0 n=0
Note that, when oo = 0 and ¢,, = 1 for all n, we get the geometric series. The collection of points

o0 o0
for which the series > ¢,(z — )™ converges is the domain of a function f(z) = > ¢,(z — )",

= n=
which we call a power series function. Technically, this series is undefined if z = a and
n = 0 because 0° is undefined. We get around this difficulty by stipulating that the series
o0 o0
> en(z — )™ is really compact notation for ¢y + Y ¢,(z — «)™. In this section we present

n=0 n=1
some results that are useful in helping establish properties of functions defined by power series.
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o0

Theorem 4.15. Suppose that f(z) = > cn(z — @)™. Then the set of points z for which the

series converges is one of the following:

1. the single point z = «;

ii. the disk D,(a) = {z : |z — a| < p}, along with part (either none, some, or all) of the
circle Cp(a) = {z : |z — a| = p};

1i. the entire complex plane.

Proof. By Theorem 4.14, the series converges absolutely at those values of z for which lim sup |¢,,(z—
n—oQ

1
a)"|» < 1. This condition is the same as requiring

|z — af (Jl_}rgosup\cnﬁ) <1 (4.15)

There are three possibilities to consider for the value of lim sup |c,| = . If the limit supremum
n—oo
equals oo, Inequality (4.15) holds iff = = «, which is case (i). If 0 < lim sup\cnﬁ < 00,
n—o0

Inequality (4.15) holds iff |z — af < ———+ (z’.e., iff z € Dy(«v), where p = %)
nl;mw sup |en|n nl;mw sup |cn|n
which is case (7i). Finally, if the limit supremum equals 0, the left side of Inequality (4.15) will
be 0 for any value of z, which is case (iii). We are unable to say for sure what happens with
respect to convergence on Cy(a) = {z : |z — a| = p}. You will see in the exercises that there
are various possibilities. ]

Another way to phrase case (i7) of Theorem 4.15 is to say that the power series f(z) =

o0

> en(z — a)™ converges if |z — a| < p and diverges if |z — a| > p. We call the number p the
n=0

radius of convergence of the power series (see Figure 4.8). For case (i) of Theorem 4.15, we
say that the radius of convergence is zero and that the radius of convergence is infinity for case

(4ii).

Divergence

Convergence __ What happens on the

a
% boundary may be unknown.

Figure 4.8: The radius of convergence of a power series

o0
Theorem 4.16. For the power series function f(z) = Y. ¢y(z — @)™ we can find p, its radius
n=0

of convergence, by any of the following methods:

i. Cauchy’s root test: p = %l\l (provided the limit exists).
im |cp|m
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L (this limit always exists).
lim sup [cn|m
n— oo

1. Cauchy-Hadamard formula: p =

iti. d’Alembert’s ratio test: p = (provided the limit exists).

1
lim |2t
n—o0 cn

We set p = oo if the limit equals 0 and p = 0 if the limit equals co.

Proof. If you examine carefully the proof of Theorem 4.15, you will see that we have already
proved (i) and (i7). They follow directly from Inequality (4.15) and the fact that the limit
supremum equals the limit whenever the limit exists. We can show (i) by using the ratio test.
We leave the details as an exercise. O

We now give an example illustrating each of these cases.

o0
Example 4.21. The series Y (£t2)"(z — 4)" has radius of convergence 3 by Cauchy’s root
n=0

3n+1
1
test because lim |c,|» = lim 22 = 1
n—>oo| n‘ n—oo M+l 3

oo
Example 4.22. The series Y c,2" = 4z + 5222 4+ 4323 + 5%2% + 452° + ... has radius

n=1
of convergence 1 by the Cauchy-Hadamard formula because {|cn|%} = {4,5,4,5,...}, so

lim sup |cn]% = 5.
n—oo

o0
Example 4.23. The series %z” has radius of convergence oo by the ratio test because

lim L‘ = lim
n—oo | (N+1)! n—00
We come now to the main result of this section.

(o)
Theorem 4.17. Suppose that the function f(z) = > en(z — &)™ has radius of convergence
n=0

p>0. Then
i. f is infinitely differentiable for all z € D,(a). In fact

i for all k, f®(z) = 3 nn — 1) (n — k + Dea(z — )"~ and
n=k

1. cp = f(k,i!(a), where f*) denotes the kth derivative of f. (When k =0, f*) denotes the
function f itself so that fO)(z) = f(z) for all z.)

Proof. Remarkably, the entire proof hinges on verifying (i:) for the simple case when k£ = 1.
The cases in (4i) for k > 2 follow by induction. For instance, we get the case when k = 2 by

oo
applying the result for k = 1 to the series f/(2) = . ncp(z — )" L. Also, (i) is an automatic
n=1

consequence of (i), because (ii ) gives a formula for computing derivatives of all orders in
addition to assuring us of their existence. Finally, (i) follows by setting z = « in (i7), as all
the terms drop out except when n = k, giving us f®)(a) = k(k —1)--- (k — k + 1)cx. Solving
for ¢; gives the desired result.
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Verifying (i) when k = 1, however, is no simple task. We begin by defining the following:
9(z) =Y nea(z — )",
n=1

J
Si(z) = Z en(z —a)",
n=0

Rj(z) = Z en(z —a)™.

n=j+1

Here Sj(z) is simply the (j 4+ 1)st partial sum of the series f(z), and R;(z) is the sum of the
remaining terms of that series. We leave as an exercise to show that the radius of convergence for
g(z) is p, the same as that of f(z). For a fixed zp € D,(«), we must prove that f’(z9) = g(z0);

that is, we must prove that lim,_,,, &)1z 9(z0). We do so by showing that for all £ > 0

zZ—20

there exists § > 0 such that, if z € D,(«) with 0 < |z — 29| < J, then ]w —g(20)] < e.

20

Let z9 € D,(a) and € > 0 be given. Choose r < p so that zyp € D,(c). We choose ¢ to
be small enough so that Ds(z9) C D,(a) C Dy(c) (see Figure 4.9) and also small enough to
satisfy an additional restriction, which we shall specify in a moment.

7 ~

// \\

// 20 \\
5y

1
[ o T The disk Ds(z)
\
\\ o/ |- y. The disk D, ()

RV o T~ The disk D, (@

NS———

Figure 4.9: Choosing ¢ to prove that f'(z9) = g(20)

Because f(z) = Sj(z) + Rj(z), simplifying the right side of the following equation reveals
that for all j,

ICESIOR I CEL T

zZ— 29 zZ— 2

-5 '(Zo)}

Rj(z) - Rj(Zo)]

+[85"(20) — 9(20)] + [ p— (4.16)

where S;’(z9) is the derivative of the function S; evaluated at zp. Equation (4.16) has the
general form A = B + C' 4+ D. By the triangle inequality,

Al =B +C+ D] < |B|+|C[+[D],

so our proof will be complete if we can show that for a small enough value of 9, each of the
expressions |B|, |C|, and |D| is less than §.
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Calculation for |D|:

Rj(z)_Rj(ZO) _ 1 = e llz —a) — (20 — o)™
R R 3 alle=ar~a-ar
<Y el LBzl
n=j+1

where the last inequality follows from Exercise 12, Section 4.1.

As an exercise, we ask you to show that

(z—a)" = (20— )"

< nr"L (4.17)
Z— 20
Assuming the validity of this inequality, we then get
R;(z) — R;j(20) - n-1
—_— | < . .
p— Z len |nr (4.18)
n=7+1

1

o0
Since r < p, the series Y |c,|nr™* converges (can you explain why?). Thus the tail part of

n—=
the series, which is the right side of Inequality (4.18), can certainly be made less than £ if we

3
choose j large enough—say, j > Nj.
Calculation for |C|:

J
Since S;’(z0) = Y nen(20 — a)" 7L, it is clear that limj_ S; (20) = g(20). Thus there is an
n=1

integer No such that if j > Ny, then [S;"(20) — g(20)| < §.

Calculation for |B|:
We define N = max{Ny, Na}. Because Sy(z) is a polynomial, Sy ’(z0) exists. This means we
can find 0 small enough that it complies with the restriction previously placed on it as well as
ensuring that
Sn(z) — Sn(20) Sw(z0)| < £
Z— 20 3

whenever z € D,(«), with 0 < |z — 29| < 6. Using this value of N for j in Equation (4.16),
together with our chosen ¢, yields conclusion (ii) and hence the entire theorem. O

o0
Example 4.24. Show that > (n +1)2" = = for all z € D;(0).

= (1—2)2
Solution:
[e.e]
We know from Theorem 4.12 that f(z) = ;& = 2" for all z € D1(0). If we set k =1 in
n=0
o0 o0
Theorem 4.17, part (ii), then f/(z) = (1_1z)2 = > nz" 1t =3 (n+1)z" for all z € Dy(0).
n=1 n=0

Example 4.25. The Bessel function of order zero is defined by

0 _1)n
ao =3

n=0

zZ\2n 1 22 24 28
(3) =1-Ztomwme
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and termwise differentiation shows that its derivative is

n=0

We leave as an exercise to show that the radius of convergence of these series is infinity. The
Bessel function Ji(z) of order 1 is known to satisfy the differential equation Ji(z) = —Jy'(2).

Exercises for Section 4.4 (Selected answers or hints are on page 439.)

1. Prove part (iiz) of Theorem 4.16.

(o] oo (o)

: : n 2" z"

2. Consider the series »_ 2", ) 25, and > =
n=0 n=1 n=1

Show that each series has radius of convergence 1.

(a)
(b)
()
(d) It turns out that the third series converges everywhere on C(0), except at the point
z = 1. This is not easy to prove. Give it a try.

Show that the first series converges nowhere on C;(0) = {z: |z| = 1}.

Show that the second series converges everywhere on C(0).

3. Find the radius of convergence of the following.

(0) 9z) = 2 (-1 555y
(b) h(z) = fon!zn.

(¢) f(2) = > (2 — Bu2ymon,

n=0
@ o) = S "
(©) h(z) = 3 (2= (-1))"

2"
(0) h(z) = 3 e
(i) g9(z) = 2022"
(G) g(2) = > 22 Hint: lim (1+ 1) =e.
n=0 n—o0

oo
4. Show that > (n+1)%2" = (11;'2)3. For what values of z is this valid?
n=0
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o0 (o]
5. Suppose that Y c,z" has radius of convergence R. Show that > c22" has radius of
n=0 n=0
convergence R?.

(o]
6. Does there exist a power series »_ ¢,2" that converges at z; = 4 — i and diverges at
n=0

zo = 2+ 3i?7 Why or why not?
7. Verify part (i) of Theorem 4.17 for all k£ by using mathematical induction.

8. This exercise establishes that the radius of convergence for g given in Theorem 4.17 is p,
the same as that of the function f.

(a) Explain why the radius of convergence for g is 1

_—.
lim sup |ncp |71
n— oo

(b) Show that li_>m sup]n[ﬁ = 1. Hint: The limsup equals the limit. Show that
n—oo

: logn __
e et = O

(c) Assuming that lim sup ]cn]ﬁ = lim sup ]cn\%, show that the conclusion for this
n—o0 n—oo
exercise follows.
(d) Verify the truth of the assumption made in part (c).
9. Here we establish the validity of Inequality 4.17 in the proof of Theorem 4.17.
(a) Show that

st —t"

s—t

— ’$n_1 + Sn—Zt + Sn_3t2 N Stn—Q + tn—l‘

e e e P I i o I SRR P ] N A
where s and t are arbitrary complex numbers, s # t.
(b) Explain why, in Inequality 4.17, |z — a| < r and |29 — a| < 7.
(c) Let s=2z—a and t = zp — « in part (a) to establish Inequality 4.17.
10. Show that the radius of convergence of the series for Jy(z) and Jy'(z) in Example 4.25 is
infinity.

11. Consider the series obtained by substituting for the complex number z the real number
x in the Maclaurin series for sin z. Where does this series converge?

(z=9)"
A—gnt1-

o0

12. Show that, for [z —i| < V2, I = Y
n=0

Hint: 1% = —1 1%[ ] Now use Theorem 4.12.

z - (I—i)—(z—i)  1— -2t

—_
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Chapter 5

Elementary Functions

Overview

How should complex-valued functions such as e?, log z, sin z, and the like, be defined? Clearly,
any responsible definition should satisfy the following criteria.

e The functions so defined must give the same values as the corresponding functions for
real variables when the number z is a real number.

e As much as possible, the properties of these new functions must correspond with their
real counterparts. For example, we would want e*1 722 = e¢*1e*2 to be valid regardless of
whether z were real or complex.

These requirements may seem like a tall order to fill. There is a procedure, however, that
offers promising results. It is to put the expansion of the real functions e*, sinz, and so on, as
power series in complex form. We use this strategy in this chapter.

5.1 The Complex Exponential Function

o0
Recall that the real exponential function can be represented by the power series e = )
n=0
Thus it is only natural to define the complex exponential e*, also written as exp(z),in the

1

f,x”.
n:

following way.

Definition 5.1 (The Complex Exponential).

o0

1
e® =exp(z) = Z Ez"

n=0

Clearly, this definition agrees with that of the real exponential function when z is a real number.
We now show that this complex exponential has two of the key properties associated with its
real counterpart and verify the identity e = cosf + isin@, which, back in Chapter 1 (see
Identity (1.32) of Section 1.4) we promised to establish.

Theorem 5.1. The function exp z is an entire function satisfying the following conditions.
i. exp '(z) = exp(z) = €* (using Leibniz notation we write d%ez =e?).
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ii. exp(z1 + 22) = exp(21) exp(z2) (i.e., €% = #1e?2),

ii. If 0 is a real number, then € = cos@ 4 isinf.

Proof. By the ratio test (check Example 4.23), the series in Definition 5.1 has an infinite radius
of convergence, so exp(z) is entire by Theorem 4.17, part (i).

Using Theorem 4.17, part (ii), we get

00 n 00 00 1
xp /(5 = 3 a1 = -3 = et
n=1 n=1 n=0

which gives us part (i) of Theorem 5.1
To prove part (ii), we let ( be an arbitrary complex number and define g(z) to be
9(z) = exp(z) exp(¢ — 2).
Using the product rule, chain rule, and part (i), we have
g'(2) = exp(z) exp( — 2) + exp(z)[—exp(¢ — 2)] = 0 for all .

According to Theorem 3.7, this result implies that the function g must be constant. Thus, for
all z, g(z) = g(0). Since exp(0) =1 (verify!), we deduce

9(z) = g(0) = exp(0) exp(¢ — 0) = exp(().
Hence, for all z,
g(2) = exp(z) exp(¢ — 2z) = exp(().
Setting z = z; and letting ( = z1 + 22, we get
exp(z1) exp(z1 + 22 — 2z1) = exp(z1 + 22),

which simplifies to our desired result.

To prove part (iii), we let 6 be a real number. By Definition 5.1,

[ 1 1
= Z [ " (i9)2n + (i9)2n+1:| (separating odd and even exponents)

2| (2n) 2n+1)!
= 1 -2\n pn2n 1 -0 2\n n2n
:nZO [(%)!(12) P G H]

02n+1

_Z 2n +nz:: n2n+1)

= COS 9 +isinf (by the series representations for the real-valued sine and cosine).
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Note that parts (ii) and (iii) of the Theorem 5.1 combine to verify DeMoivre’s formula, which
we introduced in Section 1.5—see Identity (1.40). Further, if z = = + iy, we have

exp(z) = €* = "W = % = ¢(cosy + isiny). (5.1)

Some texts start with Identity (5.1) as the definition for exp(z). In the exercises, we show
that this is a natural approach from the standpoint of differential equations.

The notation exp(z) is preferred over e* in some situations. For example, the number

exp($) = 1.22140275816017... is the value of exp(z) when z = 1 and equals the positive

fifth root of e = 2.71828182845904 . ... The notation eé, however, is ambiguous and might be
interpreted as any of the complex fifth roots of the number e that we discussed in Section 1.5:

P P
e5 =~ 1.22140275816017 <cos %k tisin 7:“) . for k=0,1,..., 4.

To prevent confusion, we often use exp(z) to denote the single-valued exponential function.

We now explore some additional properties of exp(z). From Identity 5.1 it follows that

eFrenT — o7 for all z, provided n is an integer, (5.2)
e’ =1, iff z = 42nm, where n is an integer, and (5.3
el = e*?, iff 29 = 21 + i2n7 for some integer n. (5.4)

For example, because Identity (5.1) involves the periodic functions cosy and siny, any two
points in the z plane that lie on the same vertical line with their imaginary parts differing by
an integral multiple of 27 are mapped onto the same point in the w plane. Thus the complex
exponential function is periodic with period 27i, which establishes Equation (5.2). We leave
the verification of Equations (5.3) and (5.4) as exercises.

Example 5.1. For any integer n, the points

5+. 1177_’_2
Zn=—+1i|—+2n
Ty 6 i

in the z plane (i.e., the xy plane) are mapped onto the single point

( 117 ,117r> V3 s

ot
ot

~ 3.02 — 1.75¢

N N — — _pd — g
COS 4+ 728In e ’L2€

6

wo = exp(za) =

in the w plane (i.e., the uv plane), as indicated in Figure 5.1.
y v

-2 -1 1 2

Figure 5.1: The points {z,} in the z plane and their image wy = exp(z,) in the w plane
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Let’s look at the range of the exponential function. If z = x + iy, we see from Identity
(5.1)—e* = e%e™ = e%(cosy + isiny)—that e* can never equal zero, as e® is never zero, and
the cosine and sine functions are never zero at the same point. Suppose, then, that w = e* # 0.
If we write w in its exponential form as w = pe'?, Identity (5.1) gives

pe'? = e%e'.

Using Identity (5.1), and Property (1.41) of Section 1.5, we get

p = €% and ¢ =y + 2nm, where n is an integer. Therefore, (5.5)
p = l|ef] =¢”, and 5.6)
¢ € arg(e®) = {Arg(e®) + 2nm : n is an integer}. (5.7)

Solving Equations (5.5) for z and y yields
r=Inp and y= ¢+ 2nm, (5.8)

where n is an integer. Thus for any complex number w # 0, there are infinitely many complex
numbers z = z + ¢y such that w = ¢*. From Equations (5.8), the numbers z are

z=x+1iy=Inp+i(¢+ 2nn)
= In|w| + i(Arg w + 2nm). (5.9)

where n is an integer. Hence

exp [|w] + i(Argw + 2n7)| = w.

In summary, the transformation w = e* maps the complex plane (infinitely often) onto the
set of nonzero complex numbers.

If we restrict the solutions to Equation (5.9) so that only the principal value of the argument,
—7m < Argw < 7, is used, the transformation w = e* = et maps the horizontal strip
{(z,y) : =7 < y < 7w} one-to-one and onto the range set S = {w : w # 0}. This strip is called
the fundamental period strip and is shown in Figure 5.2.

y v
\ 4
in
-------------------- -1-13
w = et
—_—
.................... ry
-« > X -« > U
-------------------- -
s =T Sy §
1 ¥ 2 53 \
The z plane. The w plane.

Figure 5.2: The fundamental period strip for the mapping w = exp(z)
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The horizontal line z = ¢t 4 ib, for —oo < t < oo in the z plane, is mapped onto the ray
w = ete® = e(cosb + isinb) that is inclined at an angle ¢ = b in the w plane. The vertical
segment z = a + 16, for —m < 6 < 7 in the z plane, is mapped onto the circle centered at the
origin with radius e® in the w plane. That is, w = e%e® = e?(cosf + isin ). The lines 71, 72,
and r3, are mapped to the rays 77, r5, and r3, respectively. Likewise, the segments s1, s2, and
s3 are mapped to the corresponding circles s7, s3, and s3.

Example 5.2. Consider a rectangle R = {(z,y) :a < x < band ¢ <y < d}, where —7 < ¢ <
d < m. Show that the transformation w = e* = €**% maps R onto a portion of an annular
region bounded by two rays.

Solution:

The image points in the w plane satisfy the following relationships involving the modulus and
argument of w:

% = ‘ea+iy| < |ea:+iy| < ‘eb+iy‘ — eb7 and

¢ = Arg(e®T¢) < Arg(e®t%) < Arg(e* ) < d.

which is a portion of the annulus {pe’® : e* < p < €’} in the w plane subtended by the rays
¢ = cand ¢ = d. In Figure 5.3, we show the image of the rectangle

7T ™
R:{(x,y):—lga;gland ——gyg—}.
4 3
v
A
w = exp(z)
Y _—
i
3
einl3
21 1 > x lVe ¢ > u
e—inl4
I
4y
\
The z plane. The w plane.

Figure 5.3: The image of R under the transformation w = exp(z)

134



Exercises for Section 5.1 (Selected answers or hints are on page 439.)

1.

2.

10.

11.

Using Definition 5.1, explain why exp(0) = e° = 1.

The questions for this problem relate to Figure 5.2. The shaded portion in the w plane
indicates the image of the shaded portion in the z plane, with the lighter shading indicating
expansion of the area of corresponding regions.

(a) Why is there no shading inside the circle s7?

(b) Explain why the images of r1, 72, and r3 appear to make, respectively, angles of —%’r,
T, and ?{T” radians with the positive u axis.
(c) Precisely where should the images of the points +im be located?

. Verify Equations (5.3) and (5.4).

. Express e* in the form u + v for the following values of z.

(¢) —4+ bi.
d) -1+
(e) 14428
(f) §—2i

. Prove that |exp(z?)| < exp (|z]?) for all z. Where does equality hold?

Show that exp(z + im) = exp(z — im) holds for all z.

. Express exp(z?) and exp (1) in the Cartesian form u(z,y) + iv(z,y).

. Explain why

(a) exp(z) = exp z holds for all z.

(b) exp(Z) is nowhere analytic.
Show that |e™%| < 1 iff Re(z) > 0.

Verify that

ef—1 _ 1

(a) lim

z—0

(b) lim & = —1.
Z—T

135



12. Show that f(z) = ze® is analytic for all z by showing that its real and imaginary parts
satisfy the Cauchy-Riemann sufficient conditions for differentiability.
13. Find the derivatives of the following.
(a) €'
(b) ztexp(2?).
) elatib)z
) exp(2).
14. Let n be a positive integer. Show that

(a) (expz)™ = exp(nz).
(b) (explz)" = exp(—nz).

m .
15. Show that » e converges for Im(z) > 0.
n=0
16. Generalize Example 5.1, where the condition —7 < ¢ < d < 7 is replaced by d — ¢ < 27.
Illustrate what this means.

17. Use the fact that exp(z?) is analytic to show that e =¥ sin 2xy is a harmonic function.
18. Show the following concerning the exponential map.

(a) The image of the line {(z,y) : x =t, y = 2w + t}, where —oo < t < 00 is a spiral.

(b) The image of the first quadrant{(z,y) : x > 0, y > 0} is the region {w : |w| > 1}.

(c) If a is a real constant, the horizontal strip {(z,y) : @ < y < a + 27} is mapped
one-to-one and onto the nonzero complex numbers.

(d) The image of the vertical line segment {(x,y) : © = 2, y = t}, where § <t < %’r is
half a circle.

(e) The image of the horizontal ray {(z,y) : z >0, y = §} is a ray.

19. Explain how the complex function e® and the real function e* are different. How are they
similar?

20. Many texts give an alternative definition for exp(z), starting with Identity (5.1) as the
definition for f(z) = exp(z). Recall that this identity states that exp(z) = exp(x + iy) =
e®(cosy + isiny). This exercise shows such a definition is a natural approach in terms
of differential equations. We start by requiring f(z) to be the solution to an initial-value
problem satisfying three conditions: (1) f is entire, (2) f'(z) = f(z) for all z, and (3)
f(0) = 1. Suppose that f(z) = f(x + iy) = u(x,y) + iv(z,y) satisfies conditions (1), (2),
and (3).

(a) Use the result f'(2) = uy(z,y) + ivy(z,y) and the requirement f’(z) = f(z) from
condition (2) to show that u,(z,y) — u(x,y) =0, for all z = (x,y).

(b) Show that the result in part (a) implies that %[u(m,y)e‘x] = 0. This means

u(zx,y)e " is constant with respect to x, so u(x,y)e~* = p(y), where p(y) is a function
of y alone.

(c¢) Using a similar procedure for v(z,y), show we wind up getting a pair of solutions
u(z,y) = p(y)e*, and v(z,y) = q(y)e* where p(y) and ¢(y) are functions of y alone.
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(d) Now use the Cauchy-Riemann equations to conclude from part (c) that p(y) = ¢'(y)
and p'(y) = —q(y)-

(e) Use part (d) to show that p”(y) + p(y) = 0 and ¢”(y) + q(y) = 0.

(f) Identify the general solutions to part (e). Then, given the initial conditions
£(0) = £(0 + 0i) = u(0,0) + #(0,0) = 1 + 0,
find the particular solutions and conclude that Identity (5.1) follows.

5.2 The Complex Logarithm

In Section 5.1, we showed that, if w is a nonzero complex number, then the equation w = exp z
has infinitely many solutions. Because the function exp(z) is a many-to-one function, its inverse
(the logarithm) is necessarily multivalued.

Definition 5.2 (Multivalued logarithm). For z # 0, we define the multivalued function log as
the inverse of the exponential function; that is,

log(z) =w iff z=exp(w). (5.10)

If we go through the same steps as we did in Equations (5.8) and (5.9), we find that, for
any complex number z # 0, the solutions w to Equation (5.10) take the form

w=1In|z| +1i0, for z#0. (5.11)

where 6 € arg(z) and In |z| denotes the natural logarithm of the positive number |z|. Because
arg(z) is the set arg(z) = {Arg(z) + 2n7 : n is an integer}, we can express the set of values
comprising log(z) as

log(z) = {In|z| + i(Arg(z) + 2n7) : n is an integer} (5.12)
= In |z| +iarg(z), (5.13)

where it is understood that Identity (5.13) refers to the same set of numbers per Identity (5.12).

Recall that Arg is defined so that for z # 0, —m < Arg(z) < m. We call any one of the values
given in Identities (5.12) or (5.13) a logarithm of z. Note that the different values of log(z) all
have the same real part and that their imaginary parts differ by the amount 2nmw, where n is
an integer. When n = 0, we have a special situation.

Definition 5.3 (Principal value of the logarithm). For z # 0, we define Log, the principal
value of the logarithm, by
Log(z) = In |z| 4+ iArg(z). (5.14)

The domain for the function Log is the set of all nonzero complex numbers in the z plane,
and its range is the horizontal strip {w : —7 < Im(w) < 7} in the w plane. We stress again
that Log is a single-valued function and corresponds to setting n = 0 in Equation (5.12). As we
demonstrated in Chapter 2, the function Arg is discontinuous at each point along the negative x
axis; hence so is the function Log. In fact, because any branch of the multivalued function arg is
discontinuous along some ray, a corresponding branch of the logarithm will have a discontinuity
along that same ray.
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Example 5.3. Find the values of log(1 + ) and log(i).

Solution:

By standard computations, we have

log(1+1i) = {ln |1+ 4| +i(Arg(l +14) + 2nm) : nis an integer}

{ln\[—i— i ( + 2n7r> :n is an integer} , and

log(1) In|i| + i(Arg(i) + 2n7) : n is an integer}

{ ( + 2n7r) :n is an integer} .

The principal values are

In2
Log(l1+1) = ln\@—i—z’% = HT + z% and
T
Log(i) = i~.
og(1) i5

We now investigate some of the properties of log and Log. From Equations (5.10), (5.12),
and (5.14), it follows that

exp(Log z) =z forall z#0, and (5.15)

Log(expz) =z, provided — 7 <Im(z)<m, (5.16)
and that the mapping w = Log(z) is one-to-one from domain D = {z : |z| > 0} in the z plane
onto the horizontal strip {w : —7 < Im(w) < 7} in the w plane.

The following example illustrates that, even though Log is not continuous along the negative
real axis, it is still defined there.

Example 5.4. Identity (5.14) reveals that

Log(—e) =In| — e| + iArg(—e) = 1 +im, and
Log(—1) =1In| — 1| + iArg(—1)

ITT.

When z = x + 40, where z is a positive real number, the principal value of the complex
logarithm of z is
Log(z +i0) = Inz + iArg(z) = lnx 4+ {0 = Inz.

where x > 0. Hence Log is an extension of the real function In to the complex case. Are there
other similarities? Let’s use complex function theory to find the derivative of Log. When we
use polar coordinates for z = re? # 0, Equation (5.14) becomes

Log(z) = Inr + iArg(z)
=Inr+i, for r>0 and —nw<O<7
=U(r,0) +iV(r,0),
where U(r,0) = Inr and V(r,0) = 0. Because Arg(z) is discontinuous only at points in its

domain that lie on the negative real axis, U and V have continuous partials for any point (r, 0)
in their domain, provided re? is not on the negative real axis, that is, provided —w < 6 < 7.
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(Note the strict inequality for 6 here.) In addition, the polar form of the Cauchy-Riemann
equations holds in this region (see Equation (3.22) of Section 3.2), since

1 1 1
Ur(r,0) = ;V@(n ) = - and Vi(r,0) = —;Ug(?“, 8) = 0.

Using Theorem 3.5 of Section 3.2, we see that

d

4 (1 1
—Log(z) = e (U, +iV,) = e <r + 0i> =

re? 2

dz

provided > 0 and —7w < # < w. Thus the principal branch of the complex logarithm has the
derivative we would expect. Other properties of the logarithm carry over, but only in specified
regions of the complex plane.

Example 5.5. Show that the identity Log(z122) = Log(z1) + Log(z2) is not always valid.
Solution:
Let z; = —v/3 4 i and 20 = —1 +iv/3. Then
Log(z122) = Log(—41)
—nd+i (—%) . but

) 2
Log(z1) + Log(z2) =In2 + zg +1In2+ z%

3T
=In4+i—.
n —1—22

Our next result explains why Log(z122) = Log(z1) + Log(z2) didn’t hold for the particular
numbers we chose.

Theorem 5.2. Log(z122) = Log(z1) + Log(22) iff —m < Arg(z1)+ Arg(ze) <.

Proof. Suppose first that —m < Arg(z1) + Arg(z2) < 7. By definition, Log(z122) = In |z122| +
iArg(z122) = In|z1| 4+ In |22| + iArg(z122). Because —m < Arg(z1) + Arg(z2) < m, it follows that
Arg(z122) = Arg(z1) + Arg(z2) (explain!), and so

Log(z122) = In 21| + In |z2| + tArg(z1) + iArg(z2) = Log(z1) + Log(z2).

The “only if” part is left as an exercise. O

As Example 5.5 and Theorem 5.2 illustrate, properties of the complex logarithm don’t carry
over when arguments of products combine in such a way that they drop down to —m or rise
above w. This is because of the restrictions placed on the domain of the function Arg. From the
set of numbers associated with the multivalued logarithm, however, we can formulate properties
that look exactly the same as those corresponding with the real logarithm.

Theorem 5.3. Let z1 and z3 be nonzero complex numbers. The multivalued function log obeys
the familiar properties of logarithms:

log(z122) = log(z1) + log(22), (5.17)
log <2) = log(z1) —log(z2), and (5.18)

log (i) — _log(2). (5.19)
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Proof. Identity (5.17) is easy to establish: Using Identity (1.38) in Section 1.4 concerning the
argument of a product (and keeping in mind we are dealing with sets of numbers), we write

log(z122) = In |21 22| 4 i arg(z122)
=In|z1| + In|z2| + i arg(z1) + iarg(z2)
= [In|z1| 4+ targ(z1)] 4+ [In|ze| + iarg(z2)] = log(z1) + log(z2).

Identities (5.18) and (5.19) are left as exercises. O

We can construct many different branches of the multivalued logarithm function that are
continuous and differentiable except at points along any preassigned ray {re!® : r > 0}. If
we let a denote a real fixed number and choose the value of € arg(z) that lies in the range
a < 6 < a+ 27, then the function log,, defined by

log,(z) =Inr + 6, (5.20)

where z = e’ # 0, and o < § < o + 2, is a single-valued branch of the logarithm function.
The branch cut for log, is the ray {re’® : » > 0}, and each point along this ray is a point of
discontinuity of log,. Because exp[log,(z)] = z, we conclude that the mapping w = log,(2) is a
one-to-one mapping of the domain |z| > 0 onto the horizontal strip {w : @ < Im(w) < a + 27}.
If a < ¢ <d< a+2n, then the function w = log, (z) maps the set D = {re? :a <r <b, ¢ <
0 < d} one-to-one and onto the rectangle R = {u+iv :Ina < u <Inb, ¢ < v < d}. Figure 5.4
shows the mapping w = log, (), its branch cut {re® : r > 0}, the set D, and its image R.

y v
\ \

i(a+2p)

w =log,(z)
_—

w0

y 4

Figure 5.4: The branch w = log, (z) of the logarithm

We can easily compute the derivative of any branch of the multivalued logarithm. For a
particular branch w = log,,(z) for z = re? # 0, and a < 6 < a + 27 (note the strict inequality
for 0), we start with z = exp(w) in Equations (5.10) and differentiate both sides to get

1= iz = % exp (log,(2))

dz d
d
= exp (loga(2)) 7~ loga(2)

= Zdiz log,,(2).
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Solving for d% log,,(z) gives

d 1 4
d—loga(z):f, for z=re? 40, and «a <6 <o+ 2w
z z

The Riemann surface for the multivalued function w = log(z) is similar to the one for the
square root function. However, it requires infinitely many copies of the z plane cut along the
negative x axis, which we label Sy for k = ..., —n,...,—2, —=1,0,1,2,...,n,.... We stack
these cut planes directly on each other so that the corresponding points have the same position,
and join the sheet S to Siy1 as follows: For each integer k, the edge of the sheet Sy in the
upper half-plane is joined to the edge of the sheet Siy1 in the lower half-plane. The Riemann
surface for the domain of log looks like a spiral staircase that extends upward on the sheets
S1, ,59, ... and downward on the sheets S_;, S_o,..., as shown in Figure 5.5. We use polar
coordinates for z on each sheet. Thus, for S, we have

z=r(cosf +isinf), where
r=1|z|, and 27k —7m <60 <7+ 27k.

Again, for S, the correct branch of log(z) on each sheet is

log(z) =1Inr +i6, where
r=|z[, and 27wk —m <6 <m+27k.

3n
S
T
w=logz
—
So u
-
S,
-3n

Figure 5.5: The Riemann surface for mapping w = log(z)
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Exercises for Section 5.2 (Selected answers or hints are on page 440.)

1. Find all values for
(a)
(b) L Z)

(c) Log Z\/§ V2).

(d) Log[(1+14)7].

e) log(—3).
)
)
)

Lo
Lo
(
(f
(2) log(4i).

(h) log(—v/3 —1).

2. Use the properties of arg(z) in Section 1.4 to establish

log 8.

(a) Equation (5.18).
(b) Equation (5.19).

3. Find all the values of z for which each equation holds.

(a) Log(z) =1—1%.
(b) Log(z —1) =17.
(c) exp(z) = —ie.

(d) exp(z+1) =1.
4. Refer to Theorem 5.2.

(a) Explain why —7 < Arg(z1)+Arg(z2) < 7 implies that Arg(z129) = Arg(z1)+Arg(22).
(b) Prove the “only if” part.

5. Refer to Equation (5.20) and pick an appropriate value for a so that the branch of the
logarithm log,, (z) will not be analytic at z = 2, where

(a) z0=1
(b) 20 = —1+1iV3.
(c) zo =1.
(d) z0 =—i
() z0=—1—1.
(f) 20 =3 —i.
6. Show that f(z) = I;Si(:f;fz) is analytic everywhere except at the points —1, —2, and on

the ray {(z,y) : z < =5, y = 0}.

7. Show that the following are harmonic functions in the right half-plane {z : Rez > 0}.

(a) u(z,y) =In(2® +y?).
(b) v(z,y) = Arctan(¥).
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8. Show that 2" = exp[nlog,(z)], where n is an integer and log, is any branch of the
logarithm.

9. Construct a branch of f(z) = log(z 4+ 4) that is analytic at the point z = —5 and takes
on the value 77 there.

10. For what values of z is it true that
(a) Log(%) = Log(z1) — Log(22)? Why?
(b) LLog(z) = 1?7 Why?
(c) Log(%) = —Log(z)? Why?

11. Construct branches of f(z) = log(z +2) that are analytic at all points in the plane except
at points on the following rays.

(a) {(Cl?,y) x> =2,y = O}
(b) {(LU,y) rr==2,y> O}
(C) {(%,y) tx=-2,y< O}

12. Show that the mapping w = Log(z) maps

(a) theray {z =re” : r >0, § = Z}one-to-one and onto the horizontal line {(u,v) : v =
5}

(b) the semicircle {z = 2¢" : —Z < 0 < Z} one-to-one and onto the vertical line segment
{In2,v): =% <v < T}

13. Find specific values of z1 and 23 so that Log(Z) # Log(z1) — Log(22).
14. Show why the solutions to Equation (5.10) are given by those in Equation (5.11). Hint:
Mimic the process used in obtaining Identities (5.8) and (5.9).

15. Explain why no branch of the logarithm is defined when z = 0.

5.3 Complex Exponents

In Section 1.5 we indicated that it is possible to make sense out of expressions such as /1 + i or
i* without appealing to a number system beyond the framework of complex numbers. We now
show how this is done by taking note of some rudimentary properties of the complex exponential
and logarithm, and then using our imagination.

We begin by generalizing Identity (5.15). Equations (5.12) and 5.14 show that log(z) can
be expressed as the set log(z) = {Log(z) + i2nm : n is an integer}. We can easily show (left
as an exercise) that, for z # 0, exp[log,(z)] = z, where log,, is any branch of the function log.
But this means that, for any ¢ € log(z), the identity exp ¢ = z holds true. Because exp[log(z)]
denotes the set {exp( : ( € log(z)}, we see that exp[log(z)] = z, for z # 0.

Next, note that Identity (5.17) gives log(z") = nlog(z), where n is any natural number, so
that expllog(z")] = exp[nlog(z)] = 2", for z # 0. With these preliminaries out of the way, we
can now come up with a definition of a complex number raised to a complex power.

Definition 5.4 (Complex exponent). Let ¢ be a complex number. We define z¢ as

2 = exp [clog(2)]. (5.21)
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The right side of Equation (5.21) is a set. This definition makes sense because, if both z
and ¢ are real numbers with z > 0, Equation (5.21) gives the familiar (real) definition for z¢,
as the following example illustrates.

Example 5.6. Use Equation (5.21) to evaluate 4z,
Solution:
Calculating 42 = exp[3 log(4)] gives

1
3 log(4) = {In2 +4nm : n is an integer}. (5.22)

Thus 42 is the set {exp(In2 + inm) : n is an integer}. The distinct values occur when n =
0, 1. Plugging these values into Equation (5.22) gives exp(In2) = 2 and exp(In2 + iw) =
exp(In2) exp(im) = —2. In other words, 42 = {-2, 2}.

The expression 42 is different from /4, as the former represents the set {—2, 2} and the
latter gives only one value, v/4 = 2.

Because log is multivalued, the function z¢ will, in general, be multivalued. If we want to
focus on a single value for z¢, we can do so via the function defined for z # 0 by

f(2) = exp[cLog(z)], (5.23)

which is called the principal branch of the multivalued function z¢. Note that the principal
branch of z¢ is obtained from Equation (5.21) by replacing log(z) with the principal branch of
the logarithm.

Example 5.7. Find the principal values of /1 + ¢ and ¢*.

Solution:

From Example 5.3

In2
L%a+wy:%f+¢%=hn%+ig and
™
Log(i) = i_.
og(i) =1 5

Identity (5.23) yields the principal values of v/1 + i and i’
Viti=(1+1i)2
1
= exp [2Log(1 + z)]

1
= exp [2(ln 23 4 11)]

= exp (ln 21 + z%)

= 2% (cos il + 7sin E)
N 8 8
~ 1.09684 + 0.45509i, and

it = expliLog(i)]
e i ()
o ()

~ 0.20788.
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Note that the result of raising a complex number to a complex power may be a real number
in a nontrivial way.

We now consider the possibilities that arise when we apply Equation (5.21).
Case(i): Suppose that ¢ = k, where k is an integer. Then, if z = re? # 0,
klog(z) = {kIn(r) + ik(0 + 2nm : n is an integer}.
Recalling that the complex exponential function has period 27i, we have
2P = exp [k: log(z ]
= exp [kIn(r) + ik(6 + 2n7)]
= exp [ In( ) + ik + i2kn]
= exp [In(r")] exp(ik0) exp(i2knm)
= ¥ exp(ik6) = r¥(cos kO + i sin k6),

which is the single-valued kth power of z that we discussed in Section 1.5.

Case(ii): If ¢ = %, where k is an integer, and z = re’? # 0, then

110 z = llnr—l—w'nisanin‘ce er
EOES Tk ko sy
Hence, Equation (5.21) becomes
1 1
2k =exp | o log(z) (5.24)
1 0+ 2nm
=exp | In(r) + =
2
=¥ exp ( o +k: n7r> (5.25)

Sl

=r

cos 79 + 2nm + 2sin 79 + 2nm
k k '

When we again use the periodicity of the complex exponential function, Equation (5.24) gives
k distance values corresponding to

Therefore, as Example 5.6 illustrated, the fractional power 2% is the multivalued kth root
function.

Case(iii): If j and k are positive integers that have no common factors and ¢ = %, then
Equation (5.21) becomes

i i (04 2nm)j i (0 + 2nm)j .. (04 2nm
zk =rkexp |[i———=| =71k |cos | ————= | +isin | —— || .
k k k
Again, there are k distance values that correspond with n =0, 1,..., k — 1.

Case(iv): If cis not a rational number, then there are infinitely many values for z¢, provided

z # 0.
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Example 5.8. The values of 25T 50 are

i 1 )
25+30 = exp [(9 + 520) (In2 + iQnW)}

B In?2 n7r+, ln2+2n7r
TP T T T 50 T g

2% _nz ln2+2n7r Lisi 1n2+2n7r
= cos [ — + — sin (| — + —
€ 50 9 A0 T 9 )|

. . o 1,5 .
where n is an integer. The principal value of 25150 is

i In2 In2
25555 = 25 [cos [ o | +isin | —= ) | ~ 1.079956 + 0.014972i.
50 50
Figure 5.6 shows the terms for this multivalued expression corresponding to
n=-9 -8,...,—1,0,1,...,8,9.

They exhibit a spiral pattern that is often present in complex powers.

y
A

-2

/

Figure 5.6: Some of the values of 25+

Some of the rules for exponents carry over from the real case. In the exercises we ask you

to show that if ¢ and d are complex numbers and z # 0, then

_ 1
2 = —,
~C
Zczdzzc+d’
c
< _ .c—d
— = 2 ,
z

where n is an integer.

The following example shows that Identity (5.29) does not hold if n is replaced with an

arbitrary complex value.

146



Example 5.9.

(i%)" = exp [ilog(—1)] = e 0F2M7  where n is an integer, and

(i)* = exp(2ilogi) = e (47T where n is an integer.

Since these sets of solutions are not equal, Identity (5.29) does not always hold.

We can compute the derivative of the principal branch of z¢ which is the function f(z) =
exp[cLog(z)]. By the chain rule,

f'(z)= gexp [cLog(z)]. (5.30)

If we restrict z¢ to the principal branch, z¢ = exp [cLog(z)], then Equation (5.30) can be
written in the familiar form that you learned in calculus. That is, for z # 0 and z not a negative

real number,
d c
c—1

We can use Identity (5.21) to define the exponential function with base b, where b # 0 is a
complex number:
b* = exp [z log(b)].

If we specify a branch of the logarithm, then b* will be single-valued and we can use the
rules of differentiation to show that the resulting branch of b* is an analytic function. The
derivative of b* is then given by the familiar rule

d
—b* =b°1 b 5.31
b = log, (b), (531)

where log,, is any branch of the logarithm whose branch cut does not include the point b.
Exercises for Section 5.3 (Selected answers or hints are on page 441.)

1. Find the principal value of
(a) 4%
(b) (1+4)™.
ONC I
(@) (1+iV3)%.

2. Find all values of
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3. Show that, if z # 0, then 2° has a unique value.
4. For z = re'® # 0, show that the principal branch of
(a) 2% is given by the equation
2t =e?[(Inr) +isin(lnr)],

where r > 0 and —7m < 6 < .

(b) 2% (a a real number) is given by the equation
2% = r%cosal + ir®sinab,
where r >0 and —7m < 0 <.

5. Let z, = (1 +¢)" for n = 1, 2,... Show that the sequence {z,} is a solution to the
difference equation z,, = 2z,_1 — 2z,_o for n > 3.

6. Verify the following identities:

5.26).

(a) Identity
( 5.27).

)
b) Identity )
(c) Identity (5.28).
(d) )
) )

~—~~ o~ —~

d) Identity (5.29).
(e) Identity (5.31).

7. Does 1 raised to any power always equal 17 Why or why not?

8. Construct an example that shows that the principal value of (2’12’2)% need not equal the
1 1
product of the principal values of z{ and z3.

9. If ¢ is a complex number, the expression i may be multivalued. Suppose all the values

of |i¢| are identical. What are these values, and what can be said about the number ¢?
Justify your assertions.

5.4 Trigonometric and Hyperbolic Functions

Based on the success we had in using power series to define the complex exponential, we have
reason to believe that this approach will also be fruitful for other elementary functions. The
power series expansions for the real-valued sine and cosine functions are

o0 p2n+l e r2n
: _ n _ _1\n
sinx = g (-1) 2nr 1) and cosx = E (—1) o)l
n=0 n=0

so it is natural to make the following definitions.

Definition 5.5 (sinz and cos z).

0 »2n+1 o0 »2n
sinz = g (=1)"——— and cosz= E (=" :
o (2n + 1)! o (2n)!
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With these definitions in place, we can now easily create the other complex trigonometric
functions, provided the denominators in the following expressions are not zero.

Definition 5.6 (Other Trigonometric functions).

tanz = , cotz = ——, secz = , and cscz=—.
cos z sin 2z cos 2 sin 2z

The series for the complex sine and cosine agree with the real sine and cosine when z is real,
so the remaining complex trigonometric functions likewise agree with their real counterparts.
What additional properties are common? For starters, we have

Theorem 5.4. sinz and cos z are entire functions, with % sin z = cos z and d% cosz = —sin z.

Proof. The ratio test shows that the radius of convergence for both functions is infinity, so they
are entire by Theorem 4.17, part (i). Part (iii) of that theorem gives

d d o z2n+1
IRl - 1y

n=

[e.e]
2 1) z2n
= Z(—l)”((n_‘_)z (Why does the index n stay at 0 here?)
n=0

2n +1)!
> 2n
- Z(_l)n : !
~ (2n)!
= cos z.
We leave the proof that d% cos z = —sin z as an exercise. O

We now list several additional properties, providing proofs for some and leaving others as
exercises.

e For all complex numbers z,

sin(—z) = —sin z,
cos(—z) =cosz, and
sin? z 4 cos? z = 1.

The verification that sin(—z) = —sinz and cos(—z) = cos z comes from substituting —z
for z in Definition 5.5. We leave verification of the identity sin®z + cos®?z = 1 as an
exercise (with hints).

e For all complex numbers z for which the expressions are defined,

— tan z = sec? z,
dz
_ 2
—cotz = —csc” z,
dz
—secz =secztanz, and
dz
— CsCz = —csczcot z.
dz
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The proof that d% tan z = sec? z uses the identity sin® z + cos? z = 1:
d d (sinz cos zdi sin z — sin zdi CoS 2
—tanz = — = Z z
dz dz \ cosz cos? z
cos? z + sin? z 1
cos? z cos? z
= sec? 2.

We leave the proofs of the other derivative formulas as exercises.

To establish additional properties, expressing cos z and sin z in the Cartesian form u-+iv will
be useful. (Additionally, the applications in Chapters 10 and 11 will use these formulas.) We
begin by observing that the argument given to prove part (iii) in Theorem 5.1 easily generalizes
to the complex case with the aid of Definition 5.5. That is,

e” = cosz +isinz, (5.32)
for all z, whether z is real or complex. Hence

e = cos(—2z) +isin(—2z) = cos z — isin 2. (5.33)

Subtracting Equation (5.33) from Equation (5.32) and solving for sin z gives

1 . .
sinz = Z(ezz —e %) (5.34)
_ 1 <ei(x+iy) _ efi(eriy))
21
1 —y+iz Yy—1ix
=9 (e — ')

1
=5 [e7¥(cosz +isinz) — e¥(cosz — isinz)]
i

i ey + e_y + . ey — e_y
=smx\ ——— 1CO8ST | ———
2 2

= sinx coshy + i cos z sinh y, (5.35)

where coshy = and sinhy = ey_;_y, respectively, are the hyperbolic cosine and hyper-

bolic sine functions that you studied in calculus.

eYqe Y
2

Similarly,
cosz =

(e +e7%) (5.36)

(ei(x-i-iy) + e—i(x-i—iy))

=N =N =N =

(e—y-i-ia: + ey—ix)

[e7¥(cosz +isinz) + €¥(cosz — isinz)]
ey + efy . ey — efy
=cosx | ———— | —isinz [ —————
2 2
= cosz coshy — isinzsinhy. (5.37)

Equipped with Identities (5.34)—(5.37), we can now establish many other properties of the
trigonometric functions. We begin with some periodic results.
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e For all complex numbers z = x + 1y,

sin(z 4 27) = sin z,
cos(z + 2m) = cos z.
sin(z + 7) = —sin 2,
cos(z 4+ m) = —cos z,
tan(z +7) = tanz, and
(z+7)

cot(z + m) = cot z.

Clearly, sin(z + 27) = sin[(z + 27) + iy]. By Identity (5.35) this expression is

sin(z + 2m) cosh y 4 i cos(x + 27) sinh y = sinz cosh y 4 i cos x sinh y

= sin 2.
Again, the proofs for the other periodic results are left as exercises.
e If z; and 29 are any complex numbers, then

sin(z1 + 22) = sin 21 cos z3 + cos z1 sinze  and
cos(z1 + 2z2) = cos z1 o8 2z — sinzy sin 2z~ SO
sin2z = 2sin z cos z.

cos2z = cos® z — sin? z, and

sin(=+z)=sin{=—2) =cosz.
2 2
We demonstrate that cos(z1 + z2) = cos 21 cos z2 — sin 21 sin zo by making use of Identities

(5.34)~(5.37):

COS 21 COS 29 = |:ei(zl+22) + ei(21—22) + ei(ZQ—Zl) + e—i(Z1+Zz):| ’ and

—sinzy sinzy =

B s |

|:ei(z1+zz) - ei(zl—ZQ) - ei(22—21) + 6—1’(21—4—22)} )

Adding these expressions gives

COS 21 COS 29 — sin 21 Sin 29 = |:61(21+22) + eil(zﬁ"’?)] = cos(z1 + 22),

DN | =

which is what we wanted.

A solution to the equation f(z) = 0 is called a zero of the given function f. As we now
show, the zeros of the sine and cosine function are exactly where you might expect them
to be.

e We have sin z = 0 iff z = nm, where n is any integer, and cosz = 0 iff z = (n+ %)7?, where
n is any integer.

We show the result for cos z and leave the result for sin z as an exercise. When we use
Identity (5.37), cos z = 0 iff

0 = cosz coshy — ¢sinx sinh y.
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Equating the real and imaginary parts of this equation gives

0 =coszcoshy, and 0 =sinxsinhy.

The real-valued function cosh y is never zero, so the equation 0 = cos x cosh y implies that
0 = cosz, from which we obtain z = (n + %)7‘( for any integer n. Using the values for
z=x+1y=(Mn+ %)77 + 4y in the equation 0 = sin x sinh y yields

1
0 = sin {(n + 2)77} sinhy = (—1)"sinhy,

which implies that y = 0, so the only zeros for cos z are the values z = (n + 1) for any
integer n.

What does the mapping w = sin z look like? We can get a graph of the mapping w = sinz =
sin(z +1iy) = sin x cosh y+1i cos z sinh y by using parametric methods. Let’s consider the vertical
line segments in the z plane obtained by successfully setting r = —5 + %r for k=0,1,...,12,
and for each x value and letting y vary continuously, —3 < y < 3. In the exercises we ask you
to show that the images of these vertical segments are hyperbolas in the uv plane, as Figure

5.7 illustrates. In Chapter 10, we give a more detailed analysis of the mapping w = sin z.
y v

w=sinz 10 |
_

T
-10 =5 5 10

ofb
oo

-5+

-10 |

Figure 5.7: Vertical segments mapped onto hyperbolas by w = sin(z)

Figure 5.7 suggests one big difference between the real and complex sine functions. The real
sine has the property that |sinz| <1 for all real x. In Figure 5.7, however, the modulus of the
complex sine appears to be unbounded, which is indeed the case. Using Identity (5.35) gives

| sin z|? = | sin z cosh y + 4 cos z sinh y|?

2

= sin? z cosh? y + cos? zsinh? y

2 z(cosh? y — sinh? y) + sinh? y(cos® z + sin® z).

= sin
The identities cosh? y — sinh? y = 1 and cos? z + sin? z = 1 then yield
|sin z|? = sin® z + sinh? 3. (5.38)

A similar derivation produces

| cos z|* = cos? & + sinh? y. (5.39)
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If we set z = z¢ + iy in Identity (5.38) and let y — oo, we get

lim |sin(zo 4 iy)|? = sin® 2o + lim sinh?y = co.
y—00 Yy—r00

As advertised, we have shown that sin z is not a bounded function; it is also evident from
Identity (5.39) that cos z is unbounded.

The periodic character of the trigonometric functions makes apparent that any point in
their ranges is actually the image of infinitely many points.

Example 5.10. Find the values of z for which cos z = cosh 2.
Solution:
Starting with Identity (5.37), we write

cos z = cos x cosh y — ¢ sin x sinh y = cosh 2.
If we equate real and imaginary parts, then we get

cosx coshy = cosh 2 and sinzsinhy = 0.

The equation sin x sinh y = 0 implies either that x = 7wn, where n is an integer, or that y = 0.
Using y = 0 in the equation cosx coshy = cosh2 leads to the impossible situation cosz =
ggz}ﬁg = cosh 2 > 1. Therefore x = mn, where n is an integer. Since coshy > 1 for all values of
1y, the term cos z in the equation cos x cosh y = cosh 2 must also be positive. For this reason we

eliminate the odd values of n and get x = 2wk, where k is an integer.

Finally, we solve the equation cos 2wk cosh y = cosh y = cosh 2 and use the fact that coshy is
an even function to conclude that y = 4+2. Therefore the solutions to the equation cos z = cosh 2
are z = 2wk + 24, where k is an integer.

The hyperbolic functions also have practical use in putting the tangent function into the
Cartesian form u + iv. Using Definition 5.6, and Equations (5.35) and 5.37, we have

sin(x 4 iy)  sinxcoshy + icoswsinhy

tan z = tan(x + ty) = = .
(z+iy) cos(x +1y)  cosxcoshy —isinxsinhy

If we multiply each term on the right by the conjugate of the denominator, the simplified

result is ) ) ]
coszsinx + i cosh y sinh y

tan z =

. 5.40
cos? x cosh? y + sin? z sinh? y (5.40)

We leave it as an exercise to show that the identities cosh?y — sinh?y = 1 and sinh2y =
2 cosh y sinh y can be used in simplifying Equation (5.40) to get

sin 2z . sinh 2y

tanz = +1 . 5.41
cos2z 4+ cosh2y = cos2z + cosh 2y (5.41)
As with sinz, we obtain a graph of the mapping w = tanz parametrically. Consider
the vertical line segments in the z plane obtained by successively setting x = —7 + ’f—g for
k=0,1,...,8 and for each z value letting y vary continuously, —3 < y < 3. In the exercises we

ask you to show that the images of these vertical segments are circular arcs in the uv plane, as
Figure 5.8 shows. In Section 9.4 we give a more detailed investigation of the mapping w = tan z.

How should we define the complex hyperbolic functions? We begin with
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w=tanz 1
_—

NS
afo
L

3}

Figure 5.8: Vertical segments mapped onto circular arcs by w = tan z

Definition 5.7 (coshz and sinh z).

1 1
coshz = 5(6'2 +e %) and sinhz = 5(62 —e 7).

With these definitions in place, we can now easily create the other complex hyperbolic
trigonometric functions, provided the denominators in the following expressions are not zero.

Definition 5.8 (Complex hyperbolic functions).

sinh z cosh z 1 1
R— ———, sechz = and cschz = — .
cosh z sinh 2

As the series for the complex hyperbolic sine and cosine agree with the real hyperbolic sine
and cosine when z is real, the remaining complex hyperbolic trigonometric functions likewise
agree with their real counterparts. Many other properties are also shared. We state several
results without proof, as they follow from the definitions we gave using standard operations,
such as the quotient rule for derivatives. We ask you to establish some of these identities in the
exercises.

The derivatives of the hyperbolic functions follow the same rules as in calculus:

e coshz =sinhz and di sinh z = cosh z.

z z
d
— tanhz = sech’z and — cothz = —csch?z.
dz dz
isech z = —sechztanh 2z and icsch z = —csch z coth z.
dz dz

The hyperbolic cosine and hyperbolic sine can be expressed as
cosh z = coshzcosy + isinhzsiny, and
sinh z = sinh x cos y + i cosh x sin y.
The complex trigonometric and hyperbolic functions are all defined in terms of the expo-
nential function, so we can easily show them to be related by
cosh(iz) =cosz and sinh(iz) = isinz;

cos(iz) = coshz and sin(iz) = isinhz.
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Some of the important identities involving the hyperbolic functions are

cosh? z — sinh? z = 1.
sinh(z1 4 z2) = sinh 21 cosh 29 4 cosh z; sinh 25,
cosh(z1 + z2) = cosh 21 cosh z3 + sinh z; sinh 2y,
cosh(z + 2mi) = cosh 2,
sinh(z + 27i

)

) = sinh 2,
cosh(—z) = coshz, and
sinh(—z) = —sinh z.

We conclude this section with an example from electronics. In electric circuits, the voltage
drop, Eg, across a resistance R obeys Ohm’s law,

Ep = IR,

where [ is the current flowing through the resistor. Additionally, the current and voltage drop
across an inductor, L, obey the equation

E;, =LY
L dt

The current and voltage across a capacitor, C, are related by

1 t

Ec=
C Ji,

I(7)dr.

The voltages Ep, Er, and Ec and the impressed voltage E(t) illustrated in Figure 5.9
satisfy the equation
Ep + Egr+ Ec = E(t). (5.42)

Ec

E(1)

Figure 5.9: An LRC circuit
Suppose that the current I(¢) in the circuit is given by

I(t) = Ipsinwt.

Using this in the equations for EFr and Ey, gives

Er = Rlpsinwt, and (5.43)
E;, = wLIjcoswt. (5.44)
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We then set tg = 5 in the equation for E¢ to obtain

t

1
C’/ /Io sinwtdr = _EIO cos wt. (5.45)

We rewrite the equation I(t) = Iy sinwt as a “complex current,”
T* = Ioe'iwt

with the understanding that the actual physical current I is the imaginary part of I*. Similarly,
we rewrite Equations (5.43)—(5.45) as

E} = RIpe™ = RI".
E; = ilegeiwt = qwLI*, and

1 1
Bl = —Iye™' = —1T*.
¢ iwC 0¢ wC

Substituting these terms leads to an extension of Equation (5.42),

1

The complex quantity Z defined by

1
7 — i wL — —
R+z<w wC)

is called the complex impedance. Substituting this expression into Equation (5.46) gives
E*=Z7I".

which is the complex extension of Ohm’s law.
Exercises for Section 5.4 (Selected answers or hints are on page 441.)

1. Establish that 7 cosz = —sin z for all 2
2. Demonstrate that, for all z, sin? z 4 cos? z = 1, as follows.

(a) Define the function g(z) = sin? z + cos? z. Explain why g is entire.
(b) Show that g is constant. Hint: Look at ¢g'(z).
(c) Use part (b) to establish that, for all z, sin® z + cos? z = 1.

3. Show that Equation (5.40) simplifies to Equation (5.41). Hint: Use the facts that cosh? y—
sinh? y = 1 and sinh 2y = 2 cosh y sinh y.

4. Explain why the diagrams in Figures 5.8 and 5.9 came out they way they did.
5. Show that, for all z,

(a) sin(m — z) = sin z.
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(b) sin(§ — z) = cos z.

(c) sinh(z + im) = —sinh z.
(d) tanh(z + im) = tanh z.
(e) sin(iz) = isinh z.

(f)

6. Express the following quantities in u + v form.

f) cosh(iz) = cos z.

(a) cos(l + z)

8. Show that

(a) sinz = sin z holds for all 2.
(b) sinz is nowhere analytic.

(¢) coshz = cosh z holds for all z.
(d) coshZz is nowhere analytic.

9. Show that

(a) lim 2=l —
z—0

(b) EIJP tan(xg + iy) = i, where xg is any fixed real number.
Y 9]
10. Find all values of z for which each equation holds.
(a) sinz = cosh4.
(b) cosz = 2.

(c) sinz = isinh 1.
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11.

12.

13.

14.

15.

16.

17.

18.

(d) sinhz = 3.
(e) coshz=1.

Show that the zeros of sin z are at z = nm where n is an integer.

Use Equation (5.38) to show that, for z = = + iy,

| sinh y| < |sinz| < coshy.

Use Identities (5.38) and (5.39) to help establish the inequality
| cos z|? + |sinz|> > 1,

and show that equality holds iff z is a real number.

Show that the mapping w = sin z

(a) maps the y axis one-to-one and onto the v axis;
(b) maps the ray given {(z,y) : * = §, y > 0} one-to-one and onto the ray defined by
{(u,v) :u>1,v=0}

Given an elegant argument that explains why the following functions are harmonic.

) = sinx cosh y.
) = coszsinhy.
)

= sinhz cosy.

Establish the following identities.

(a) € = cosz +isin z.

(b) cosz = cosx coshy — isinzsinhy.
()

(d)
(e)
(f) cosh? z —sinh? z = 1.

(g) cosh(z1 + 2z2) = cosh z; cosh 2z + sinh 21 sinh 2.

sin(z1 + 2z2) = sin 21 cos za + cos 21 sin 2o.
| cos 2|2 = cos? z + sinh?y.

cosh z = coshx cosy + ¢sinh z siny.

—

Find the complex impedance Z if

(a) R=10, L =10, C =0.05, and w = 2.
(b) R=15, L =10, C = 0.05, and w = 4.

Explain how sin z and the function sin x that you studied in calculus are different. How
are they similar?
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5.5 Inverse Trigonometric and Hyperbolic Functions

We expressed trigonometric and hyperbolic functions in Section 5.4 in terms of the exponential
function. In this section we look at their inverses. When we solve equations such as w = sin z
for z, we obtain formulas that involve the logarithm. Because trigonometric and hyperbolic
functions are all periodic, they are many-to-one; hence their inverses are necessarily multivalued.
The formulas for the inverse trigonometric functions are

arcsin z = —i log [zz +(1- 22)%} , (5.47)
arccos z = —i log [z +i(1— 22)%} , and

1 1+ 2z
arctan z = — log < . > .

2 11—z

We can find the derivatives of any branch of these functions by using the chain rule:

1
—arcsing = ——— 5.48
dz (1— 22)% (5.48)
-1
—arccos z = —, and
dz (1 — 22)5
e arctan z = 112

We derive Equations (5.47) and (5.48) and leave the others as exercises. If we take a
particular branch of the multivalued function, w = arcsin z, we have

: 1 W —iw

z=sinw = —(e" —e ")

2i ’

which we can also write as
e — 2z —e " =0.

Multiplying both sides of this equation by e™ gives (e!*)? — 2ize®™ — 1 = 0, which is a
quadratic equation in terms of . Using the quadratic equation to solve for e, we obtain

_ 2iz+ (4 422)%
B 2

where the square root is a multivalued function. Taking the logarithm of both sides of this last
equation leads to the desired result:

eiw

=iz 4 (1— 2%z,

. . . 2\ 1
w = arcsinz = —ilog |iz + (1 — 27)2
where the multivalued logarithm is used. To construct a specific branch of arcsin z, we must
first select a branch of the square root and then select a branch of the logarithm.

We get the derivative of w = arcsin z by starting with the equation sinw = z and differen-
tiating both sides, using the chain rule:

LA
dzsmw—dzz,

ismwd—w—l

d dz 7
dw 1




When the principal value is used, w = arcsinz = —ilLog [zz +(1- 22)%] maps the upper
half-plane {z : Im(z) > 0} onto a portion of the upper half-plane {w : Im(w) > 0} that lies in
the vertical strip {w : =¥ < Re(w) < §}. The image of a rectangular grid in the z plane is a
“spider web” in the w plane, as Figure 5.10 shows.

w = arcsin z
—_—

)
S}
T

x - —u
-10 -8 -6 -4 -2 2 4 6 8 10 -2 nl2

Figure 5.10: A rectangular grid is mapped onto a spider web by w = arcsin z

Example 5.11. The values of arcsin /2 are given by

arcsin V2 = —ilog

iv2+ (1 - (\/§)2>%] — _ilog(iv2 £1). (5.49)

Using straightforward techniques, we simplify this equation and obtain
arcsin V2 = —ilog [(\/5 + 1)2]
—i [m(\/ﬁi 1)+ (g + 2n7r)}

= g + 2nmw — iln(x@:l: 1), where n is an integer.

We observe that

o (V2-1(V2+1) T
In(v2-1)=1In o1 —lnﬁ+1— In(v2+1)

and then write

arcsin V2 = g +2nm +iln(vV2 + 1), where n is an integer.

Example 5.12. Suppose that we make specific choices in Equation (5.49) by selecting +i as

the value of the square root [1 — (\/5)2]% and using the principal value of the logarithm. With
f(2) = Arcsin z, The result is

f(V2) = Arcsinv/2 = —iLog(iv2 + i) = g —iln(vV2+ 1),

and the corresponding value of the derivative is given by



The inverse hyperbolic functions are

N

arcsinh z = log {z + (2% 4+ 1)

]

arccosh z = log [2 + (22 — 1)%} , and

1 1+2
tanh z = —1 . 5.50
arctanh z 20g<1_z> (5.50)
Their derivatives are
) 1
—arcsinh 2 = ———,
dz (22 +1)2
1
—arccosh z = —, and
dz (22 -1)2
d 1
iarctanh i=1" 3

To establish Identity (5.50), we start with w = arctanhz and obtain

ev—ev e 1
z =tanhw = = .
ev 4 e~w e +1

which we solve for ¥, getting e?¥ = Liz Taking the logarithms of both sides gives

1 1
w:arctanhz:210g< +Z),

1—2
which is what we wanted to show.

Example 5.13. Calculation reveals that

1 1+1+2¢ 1
arctanh(1 + 2i) = 5 log T-1-% i 1 i 22, =3 log(—1+1)
—1—-2

1 3
:4ln2+z’<8+n>7r,

where n is an integer.

Exercises for Section 5.5 (Selected answers or hints are on page 442.)

1. Find all values of the following.

(a
(b
(c
(

) 5
)
)
d) arccos 3i.
)
)
)

arcsin 3.
5

arccos 3.

arcsin 3.

e) arctan 2:.

(
(f
(g

arctanz.

arcsinh <.
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(h) arcsinh 3.
(i)
)

k) arctanhi.
(1) arctanhiv/3.

2. Establish the following identities.

arccosh 1.

arccosh %

—~

(a) arccosz = —ilog |z +i(1 — 22)%
-1

(1-22)2

z'+z)

1—z/"

(b) d% arccos z =

arctan z = % log(

d _ 1

(d) 4 arctanz = .

(e) arcsinz + arccos z = § + 2n7, where n is an integer.
d 1

(f 1—22"

arcsinh z = log [z + (22 + 1)%}

d

)
)
)
) j;arctanhz =
)
) j;arcsinh z =

1
(Z+1)172
(i) arccosh z = log [z + (22 — 1)%}

d

(j) farccoshz = —1

(22-1)

Nl
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Chapter 6

Complex Integration

Overview

Of the two main topics studied in calculus—differentiation and integration—we have so far only
studied derivatives of complex functions. We now turn to the problem of integrating complex
functions. The theory you will learn is elegant, powerful, and a useful tool for physicists and
engineers. It also connects widely with other branches of mathematics. For example, even
though the ideas presented here belong to the general area of mathematics known as analysis,
you will see as an application of them one of the simplest proofs of the fundamental theorem
of algebra.

6.1 Complex Integrals

We introduce the integral of a complex function by defining the integral of a complex-valued
function of a real variable.

Definition 6.1 (Integral of f(t)). Let f(t) = u(t)+iv(t), where u and v are real-valued functions
of the real variable t for a <t <b. Then

/abf(t) it = /abu(t) dt+i/abv(t) dt. (6.1)

We generally evaluate integrals of this type by finding the antiderivatives of u and v and
evaluating the definite integrals on the right side of Equation (6.1). That is, if U'(t) = u(t),
and V'(t) = v(t), for a <t < b, we have

t=b

b
[ =+ v

Example 6.1. Show that

Solution:
We write the integrand in terms of its real and imaginary parts, i.e., f(t) = (t —i)3 = t3 — 3t +
i(—=3t% +1). Here, u(t) = t3 — 3t and v(t) = —3t% + 1. The integrals of u and v are
1 5 1
/0 (t3 —3t)dt = - and /0 (=3t* +1)dt = 0.
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Hence, by Definition 6.1,

/Ol(t—i)Bdt

Example 6.2. Show that

Il
N
2.

I

=~

N~—

Q

y

+

~.
c\
2.

4

—~

&t

Q

~

Il

[
=] ot

™

/2 exp(t + it) dt =
0

DN |

Solution:
We use the method suggested by Definitions 6.1 and 6.2.

2 . L,
/ exp(t + it) dt = / e'e’dt
0 0

= / e'(cost 4 isint) dt
0

3 . 2 .
= e'costdt +1 e’ sintdt.
0 0

We can evaluate each of the integrals via integration by parts. For example,

VB

3
e! costdt = (_e' sint)
0~ —~— ~—~—
u

dv u v v du

x0T
= (e2 sin — — "sin0) — e' sintdl
2 0 N~

dv
—e2 — e’ sintdt
0 U dv
B . t=1 3 .
262—(6 —Cost)‘ + —cost e’ dt
vL_ __z] =0 0 ~—~—"~~
u v [ du

us

x 2,
:e2—1—/ e’ costdt.
0

Adding [? €' costdt to both sides of this equation and then dividing by 2 gives [? e’ cost dt =

%(6% —1). A similar computation procedure yields i [;? ' sint dt = %(e% + 1). Therefore,

™

2 1, =
/2 exp(t +it)dt = —(e2 — 1)+ —(ez +1).
0 2 2

Complex integrals have properties that are similar to those of real integrals. We now trace

through several commonalities. Let f(t) = u(t) +iv(t) and g(t) = p(t) + ig(t) be continuous on
a<t<hb.

e Using Definition 6.1, we can easily show that the integral of their sum is the sum of their
integrals, that is

b b b
/ LF() + g(t)] dt = / £t dt + / g(t) dt. (6.3)
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If we divide the interval @ <t < binto a <t < ¢ and ¢ < ¢t < b and integrate f(t) over
these subintervals by using Definition 6.1, then we get

/a ’ Ft)dt = / " r)di+ / ’ F(t) dt. (6.4)

Similarly, if ¢ + id denotes a complex constant, then

b b
/ (c + id) f(£) dt = (c + id) / (1) dt. (6.5)

If the limits of integration are reversed, then

b a
/a F(t)dt = — /b F(t) dt. (6.6)

The integral of the product fg becomes
b b
[ syt = [ Tuon(e) - oao] de
b
+z‘/ [u(t)q(t) + v(t)p(t)] dt. (6.7)

Example 6.3. Let us verify Property (6.5). We start by writing
(c+id)f(t) = (c+id)(u(t) +iv(t)) = cu(t) — dv(t) + i[cv(t) + du(t)].

Using Definition 6.1, we write the left side of Equation 6.5 as

c/abu(t)dtd/abv(t)dt+ic/abv(t)dt+id/abu(t)dt.

which is equivalent to
b b
(c + id) V u(t) dt—l—z‘/ o(®) dt] .

It is worthwhile to point out the similarity between Equation (6.2) and its counterpart in
calculus. Suppose that U and V are differentiable on a < t < b and F(t) = U(t) +4V (t). Since
F'(t)=U"(t) +iV'(t) = u(t) +iv(t) = f(t), Equation (6.2) takes on the familiar form

t=b

b
/ fydt=F(@t)| = F@) - F(a). (6.8)

t=a

where F'(t) = f(t). We can view Equation (6.8) as an extension of the fundamental theorem
of calculus. In Section 6.5 we show how to generalize this extension to analytic functions of a
complex variable. For now, we simply note an important case of Equation (6.8):

b
/ It dt = F(b) — f(a). (6.9)
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Example 6.4. Use Equation (6.8) to show that

z 1 |
/2 exp(t +it)dt = 5(ez — 1) + %(65 +1).
0

Solution:
We seek a function F' with the property that F/(t) = exp(t+it). We note that F(t) = I%Lietu“)
satisfies this requirement, so

2 1 L=z 1 .
t+it)dt = ——et0H)| 2 = o3 — 1
/0 exp(t+it)dt = 3= = et — 1)
1 .
= S —i)ieF - 1)
1 us ) s
53 =1+ 5(e? +1),

which is the same result we obtained in Example 6.2, but with a lot less work!

Remark 6.1. Ezample 6.4 illustrates the potential computational advantage we have when
we lift our sights to the complex domain. Using ordinary calculus techniques to evaluate

foi el costdt, for example, would require a lengthy integration by parts procedure. When we rec-

ognize this expression as the real part of ff exp(t + it) dt, however, the solution comes quickly.
This is just one of the many reasons why good physicists and engineers, in addition to mathe-
maticians, benefit from a thorough working knowledge of complex analysis.

Exercises for Section 6.1 (Selected answers or hints are on page 442.)

1. Use Equations (6.1) and (6.2) to find

(3t —i)2dt.

2. Let m and n be integers. Show that

/27r it int gy _ { 0, when m #n;
0

2w, when m = n.

3. Show that [;° e *!dt = 1 provided Re(z) > 0.
4. Establish the following identities.

(a) Identity (6.3).
(b) Identity (6.4).
(c) Identity (6.6).
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(d) Identity (6.7).
5. Let f(t) = u(t) + iv(t), where v and v are differentiable. Show that

b
| @ =0 - 5 .
6. Use integration by parts to verify that ifog elsintdt = %(eg +1).

6.2 Contours and Contour Integrals

In Section 6.1 we showed how to evaluate integrals of the form f: f(t) dt, where f was complex-
valued and [a, b] was an interval on the real axis (so that ¢ was real, with ¢ € [a, b]). In this
section, we define and evaluate integrals of the form fc f(2)dz, where f is complex-valued and
C' is a contour in the plane (so that z is complex, with z € C'). Theorem 6.1 provides our main
result, which shows how to transform the latter type of integral into the kind we investigated
in Section 6.1.

We use concepts first introduced in Section 1.6. Recall that to represent a curve C in the
plane we use the parametric notation

C:z(t) =z(t) +iy(t), for a<t<b, (6.10)

where z(t) and y(t) are continuous functions. We now place a few more restrictions on the type
of curve to be described. The following discussion leads to the concept of a contour, which is a
type of curve that is adequate for the study of integration.

Recall that C' is simple if it does not cross itself, which means that z(¢1) # z(t2) whenever
t1 # to, except possibly when t; = a and ty = b. A curve C with the property z(b) = z(a) is a
closed curve. If z(b) = z(a) is the only point of intersection, then we say that C' is a simple
closed curve. As the parameter t increases from the value a to the value b, the point z(t)
starts at the initial point z(a), moves along the curve C, and ends up at the terminal point
z(b). If C is simple, then z(¢) moves continuously from z(a) to z(b) as t increases and the
curve is given an orientation, which we indicate by drawing arrows along the curve. Figure 6.1
illustrates how the terms simple and closed describe a curve.

The complex-valued function z(t) = x(t) + iy(t) is said to be differentiable on [a,b] if both
x(t) and y(t) are differentiable for a < ¢t < b. Here we require the one-sided derivatives ! of x(t)
and y(t) to exist at the endpoints of the interval. As in Section 6.1, the derivative z'(t) is

2'(t)=a'(t) +iy'(t), for a<t<b.

The curve C defined by Equation (6.10) is said to be a smooth curve if the function 2’ is
continuous and nonzero on the interval. If C' is a smooth curve, then C has a nonzero tangent

vector at each point z(t), which is given by the vector z'(t). If z’(tg) = 0, then the tangent
vector z/(tg) = iy’ (to) is vertical. If 2/(¢y) # 0, then the slope % of the tangent line to C' at
y/(to)
z'(to)
tangent vector z'(t) is defined for all values of t € [a, b] and is continuous. Thus a smooth curve

has no corners or cusps. Figure 6.2 illustrates this concept.

the point z(tg) is given by . Hence for a smooth curve the angle of inclination 6(t) of its

!The derivatives on the right, z’(a™), and on the left, z’(b™), are defined by the limits

oty e 2() —z(a) vy o ax(t) — x(b)
ety = i T e 2 00) = i TR
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z(b)

z(a) (1) (1)
z(a) = z(b)
(a) A curve that is simple. (b) A simple closed curve.
2(b)

Z(a) (1)

(1)

z(a) = z(b)

(c) A curve that is not simple (d) A closed curve that is not simple.

and not closed.

Figure 6.1: The terms simple and closed used to describe curves

(1) 2(1)

@ 4(b)

z(a) z(a)
(a) A smooth curve. (b) A curve that is not smooth.

Figure 6.2: The term smooth used to describe curves

If C is a smooth curve, then ds, the differential of arc length, is given by
ds = /[z' (O + [y’ (]2 dt = |2'(t)| dt.

The function s(t) = \/x'(t)? + y’(t)? is continuous because =’ and y’ are continuous func-
tions, so the length L(C) of the curve C' is

b b
L(C) = / VEOP + [ (OF dt = / 2] dt. (6.11)

Now, consider C' to be a curve with parametrization

C:z(t) =x(t) +iy(t) for a<t<b.

The opposite curve —C traces out the same set of points in the plane, but in the reverse
order, and has the parametrization

—C: 29(t) = x(—t) +iy(—t) for —b<t< —a.
Since z2(t) = z1(—t), —C' is merely C traversed in the opposite sense, as Figure 6.3 illustrates.

A curve C that is constructed by joining finitely many smooth curves end to end is called a
contour. Let (', Co, ..., C), denote n smooth curves such that the terminal point of the curve
C}, coincides with the initial point of Cyy1, for k=1, 2,... ,n — 1. We express the contour C'
by the equation

C=C1+0Cy+---+C,,.

A synonym for contour is path.
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Zl(t) Zz(l)
21(b) 2(=b)
C -C

zy(a) Z(—a)

Figure 6.3: The curve C and its opposite curve —C

Example 6.5. Find a parametrization of the polygonal path C from —1 + i to 3 — i shown in
Figure 6.4.

Solution:

We express C as three smooth curves, or C' = C1+Co+C35. If weset 29 = —1+7 and z; = —1,
we can use Equation 1.48 to get a formula for the straight-line segment joining two points:

Cr:z(t) =20 +t(z1 —20) =(—1+41i)+t[-1—(-1417)], for 0<t<1.
When simplified, this formula becomes
Ci:z(t)=—-1+i(1—t), for 0<t<1.
Similarly, the segments Cs and C3 are given by

Cy: z9(t) = (—1+ 2t) + it, for 0<t<1, and
C3:23(t) =(1+2t)+i(1—2t), for 0<t<1.

=1+ L L+i

C, G G

Figure 6.4: The polygonal path C = C; +C2 + Cs from —1+1¢ to 3 — 4

& -1 = B

Lk

2
€

p=A

> X

Figure 6.5: Partition points {z;} and function evaluation points {cx} for a Riemann sum along
the contour C from z = A to z=B

We are now ready to define the integral of a complex function along a contour C in the
plane with initial point A and terminal point B. Our approach is to mimic what is done in
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calculus. We create a partition P, = {z9p = A4, 21, 22, ..., 2, = B} of points that proceed along
C from A to B and form the differences Az, = zp, — zp_1, for k =1, 2, ..., n. Between each
pair of partition points zx_1 and zp we select a point ¢ on C, as shown in Figure 6.5, and
evaluate the function f. We use these values to make a Riemann sum for the partition:

S(Pa) = flew)(z — zr-1) = Y fler) Az (6.12)
k=1 k=1

Assume now that there exists a unique complex number L that is the limit of every sequence
{S(P,)} of Riemann sums given in Equation (6.12), where the maximum of |Azy| tends toward
0 for the sequence of partitions. That number is the value of the integral of the function f
along C.

Definition 6.2 (Complex integral). Let C be a contour. Then

n—oo

[ ferde= m 3" ple)as,
c k=1
provided the limit exists in the sense previously discussed.

In Definition 6.2 the value of the integral depends on the contour. In Section 6.3 the Cauchy-
Goursat theorem will establish the remarkable fact that, if f is analytic, then fc f(2)dz is
independent of the contour.

Example 6.6. Use a Riemann sum to approximate the integral fc exp z dt, where C' is the
line segment joining the point A =0 to B =2+ 7.

Solution:

Set n = 8 in Equation (6.12) and form the partition Ps : 2z = % + zg—’; fork=0,1,2,...,8.
For this situation, we have a uniform increment Az, = % + i35. For convenience we select

cp = Zk’l;rzk = ngl —l—iﬂ(Zéi;l), for k=1, 2,..., 8. Figure 6.6 shows the points {2} and {cy}.

y
A

sfo

<8

Cs
5

oo

1 2

Figure 6.6: Partition and evaluation points for the Riemann sum S(FPs)

One possible Riemann sum, then, is

8

S(R) =3 Flen)asy = > e [2"'8‘ Ly 1>] (jl i ;2) |

k=1 =1
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By rounding the terms in this Riemann sum to two decimal digits, we obtain an approximation
for the integral:

S(Ps) ~ (0.28 + 0.134) + (0.33 + 0.194) + (0.41 + 0.294) + (0.49 + 0.42)
+ (0.57 + 0.67) + (0.65 + 0.847) + (0.72 + 1.167) + (0.78 + 1.57)
~ 4.23 4 5.20i.

This result compares favorably with the precise value of the integral, which you will soon see

equals
3 3
exp (2 + z%) =14 ({) +ie? ({) ~ 4.22485 + 5.22485i.

In general, obtaining an exact value for an integral given by Definition 6.2 could be a
daunting task. Fortunately, there is a beautiful theory that allows for an easy computation of
many contour integrals. Suppose that we have a parametrization of the contour C' given by the
function z(t) for a <t < b. That is, C' is the range of the function z(t) over the interval [a, b],
as Figure 6.7 shows.

A
Cll
G=2w) /T = B(h)
=z
S
2(t) —1—> =2t ) z = 2(t)
21
€
0=A
=z(a)
> X

a Lol Ty e b
Figure 6.7: A parametrization of the contour C by z(t), for a <t <b

It follows that
lim Y fer)Az, = lm D f(e) (2 — z1-1)
k=1 k=1
= lim D FG) [2(tk) — 2(tk-)]-
k=1

where 73, and ¢, are the points contained in the interval [a, bt] with the property that ¢ = z(7%)
and z, = z(tx), as is also shown in Figure 6.7. If for all £ we multiply the kth term in the last

tp—tg—1
r—— then we get

sum by

o 2(tg) — 2(tr_1)
ti e [

i 3 () | =20 g
k=1

n—00 tk — th—1

} (tk — t—1) =

The quotient inside the last summation looks suspiciously like a derivative, and the entire
quantity looks like a Riemann sum. Assuming no difficulties, this last expression should equal
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f flz '(t) dt, as defined in Section 6.1. Of course, if we're to have any hope of this hap-
penlng, we Would have to get the same limit regardless of how we parametrize the contour C.
As Theorem 6.1 states, this is indeed the case.

Theorem 6.1. Suppose that f(z) is a continuous complez-valued function defined on a set
containing the contour C. Let z(t) be any parametrization of C' for a <t <b. Then

/Cf(Z) dz = /abf(z(t))z’(t) dt.

We omit the proof of Theorem 6.1 because it involves ideas (e.g., the theory of the Riemann-
Stieltjes integral) that are beyond the scope of this book. A more rigorous development of the
contour integral based on Riemann sums is presented in advanced texts such as L.V. Ahlfors,
Complex Analysis, 3rd ed. (New York: McGraw-Hill, 1979).

Two important facets of Theorem 6.1 are worth mentioning. First, Theorem 6.1 makes the
problem of evaluating complex-valued functions along contours easy, as it reduces the task to
the evaluation of complex-valued functions over real intervals—a procedure that you studied
in Section 6.1. Second, according to Theorem 6.1, this transformation yields the same answer
regardless of the parametrization we choose for C.

Example 6.7. Give an exact calculation of the integral in Example 6.6.

Solution:

We must compute fc exp z dz, where C is the line segment joining A = 0 to B = 2 + i7}.
According to Equation 1.48, we can parametrize C' by z(t) = (24 i%)t, for 0 <t < 1. As
2'(t) = (24 1i%), Theorem 6.1 guarantees that

/Cexpzdz—/lexp[ (0] (1) dt

™ isin ™) dr
c:os4 zsm4
1 1
t
:(2+z§) </0 62tCOS7;dt+Z'/O eZtsinZdt).

Each integral in the last expression can be done using integration by parts. (There is a simpler
way—see Remark 6.1.) We leave as an exercise to show that the final answer simplifies to
exp(2 +i7) — 1, as we claimed in Example 6.6.

Example 6.8. Evaluate fC 5 dz, where C' is the upper semicircle with radius 1 centered at
z = 2 and oriented in a p081tlve direction (i.e., counterclockwise).

Solution:

The function z(t) = 2+ €, for 0 <t < 7 is a parametrization for C. We apply Theorem 6.1
with f(z) = L5. (Note: f(2(t)) = WI—? and z'(t) = ie".) Hence

1 i 1 . m
de= | ————iedt= [ idt=
/Cz—Z - /0 2+eit)—2° /0 !
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To help convince yourself that the value of the integral is independent of the parametrization
chosen for the given contour, try working through Example 6.8 with z(¢) = 2+¢™™ for 0 <t < 1.

A convenient bookkeeping device can help you remember how to apply Theorem 6.1. Be-
cause [, f(z)dz = ff f(z(t))z'(t) dt, you can symbolically equate z with z(¢) and dz with
z'(t)dt. These identities should be easy to remember because z is supposed to be a point on
the contour C' parametrized by z(t), and ‘é—f = z'(t), according to the Leibniz notation for the
derivative.

If z(t) = x(t) + iy(t), then by the preceding paragraph we have
dz=2'(t)dt = [2'(t) + iy/(t)] dt = dz + idy. (6.13)

where dx and dy are the differentials for z(t) and y(t), respectively (i.e., dx is equated with
x'(t) dt, etc.). The expression dz is often called the complex differential of z. Just as dz and
dy are intuitively considered to be small segments along the = and y axes in real variables, we
can think of dz as representing a tiny piece of the contour C. Moreover, if we write

|dz| = |[=/(t) + iy (1)]| = |&'(t) + iy (t)| dt = \/[a:/(m2 + [y'(t)]? dt,

we can put Equation (6.11) into the form

b
L(C):/ \/[x'(t)]2+ [y'(t)]th:/C\dz|. (6.14)

so we can think of |dz| as representing the length of dz.

Suppose that f(z) = u(z) + iv(z) and that z(t) = z(¢) + iy(t) is a parametrization for the
contour C. Then

b
/Cf(z)dz:/a f(=z(t)z'(t)dt
b
- / [u(=(0)) + v (=(8)] [2/(t) + iy ()] dt

a

b
= [ e)e 0 = o)y ) a
@ b
vi [ Tow)e )+ u(0)y 0]

b b
:/ (uw'—vy')dt—l—i/ (v’ +uy') dt, (6.15)

where Equation (6.15) replaced u(z(t)) with u, z’(t) with ', and so on.

If we use the differentials given in Equation (6.13), then we can write Equation (6.15) in
terms of line integrals of the real-valued functions u and v, giving

/f(z)dz:/uda:—vdy—i-i/vdm—i—udy. (6.16)
C C C
which is easy to remember if we recall that, symbolically,

f(z)dz = (u+iv)(dz + i dy).

We emphasize that Equation (6.16) is merely a notational device for applying Theorem 6.1.
You should carefully apply Theorem 6.1, as illustrated in Examples 6.7 and 6.8, before using
any shortcuts suggested by Equation (6.16).
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Example 6.9. Show that

/zdz:/ zdz =4+ 21,
C1 Ca

where C1 is the line segment from —1—i to 3-+i and Cs is the portion of the parabola z = y?+2y
joining —1 — ¢ to 3 4 ¢, as indicated in Figure 6.8.

(a) The line segment. (b) The portion of the parabola.
Figure 6.8: Two contours C; and C5 joining —1 — ¢ to 3+ ¢

The line segment joining (—1, —1) to (3, 1) is given by the slope intercept formula y = %x— %,

which can be written as x = 2y + 1. If we choose the parametrization y =t and x = 2t 4+ 1, we
can write segment C] as
Cr:z(t)=2t+1+4t and dz=(2+1i)dt, for —1<t<1.

Along C; we have f(z(t)) = 2t + 1 + it. Applying Theorem 6.1 gives

1
/ zdz:/ (2t +1+44t)(2 +1)dt.
Cq —1

We now multiply out the integrand and put it into its real and imaginary parts:

1 1
/ ZdZ:/ (3t+2)dt+i/ (4t +1)dt =4+ 2i.
Cq

-1 -1

Similarly, we can parametrize the portion of the parabola = = y? + 2y joining (—1, —1) to (3,1)
by y =t and = = t? 4 2t so that

Cy:z(t)=t*+2t+it and dz= (2t+2+i)dt, for —1<t<1.

Along Co we have f(z(t)) = t? + 2t + it. Theorem 6.1 now gives

1
/deZ/ (2 + 2t 4 it) (2t + 2 +14) dt
Cs -1

1

1
:/ (2t3+6t2+3t)dt+i/ (3t2 + 4t) dt = 4 + 2i.
-1 -1

In Example 6.9, the value of the two integrals is the same. This outcome doesn’t hold in
general, as Example 6.10 shows.

Example 6.10. Show that

/ zZdz = —mi, but that / Zdz = —4a.
Cl 02
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-1+ 1+
C

G

-< —X - —X
-1 1 -1 1

(a) The semicircular path. (b) The polygonal path.

Figure 6.9: Two contours C; and Cs joining —1 to 1

where (' is the semicircular path from —1 to 1 and Cs is the polygonal path from —1 to 1,
respectively, shown in Figure 6.9.

Solution:

We parametrize the semicircle C; as
Ci:2(t) = —cost+isint, and dz= (sint+icost)dt, for 0<t<m.

Applying Theorem 6.1, we have f(z) = Z, so

f(2(t)) = 2(t) = (—cost + isint) = —cost —isint, and
™
/ zZdz = / (—cost —isint)(sint +icost)dt
C 0
= —i/ (cos®t +sin?t) dt = —ri.
0

We parametrize C9 in three parts, one for each line segment:

21(t) = =1+ it, dzy =idt, and f(z(t) =—-1—it.
2(t)=—1+2t+i, dzp=2dt, and f(z())=-1+2t—1.
z3(t) =1+i(1—t), dzz=—idt, and f(z3(¢)) =1—i(1—1).

where 0 < ¢ <1 in each case. We get our answer by adding the three integrals along the three
segments:

1 1 1
/Cdez:/O (—1—zt)zdt+/0 (—1+2t—z)2dt+/0 [1—i(1—¢t)](—i)dt.

Separating the right side of this equation into its real and imaginary parts gives

1 1
/ zdz:/ (6t—3)dt—|—i/(—4)dt:—4z’.
Co 0 0

Note that the value of the contour integral along C' isn’t the same as the value of the contour
integral along Cs, although both integrals have the same initial and terminal points.

Contour integrals have properties that are similar to those of integrals of a complex function
of a real variable, which you studied in Section 6.1. If C' is given by Equation (6.10), then the
integral for the opposite contour —C' is

/_c fz)dz = /_ ; (=) [ = 2'(=7)] dr.
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Using the change of variable t = —7 in this last equation and the property that f; f(t)dt =
— [;7 f(t) dt, we obtain

/_Cf(z) dz = —/Cf(z) dz. (6.17)

If two functions f and g can be integrated over the same path of integration C, then their
sum can be integrated over C', and we have the familiar result

/[f(z) + g(2)] dz :/ f(2) dz+/ g(z)dz.
C C C
Constant multiples also behave as we would expect:

/(a—l—ib)f(z) dz = (a+ib)/ £(2) d=.
C C

If two contours C7 and Cy are placed end to end so that the terminal point of C7 coincides
with the initial point of Cy, then the contour C' = Cy + Cs is a continuation of Cq, and

/ f(z)dz = f(z)dz + f(z)d=. (6.18)
C1+C> C1 C2

If the contour C' has two parametrizations

C:z(t) =x1(t) +iyi(t), for a<t<b, and
C: z9(1) = x2(T) +iy2(7), for ¢

IN
\]

and there exists a differentiable function 7 = ¢(t) such that
c=¢(a), d=¢O), and ¢'(t)>0, for a<t<b. (6.19)

then we say that zo(7) is a reparametrization of the contour C. If f is continuous on C, then
we have

b d
/ f(z1(2)z1(t)dt = / f(z2(7))z5(7) dr. (6.20)
a (&
Equation (6.20) shows that the value of a contour integral is invariant under a change in

the parametric representation of its contour if the reparametrization satisfies Equations (6.19).

We now give two important inequalities relating to complex integrals.

Theorem 6.2 (Absolute value inequality). If f(t) = u(t) + iv(t) is a continuous function of
the real parameter t, then

/abf(t) dt‘ < /ab F(0)] dt. (6.21)

Proof. 1f f; f(t)dt = 0, then Equation (6.21) is obviously true. If the integral is not zero, we
J2 £y dt| = Iroei®| = ro, and
ro = fab e~%0 f(t) dt. Taking the real part of both sides of this last equation gives

write its value in polar form, say f; f(t)dt = rge®, so that

ro = Re(rg) = Re [ / be**’@ f(t) dt] = /a ’ Re[e ™0 f(t)] dt.

a
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where the last equality is justified because an integral is a limit of a sum, and its real part is
the same as the limit of the sum of its real parts.

Now, using Equation (1.21), we obtain

Re[e™® f(1)] < |e=% £(1)| = | £(1)]. (6.22)

Recall that, if g and h are real functions, with g(¢) < h(t), for all ¢ € [a, b], then f:g(t dt <

f; h(t)dt. Applying this fact to the left and right sides of Equation (6.22) (With g(t) =
Re[e~™ f(t)] and h(t) = |f(t)]) yields

b b
m:/ Re[e™ ™ f(1)] dtg/ |f(t)|dt.

Since rg = ’ fab f(t) dt), this last inequality establishes our result. O

Theorem 6.3 (ML inequality). If f(z) = u(z,y) + iv(x,y) is continuous on the contour C,

then
/ f(z)dz
C

where L is the length of the contour C' and M is an upper bound for the modulus |f(z)| on C;
that is, | f(2)| < M for all z € C.

< ML, (6.23)

Proof. Using Inequality (6.21) with Theorem 6.1 gives

b b
Lr@al=|[ f(Z(t))Z’(t)dt‘S JAECOREI (6.24)

Equations 6.13, 6.14, and Inequality (6.24) imply that

/Cf(z) dz

b
g/ M|z'(t)|dt = ML.

O
Example 6.11. Use Inequality (6.23) to show that
1 1
———dz| < —=.
/C 2241 ’ ~ 25
where C' is the straight-line segment from 2 to 2 + 1.
Solution:
Here |22 + 1| = |z —i| |z + i|, and the terms |z — i| and |z + 4| represent the distance from the

point z to the points ¢ and —i, respectively. Referring to Figure 6.10 and using a geometric
argument, we get
|z—i|>2, and |z+i]>+5, for zonC.

Thus we have ] )
z)| = . = < =M.
| f(2)] PRI

Because L, the length of C, equals 1, Inequality (6.23) implies that

1 1
/22+1dz
C

<ML=—.
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Figure 6.10: The distances |z — i| and |z 4 i| for z on C

Exercises for Section 6.2 (Selected answers or hints are on page 443.)

1. Give a parametrization of each contour.

(a) C = Cj+ (4, as indicated in Figure 6.11.
(b) C = C1 + Cy + (3, as indicated in Figure 6.12.

<. f ! | ! —_—l X <. n ' |
-3 -2 -1 1 2 3 -3 -2 -1 1 2 3

Figure 6.11: For exercise 1(a) Figure 6.12: For exercise 1(b)

2. Sketch the following curves.
(a) z(t) =t> —1+i(t+4), for 1 <t <
(b) z(t) =sint +icos2t, for —§ <t < 7.
(c) z(t) = 5cost —i3sint, for § <t <
3. Consider the integral | c 22 dz, where C'is the positively oriented upper semicircle of radius
1, centered at 0.
(a) Give a Riemann sum approximation for the integral by selecting n = 4 and the
sk . (2k—1)7
points zj =i (k=0,...4) and ¢, = € a5 (k=1,...4).
(b) Compute the integral exactly by selecting a parametrization for C' and applying
Theorem 6.1.

4. Show that the integral of Example 6.7 simplifies to exp(2 +i%) — 1.

5. Evaluate |, o dz from —4 to 4 along the following contours, as shown in Figures 6.13(a)
and 6.13(b).

(a) The polygonal path C' with vertices —4, —4 + 44, 4 + 4i, and 4.
(b) The contour C that is the upper half of the circle |z| = 4, oriented clockwise.
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-4+ 4 4i 4+ 4i

(a) (b)

Figure 6.13: For Exercise 5 (a) and (b)
6. Evaluate fC ydz for —i to i along the following contours, as shown in Figures 6.14(a) and
6.14(b).

(a) The polygonal path C' with vertices —i, —1 — 4, —1, and 1.

(b) The contour C that is oriented clockwise, as shown.

(@) (b)

Figure 6.14: For Exercise 6 (a) and (b)

7. Recall C’j (a) is the circle of radius r that is centered at a and oriented counter-clockwise.

(a) Evaluate fCZ (0) 2 d%-

(b) Evaluate fcj(o) zZdz.

¢ valuate |- . = dz. e minus sign means clockwise orientation.
Eval ¢5 (0 + 42 (The minus si lockwise orientati
1

(d) Evaluate fC;(O) 2 dz.
(e) Evaluate [(z+1)dz, where C is C{"(0) in the first quadrant.
(f) Evaluate fC(a:2 —iy?) dz, where C is the upper half of Cf (0).
(g) Evaluate [, |z — 112 dz, where C' is the upper half of C; (0).

8. Let f be a continuous function on the circle {z : |z — 29| = R}.
. 271. . .
Show that fC;(zo) f(z)dz = iR [;" f(20 + Re®)e® df.
9. Use the results of Exercise 8 to evaluate

(@) et (o) =50 42

(b) ng(zo) ﬁ dz, where n # 1 is an integer.

z2—20

10. Use the techniques of Example 6.11 to show that

(a) ‘fo ﬁ dz

< %, where C is the first quadrant portion of 5 (0).
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11.
12.
13.

14.

15.

16.

17.

18.

19.

20.

6.3

b) o) M5 de| < 2=,
Evaluate fc 22dz, where C is the line segment from 1 to 1 + 1.
Evaluate fC {22| dz, where C given by C : z(t) =t +it?, for 0 <t < 1.
Evaluate fC exp z dz, where C' is the straight-line segment joining 1 to 1 + 4.

Evaluate fCEexpz dz, where C' is the square with vertices 0, 1, 1 + ¢, and ¢ taken with
the counterclockwise orientation.

Evaluate |, o €xp z dz, where C' is the straight-line segment joining 0 to 1+ 1.

Let z(t) = x(t) +iy(t), for a <t < b, be a smooth curve. Give a meaning for each of the
following expressions.

<a>z<>
(b) |2'(t)] dt.
(c) [Pz'(t)dt
<d>f\z Idt

Evaluate | ¢ cos zdz, where C' is the polygonal path from 0 to 1 + i that consists of the
line segments from 0 to 1 and 1 to 1 + <.

Let f(t) = € be defined on @ < t < b, where a = 0, and b = 27. Show that there
is no number ¢ € (a,b) such that f(c)(b — a) f f(t)dt. In other words, the mean
value theorem for definite integrals that you learned in calculus does not hold for complex
functions.

Use the ML inequality to show that |P,(z)| < 1, where P, is the n* Legendre polynomial
defined on —1 <z <1 by

P(z) = = /0” <a: +iyv1— a2 cosH)n de.

Explain how contour integrals in complex analysis and line integrals in calculus are dif-
ferent. How are they similar?

The Cauchy-Goursat Theorem

The Cauchy-Goursat theorem states that within certain domains the integral of an analytic
function over a simple closed contour is zero. An extension of this theorem allows us to replace
integrals over certain complicated contours with integrals over contours that are easy to eval-
uate. We demonstrate how to use the technique of partial fractions with the Cauchy-Goursat
theorem to evaluate certain integrals. In Section 6.4 we show that the Cauchy-Goursat theorem
implies that an analytic function has an antiderivative. To begin, we need to introduce some
new concepts.

Recall from Section 1.6 that each simple closed contour C' divides the plane into two domains.
One domain is bounded and is called the interior of C; the other domain is unbounded and
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y .
\ Interior

2

, C — Interior

Exterior Exterior
X X

Figure 6.15: The interior and exterior of simple closed contours

is called the exterior of C. Figure 6.15 illustrates this concept, which is known as the Jordan
curve theorem.

Recall also that a domain D is a connected open set. In particular, if z; and 2z, are any pair
of points in D, then they can be joined by a curve that lies entirely in D. A domain D is said
to be a simply connected domain if the interior of any simple closed contour C' contained
in D is contained in D. In other words, there are no “holes” in a simply connected domain. A
domain that is not simply connected is called a multiply connected domain. Figure 6.16
illustrates uses of the terms simply connected and multiply connected.

y y
A A
» X > X
(a) A simply connected domain. (b) A simply connected domain.
y y
A A
> x X
(c) A multiply connected domain. (d) A multiply connected domain.

Figure 6.16: Simply connected and multiply connected domains

Let the simple closed contour C' have the parametrization C : z(t) = =z(t) + iy(¢) for
a <t <b. Recall that if C' is parametrized so that the interior of C' is kept on the left as z(t)
moves around C, then we say that C' is oriented positively (counterclockwise); otherwise, C' is
oriented negatively (clockwise). If C is positively oriented, then —C' is negatively oriented.
Figure 6.17 illustrates the concept of positive and negative orientation.

Green’s theorem is an important result from the calculus of real variables. It tells you how
to evaluate the line integral of real-valued functions.

Theorem 6.4 (Green’s theorem). Let C' be a simple closed contour with positive orientation
and let R be the domain that forms the interior of C. If P and Q are continuous and have
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| w | ~t
(a) A positively oriented contour. (b) A negatively oriented contour.

Figure 6.17: Positively and negatively oriented simple closed contours

continuous partial derivatives Py, Py, Q, and Q, at all points on C and R then

/CP(x,y) dx + Q(z,y) dy = é/ [Qx(a:,y) — Py(x,y)] dx dy. (6.25)

Proof. (We give a proof for a standard region, which is a region that is bounded by a contour
C' tha can be expressed in the two forms C' = C; + Cy and C' = C3 + Cy.) If R is a standard
region, then there exist functions y = ¢1(z), and y = ga(z), for a < x < b, whose graphs form
the lower and upper portions of C, respectively, as indicated in Figure 6.18.

A C,
y=gx)

Y=g

G

|
1
X
:
:
:
'
:
:
'
:
,
T > X
b

[ .

Figure 6.18: Integration over a standard region, where C' = C1 + C»

As C is positively oriented, these functions can be used to express C as the sum of two
contours Cy and Cy, where

Cy:z1(t) =t +igi1(t), for < and

a<t<hb,
Cy: z(t) = —t +iga(—t), for —b<t< —a.

We now use the functions g1 (x) and g2(z) to express the double integral of —P,(z,y) over R as
an iterated integral, first with respect to y and second with respect to x:

b g2(x)
—// Py(z,y)dzdy = —/ / Py(x,y)dy| dx.
R a g1(x)

Computing the first iterated integral on the right side gives

—//RPy(z,y)dxdy:/abP(x, 91()) dx—/abP($, g2()) da.
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In the second integral on the right side of this equation we can use the change of variable x = —t
to obtain

b —a
—/RPy(x,y)dxdy:/a P(z, g1(z)) dm—f—/ P(—t, go(—1))(-1) dt.

—b

Interpreting the two integrals on the right side of this equation as contour integrals along
C4 and Oy, respectively, gives

—4 Py(z,y) da:alyz/c1 P(z,y) ala:—l—/c2 P(z,y) d:c:/cP(:C,y)dac. (6.26)

To complete the proof, we rely on the fact that for a standard region there exist functions
x = hi1(y) and & = ha(y) for ¢ < y < d whose graphs form the left and right portions of C,
respectively, as indicated in Figure 6.19.

Figure 6.19: Integration over a standard region, where C' = C3 + Cy

Because C has positive orientation, it can be expressed as the sum of two contours C'5 and
C4, where

C3:z3(t) = hi(—t) —it, for —d<t<-— and
Cy: Z4(t) = hQ(t) + it for e<t<d.

Using the functions hj(y) and ha(y), we express the double integral of @Q,(x.y) over R as an

iterated integral:
d ha(y)
/ Quep)dedy= [ | [ Qulary)da| dy
c hi(y)

A derivation similar to that which led to Equation (6.26) shows that

//mey dwdy—/Qxy (6.27)

Adding Equations (6.26) and (6.27) gives Equation (6.25). O

We are now ready to state the main result of this section.

Theorem 6.5 (Cauchy-Goursat theorem). Let f be analytic in a simply connected domain D.
If C is a simple closed contour that lies in D, then

/Cf(z) dz =
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We give two proofs. The first, by Augustin Cauchy, is more intuitive but requires the
additional hypothesis that f’ is continuous.

Proof. (Cauchy’s proof of Theorem 6.5.) If we suppose that f’ is continuous, then with C
oriented positively we use Equation (6.16) to write

/cf(z)dz:/cu dx—vdy—l—i/vdx—l—udy. (6.28)

c

If we use Green’s theorem on the real part of the right side of Equation (6.28) (with P = u

and @) = —v), we obtain
/ udr —vdy = //(vx — uy) dx dy, (6.29)
C
R

where R is the region that is the interior of C. If we use Green’s theorem on the imaginary

part, we get
/ vdr +udy = //(uw —vy) dx dy. (6.30)
¢ R
If we use the Cauchy-Riemann equations u, = vy and u, = —v, in Equations (6.29) and (6.30),

Equation (6.28) becomes

/Cf(z)dz://()dfc dy+i//0da:dy:0,
R

R

which completes the proof. ]

In 1883, Edward Goursat (1858-1936) produced a proof that does not require the continuity
of f'.

Goursat’s proof of Theorem 6.5. We first establish the result for a triangular contour C with
positive orientation. We then construct four positively oriented contours C', C%, C3, and C*
that are the triangles obtained by joining the midpoints of the sides of C', as Figure 6.20 shows.

1
c C

\ c37
c? c*

> X

Figure 6.20: The triangular contours C' and C*, C?, C3, and C*

Each contour is positively oriented, so if we sum the integrals along the four triangular
contours, the integrals along the segments interior to C' cancel out in pairs, giving

4
/Cf(z) dz = ; Ckf(z) dz. (6.31)
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Let C; be selected from C', C?, C3, and C* so that the following holds:

4
f(z)dz| <
o<

Proceeding inductively, we carry out a similar subdivision process to obtain a sequence of
triangular contours {C), }, where the interior of C), ;1 lies in the interior of C), and the following
inequality holds:

<4

f(z)dz f(z)dz
C* &

f(z)dz| <4 for n=1,2,... (6.32)

Chn

[;Hf@th

We let T,, denote the closed region that consists of C,, and its interior. The length of the sides
of C), go to zero as n — oo, so there exists a unique point zy that belongs to all the closed
triangular regions {7}, }. Since D is simply connected, zg € D, so f is analytic at the point zg.
Thus, there exists a function 7(z) such that

f(2) = f(z0) + f'(20)(z — 20) + n(2)(2 — 20), where lim n(z) = 0. (6.33)

Z—20
Using Equation (6.33) and integrating f along C,,, we get

f(z)dz = f(z0)dz + f'(20)(z — 20) dz + / n(z)(z — 2z9) dz
Cn

Ch Cn n

=U@®—f%mﬂdl}u&+ﬁ@@/ ds

n n

+/nM@@—aﬂW
—[%maw—a»m.

Since lim 7(z) = 0, we know that given ¢ > 0, we can find § > 0 such that

Z—20
. . 2
|z — 20| < implies that |n(z)| < 725 (6.34)

where L is the length of the original contour C'. We can now choose an integer n so that C,
lies in the neighborhood z — zy| < J, as shown in Figure 6.21.

Figure 6.21: The contour C), that lies in the neighborhood |z — zy| < §

Since the distance between any point z on a triangle and a point zy interior to the triangle
is less than half the perimeter of the triangle, it follows that

1
|z — 20| < §Ln, for all z on Cy,,
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where L, is the length of the triangle C),. From the preceding construction process, it follows
that

1 n 1 n+1
L, = (2> L, and |z—2| < <2> L, for z on Cy. (6.35)

We can use Equations (6.32), (6.34), and 6.35 and Theorem 6.3 to conclude

/Cf(z) dz

<4 /C In(z)(z — 20)| |d2]

. 92 1 n+1

27’),
=2 [ e
L c,
o2me /1\"
==-(2) 1L
= £.

Because ¢ was arbitrary, it follows that our theorem holds for the triangular contour C'. If
C' is a polygonal contour, then we can add interior edges until the interior is subdivided into
a finite number of triangles. The integral around each triangle is zero, and the sum of all
these integrals equals the integral around the polygonal contour C'. Therefore our theorem also
holds for polygonal contours. The proof for an arbitrary simple closed contour is established by
approximating the contour “sufficiently close” with a polygonal contour. We omit the details
of this last step. O

Example 6.12. Recall that exp z, cos z, and 2" (where n is a positive integer) are all entire
functions. The Cauchy-Goursat theorem implies that, for any simple closed contour,

/expz dz =0, /coszdz:O, and /z”dzzO.
C C C

Example 6.13. Let n be an integer. If C' is a simple closed contour such that the origin does
not lie interior to C, then there is a simply connected domain D that contains C' in which
flz) = Z% is analytic, as is indicated in Figure 6.22. The Cauchy-Goursat theorem implies that

1

/

Figure 6.22: A simple connected domain D containing the simple closed contour C that does
not contain the origin

We want to be able to replace integrals over certain complicated contours with integrals
that are easy to evaluate. If (' is a simple closed contour that can be “continuously deformed”
into another simple closed contour Cy without passing through a point where f is not analytic,
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then the value of the contour integral of f over C] is the same as the value of the integral of f
over Co. To be precise, we state the following result.

Theorem 6.6 (Deformation of contour). Let Cy and Co be two simple closed positively oriented
contours such that Cy lies interior to Co. If f is analytic in a domain D that contains both Ci
and Cy and the region between them, as shown in Figure 6.23, then

f(z)dz = f(z)dz.
Ci Cs

C2
C D

> X

Figure 6.23: The domain D that contains the simple closed contours C7 and Cy and the region
between them

Proof. Assume that both C and C3 have positive (counterclockwise) orientation. We construct
two disjoint contours or cuts, L1 and Lo, that join Cy to Co. The contour C is cut into two
contours C7 and C7*, and the contour Cs is cut into C5 and C5*. We now form two new
contours:

Ki=-C{+L1+C5—Ly and Ky=-C{ "+ Ly+C5* — Ly,

which are shown in Figure 6.24. The function f will be analytic on a simply connected domain
Dy that contains K7, and f will be analytic on the simply connected domain Dy that contains
K>, as illustrated in Figure 6.24.

y C5 y
A 4
K, D,
Ly
-CY -cy* o L
L, 1 1 1
Ly
K
2 D,
> X > X
(a) The contour K and domain D,. (b) The contour K, and domain D,.

Figure 6.24: The cuts L1 and Lo and the contours K; and K5 used to prove the deformation
of contour theorem

We apply the Cauchy-Goursat theorem to the contours K and Ko, giving

f(z)dz=0 and f(z)dz=0. (6.36)
K K>
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Adding contours gives

K1+K2:—CT+L1+C;—L2—CT*+L2+C§*—Ll
:CS—FCS*—CT—CT*
=Cy — (. (6.37)

We use Identities (6.17) and (6.18) of Section 6.2 and Equations (6.36) and (6.37) in this
proof to conclude that

f(z)dz — f(z)dz = f(z)dz + f(z)dz =0,
Cs (&5 K1 Ko
which establishes the theorem. O

We now state as a corollary an important result that is implied by the deformation of contour
theorem. This result occurs several times in the theory to be developed and is an important
tool for computations. You may want to compare the proof of Corollary 6.1 with your solution
to Exercise 9 from Section 6.2.

Corollary 6.1. Let zy denote a fixed compler value. If C is a simple closed contour with
positive orientation such that zy lies interior to C, then

1 1
/ dz = 2mi, and / ———dz =0,
cZ— 20 c (z—z)"

where n is any integer except n = 1.

Proof. Since zg lies interior to C, we can choose R so that the circle Cr with center zg and

radius R lies interior to C'. Hence f(z) = ﬁ is analytic in a domain D that contains both

C and Cg and the region between them, as shown in Figure 6.25.

y

D CR 20

Figure 6.25: The domain D that contains both C' and Cg

We let Cr have the parametrization
Cr:2(0) =2+ Re” and dz=iRe"dh, for 0<6<2m.

The deformation of contour theorem implies that the integral of f over Cr has the same value
as the integral of f over C, so

1 1 21 10 27
/ dz:/ dz:/ ZRe.edezi/ do = 2ri
c 7 — 20 Cr ? — 20 o Re 0
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and

1 1 2r 0 2T
/ ——dz = / — dz= / ife 5 d = iRl_”/ ¢l=m0 gg
C (Z - ZO)n Cr (Z — ZO)” 0 Rnein o

0=2m len len
0=0 “1-n 1-n

O

The deformation of contour theorem is an extension of the Cauchy-Goursat theorem to a
doubly connected domain in the following sense. We let D be a domain that contains Cj and
C5 and the region between them, as shown in Figure 6.23. Then the contour C = Cy — (' is a
parametrization of the boundary of the region R that lies between C} and C5 so that the points
of R lie to the left of C' as a point z(¢) moves around C. Hence C is a positive orientation of
the boundary of R, and Theorem 6.6 implies that [ f(z)dz = 0.

We can extend Theorem 6.6 to multiply connected domains with more than one “hole.”
The proof, which we leave for you, involves the introduction of several cuts and is similar to
the proof of Theorem 6.6.

Theorem 6.7 (Extended Cauchy-Goursat theorem). Let C, C1, ..., C, be simple closed posi-
tively oriented contours with the properties that Cy lies interior to C' for k =1,2,..., n, and
the interior of Cy has no points in common with the interior of C; if k # j. Let f be analytic
on a domain D that contains all the contours and the region between C and C1+ Co+-- -+ Cp,
as shown in Figure 6.26. Then

/Cf(z)dz:; Ckf(z)dz.

C C, C

Figure 6.26: The multiply connected domain D and the contours C' and C4, Co, ..., C), in the
statement of the extended Cauchy-Goursat theorem

Example 6.14. Show that fC;(o) 22% dz = 4mi.
Solution:
Recall that C57(0) is the circle {2 : |z = 2|} with positive orientation. Using partial fraction
decomposition gives
2z 2z B 1 1
242 +ivV2)(z—iv2) z+i\@+ z—iV2

SO
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dz + dz. (6.38)
C.

/ 2z d / 1 1

z =
cf(0) 22 +2 cHo) 2 +iV2 +0) 2 — V2
The points z = +i/2 lie interior to C;“ (0), so Corollary 6.1 implies that

1 1
dz = 2mi and / dz = 2mi.
/c;(o) z+1iv2 cf(0) 2 — V2

Substituting these values into Equation (6.38) yields

2
/ = dz = 2i + 2mi = 4.
ci ) # +2

Example 6.15. Show that fo(i) Zfﬁ dz = 2mi.
Solution:

Recall that C} (i) is the circle {z : |2 —i| = 1} having positive orientation. Using partial
fractions again, we have

/ 2Zdz—/ ——=dz + ;dz
crw 22 +2 7 Jorm 2 +iv2 ciiy 2 —iv2

In this case, z = i1/2 lies interior to C{ (i) but z = —i/2 does not, as shown in Figure 6.27.

A
-~ =

4

=

Figure 6.27: The circle C; (i) and the points z = +iv/2

By Corollary 6.1, the second integral on the right side of this equation has the value 27i. The

first integral equals zero by the Cauchy-Goursat theorem because the function f(z) = —— is

T 242

analytic on a simply connected domain that contains C; (i). Thus

2
/ == dz = 0+ 2mi = 2i.
ciy # +2

Example 6.16. Show that fC % dz = —67i, where C is the “figure eight” contour shown in
Figure 6.28(a).

Solution:

Again, we use partial fractions to express the integral:

) 1 1
/ZZ2 Zdz:2/2dz—/ — d=. (6.39)
C - C (G
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(a) The figure eight contour C. (b) The contours C; and C,

Figure 6.28: The contour C' = C1 + Cy

Using the Cauchy-Goursat theorem, Property (6.17), and Corollary 6.1 (with zp = 0), we
compute the value of the first integral on the right side of Equation (6.39):

1 1 1
2/dz:2/ dz+2/ —dz
c = Cy ? Cy ?

1
:—2/ —dz+0
_CIZ

= —2(2m1)

= —471.

1 1 1
—/ dz:—/ dz—/ dz
CZ—l ClZ—l 022—1

=0-2m

= —2mi.

Similarly, we find that

If we substitute the results of the last two equations into Equation (6.39) we get

—2
/ ° 2 dz = —dmi — 2mi = —6mi.
crRY—Z

Exercises for Section 6.3 (Selected answers or hints are on page 443.)

1. Determine the domain of analyticity for the following functions and evaluate |, cH o) f(z)dz.

(a) f(2) = 527

(b) f(2) = =373
(¢) f(z) =tanz.

(d) f(z) = Log(z +5).

2. Show that fC 27 'dz = 2mi, where C is the square with vertices 1 + i, and —1 £ ¢ and
having positive orientation.

3. Show that fcr(o) (422 —4z+5)"1dz = 0.
4. Find [,(2* — 2)~ ! dz for

(a) circle C = Cy (1) = {2 : |z — 1| = 2} having positive orientation.
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10.

11.

12.

13.

14.

(b) circle C = C;(l) = {z: |z — 1| = 3} having positive orientation.

. Find [,(2z — 1)(2? — 2)~! dz for the following:

(a) The circle C = C5 (0) . |z| = 2} having positive orientation.

{z
(b) The circle C = C7(0) = {2 : |2| = 3} having positive orientation.
2

. Let C be the triangle with vertices 0, 1, and ¢ and having positive orientation. Parametrize

C and show that

(a) [o1dz=0.
(b) [ozdz=0.

Evaluate [ (42% +4z —3)"'dz = [,(22 — 1)7'(22 4 3) ! dz for the following:
(a) The circle C' = C{(0).
(b) The circle C = C{ (—3) ={z: [z + 3| = 1}.
(c) the circle C' = C5 (0).

. Use Green’s theorem to show that the area enclosed by a simple closed contour C is

%fca: dy —ydx.

. Parametrize C} (0) with 2(t) = cost +isint, for —m <t < 7. Use the principal branch of
1

the square root function: 22 = rs cosg +ir? sin g, for —m < 8 <, to find fo(O) 22 dz.
Hint: Take limits as t — —.

Evaluate [(z* — 1)"'dz for the contours shown in Figure 6.29.

Figure 6.29: For Exercise 10

Evaluate fC*(O) |z|2 exp z dz.
1

Suppose that f(z) = u(r,0) + iv(r,6) is analytic for all values of z = re®. Show that
s
/ [u(r,0) cos — v(r,6) sin ] df = 0.
0

Hint: Integrate f around the circle Cj (0).
If C is the figure eight contour shown in Figure 6.28(a),

(a) evaluate [,(z* —z)7!dz.
(b) evaluate [(2z —1)(2% — 2) ! dz.

Compare the various methods for evaluating contour integrals. What are the limitations
of each method?
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6.4 The Fundamental Theorems of Integration

Let f be analytic in the simply connected domain D. The theorems in this section show that
an antiderivative F' can be constructed by contour integration. A consequence will be the fact
that in a simply connected domain, the integral of an analytic function f along any contour
joining z1 to zy is the same, and its value is given by F'(z3) — F(2z1). As a result, we can use
the antiderivative formulas from calculus to compute the value of definite integrals.

Theorem 6.8 (Indefinite integrals, or antiderivatives). Let f be analytic in the simply connected
domain D. If zg is a fized value in D, and if C' is any contour in D with initial point zg and
terminal point z, then the function

fr d = ’ d .
Fe) = [ eds= [ reas (6.40)
is well-defined and analytic in D, with its derivative given by F'(z) = f(z).

Proof. We first establish that the integral is independent of the path of integration. This
will show that the function F' is well-defined, which in turn will justify the notation F'(z) =

o F(€) de.

We let (7 and Cy be two contours in D, both with initial point zy and terminal point z, as
shown in Figure 6.30.

G

20

]

Figure 6.30: The contours C and Cs joining zp to z

Then C — Cy is a simple closed contour, and the Cauchy-Goursat theorem implies that
fQde— [ f(§)dE = f(&)dg=0.
1 Cs C1—-C2

Therefore, the contour integral in Equation (6.40) is independent of path. Here we have taken
the liberty of drawing contours that intersect only at the endpoints. A slight modification of
the proof shows that a finite number of other points of intersection are permitted.

We now show that F'/(z) = f(z). Let z be held fixed, and let |Az| be chosen small enough
so that the point z + Az also lies in the domain D. Since z is held fixed, f(z) = K, where K
is a constant, and Equation (6.9) implies that

z+Az z4+Az
/ f(z)d¢ = / Kdé = KAz = f(z)Axz. (6.41)

Using the additive property of contours and the definition of F' given in Equation (6.40), we
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have

F(z4+ Az)—F(z) = /Z+AZ §) d§ — / f(€

= [ reyae - /f ) de = / G (6.42)

where the contour I' is the straight-line segment joining z to z + Az, and I'; and I'y join zg to
z, and zo to z + Az, respectively, as shown in Figure 6.31.

y
\

20

I

Figure 6.31: The contours I'; and I's and the line segment T"

Since f is continuous at z, for any € > 0 there is a § > 0 so that
[f(§) = f(z)l <e when [§—z[ <.

If we require that |Az| < § and combine this last inequality with Equations (6.41) and (6.42),
and Theorem 6.23, we get

F(z+ Az) — F(2)

2D s = e~ [ fa
1
< |AZ’/\f(§)—f(Z)Hd£!
|A ’€|AZ|
=e.
Thus W — f(2)| tends to 0 as Az — 0, so F'(z) = f(z). O

Remark 6.2. It is important to stress that the line integral of an analytic function is indepen-
dent of path. In Example 6.9 we showed that fCl z dz = fc2 z dz = 4 + 2i, where Cy and Cy
were different contours joining —1 — i to 3 + i. Because the integrand f(z) = z is an analytic
function, Theorem 6.8 lets us know ahead of time that the value of the two integrals is the
same; hence one calculation would have sufficed. If you ever have to compute a line integral of
an analytic function over a difficult contour, change the contour to something easier. You are
guaranteed to get the same answer. Of course, you must be sure that the function you’re dealing
with is analytic in a simply connected domain containing your original and new contours.

If we set z = z; in Theorem 6.8, then we obtain the following familiar result for evaluating
a definite integral of an analytic function.

Theorem 6.9 (Definite integrals). Let f be analytic in a simply connected domain D. If z
and z1 are any two points in D joined by a contour C, then

/ F(2)ds = / Y F2) ds = F(a1) — Flz), (6.43)
C 20
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where F' is any antiderivative of f in D.

Proof. If we choose F' to be the function defined by Formula (6.40), then Equation (6.43)
holds. If G is any other antiderivative of f in D, then G'(z) = F'(z) for all z € D. Thus
the function H(z) = G(z) — F(z) is analytic in D, and H'(z) = G'(z) — F'(z) = 0, for all
z € D. Thus, by Theorem 3.7, this means H(z) = K, for all z € D, where K is some complex
constant. Therefore G(z) = F(z)+ K, so G(z1) — G(20) = F(z1) — F(20), which establishes our
theorem. O

Theorem 6.9 gives an important method for evaluating definite integrals when the integrand
is an analytic function in a simply connected domain. In essence, it permits you to use all the
rules of integration that you learned in calculus. When the conditions of Theorem 6.9 are met,
applying it is generally much easier than parametrizing a contour.

1

Example 6.17. Show that / —dz = 1+ i, where 22 is the principal branch of the square
C 2z2

root function and C' is the line segment joining 4 to 8 + 6.

Solution:
We showed in Chapter 3 that if F/(z) = z%, then F'/(z) = 2%, where the principal branch of the
2

zZ
square root function is used in both the formulas for F' and F'/. We note that C is contained

in the simply connected domain D4 (6 + 3i), which is the open disk of radius 4 centered at the

midpoint of the segment C. Since f(z) = 1 is analytic in D4(6 + 3i), Theorem 6.9 implies
2z2

8+6i |
/ —dz = (8 4 61)
4 222

42 =3+i-2=1+i.

=

Example 6.18. Show that fc cos z dz = —sin 1+i¢sinh 1, where C is the line segment between
1 and :.

Solution:

An antiderivative of f(z) = cosz is F(z) = sin z. Since F' is entire, Theorem 6.9 yields
i
/ cosz dz = / cosz dz =sini —sinl = —sin1 4 ¢sinh .
c 1

Example 6.19. We let D = {z = r¢?’ : # > 0and — 7 < # < 7} be the simply connected

domain shown in Figure 6.32. We know that f(z) = L is analytic in D and has an antiderivative

©
21 2
—_ > x —_——3 X
21
2
Y Y
(a) The path C joining z; and z,. (b) The path that is a portion

of the unit circle |z] = 1.

Figure 6.32: The simply connected domain D from Examples 6.19 and 6.20
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F(z) = Log(z), for all z € D. If C is a contour in D that joins the point z; to the point 23,
then Theorem 6.9 implies that

1 21
/ —dz = / —dz = Log(z2) — Log(z1).
C z

z 21

Example 6.20. Show that fc+(0) % = 2mi.
1

Solution:

Recall that C7F(0) is the unit circle with positive orientation. We let C' be that circle with
the point —1 omitted, as shown in Figure 6.32(b). The contour C' is contained in the simply
connected domain D of Example 6.19. We know that f(z) = % is analytic in D, and has an
antiderivative F'(z) = Log(z), for all z € D. Therefore, if we let 2o approach —1 on C through
the upper half-plane and z; approach —1 on C through the lower half-plane,

1 22 1
/ —dz = lim / —dz
Ci"_((]) z z2——1 (22€C, Imz2>0) 2 2

z1——1(z1€C, Imz1 <0)

= lim Log(zs) — lim Log(z
zo——1(22€C, Imz2>0) g( 2) z1——1(z1€C,Imz1<0) g( 1)
=i — (—im)

= 2.

Exercises for Section 6.4 (Selected answers or hints are on page 444.)

For Exercises 1-14, find the value of the definite integral using Theorem 6.9 and explain why
you are justified in using it.

1. [, 2% dz, where C is the line segment from 1+ i to 2 + i.
2. fc cos z dz, where C' is the line segment from —i to 1 + 3.
3. fC exp z dz, where (' is the line segment from 2 to 3.

4. fczexpz dz, where C' is the line segment from —1 — i3 to 2 + 7.

5. fC 14? dz, where C'is the line segment from 1 to i.

6. fC sin 5 dz, where C is the line segment from 0 to 7 — 2i.
Jo (2% + 27%)dz, where C is the line segment from i to 1+ i.

Jo zexp(2?)dz, where C is the line segment from 1 — 2i to 1+ 2i.

© ®* N

fC zcos z dz, where C' is the line segment from 0 to .
10. fC sin? z dz, where C is the line segment from 0 to 1.
11. fCLog z dz, where C' is the line segment from 1 to 1+ i.
12. [, ng—fz, where C is the line segment from 2 to 2 + 1.

13. |~ 35:; dz, where C' is the line segment from 2 to 2 + .

14. fC % dz, where C' is the line segment from 2 to 2 + .

z
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15. Show that fc 1 dz = z9 — z1, where C' is the line segment from z; to z3, by parametrizing
C.

16. Let 21 and 29 be points in the right half-plane and let C be the line segment joining them.
Show that [, & dz = % m—_—

z 29"
17. Let 23 be the principal branch of the square root function.
(a) Evaluate [, 2% dz, where C' is the line segment joining 9 to 3 + 4.
22
b) Evaluate [, z2 dz, where C' is the right half of the circle C5(0) joining —2i to 2i.
c g 2 J g

18. Using partial fraction decomposition, show that if z lies in the right half-plane and C is
the line segment joining 0 to z, then

1 : )
/C 11 d¢ = Arctan(z) = %Log(z +1) — %Log(z — i) + g

19. Let f’ and g’ be analytic for all z, and let C be any contour joining the points z1 and zs.
Show that

| 100 @ s = Feate) = et = [ Fate)
20. Compare the various methods for evaluating contour integrals. What are the limitations
of each method?

21. Explain how the fundamental theorem of calculus studied in complex analysis and the
fundamental theorem of calculus studied in calculus are different. How are they similar?

22. Show that [, z'dz = (i — 1) Lte = where C is the upper half of C(0).

6.5 Integral Representations

We now present some major results in the theory of functions of a complex variable. The first
one is known as Cauchy’s integral formula. It shows that the value of an analytic function
f can be represented by a certain contour integral. The n'* derivative, f (”)(z), has a similar
representation. In Chapter 7, we use these results to prove Taylor’s theorem and also establish
the power series representation for analytic functions. The Cauchy integral formulas are a
convenient tool for evaluating certain contour integrals.

Theorem 6.10 (Cauchy ’s integral formula). Let f be analytic in the simply connected domain
D and let C' be a simple closed positively oriented contour that lies in D. If zy is a point that
lies interior to C, then

f(z0) = = (2) dz. (6.44)

S 2mi Jo 2z — 2

Proof. Because f is continuous at zp, if € > 0 is given there is a 4 > 0 such that the positively
oriented circle Cy = {z : |z — 29| = 26} lies interior to C (as Figure 6.33 shows) and such that

|f(2) — f(z0)| <e whenever |z— z| <. (6.45)
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Go

> X

Figure 6.33: The contours C' and Cj in the proof of Cauchy’s integral formula

Since f(zp) is a fixed value, we can use the result of Corollary 6.1 to conclude that

flz) = L1120 /C = _ 1 [ &), (6.46)

211 z—2y 2mi Co 2 — 20

By the deformation of contour theorem (Theorem 6.6),

1 1
. /(z) dz = — (2) dz.
2mi Jo z — 2o 27t Jo, 7 — 20

(6.47)

Using Inequality (6.45) and Equations (6.46) and (6.47) above, together with the ML in-
equality (Theorem 6.3), we obtain the estimate:

1 1 1
— (z) dZ—f(Zo) = | (Z) dy — — f(ZO) dz
21 Jo 2 — 2o 21 Jo, 2 — 20 27t Jo, 7 — 20
1 _
21 Jo, 12— 20l
1
< —limi
=c.
This proves the theorem because € can be made arbitrarily small. ]

Example 6.21. Show that fc+(0) XPZ 1> = i2me.
2

z—1
Solution:
Recall that Cf (0) is the circle centered at 0 with radius 2 and having positive orientation. We
have f(z) = expz and f(1) = exp(l) = e. The point zyp = 1 lies interior to the circle, so
Cauchy ’s integral formula implies that
1 exp z

= f(l) = — .
€ f() 211 C;(O)Z—ldz

Multiplication by 27i establishes the desired result.

Example 6.22. Show that fo(O) 45;1; dz =i <_%)'

Solution:

Here we have f(z) = sinz. We manipulate the integral and use Cauchy’s integral formula to
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obtain

=3 £
T (7 E) _ V2m
2 4 4
exp(imz) 27
Example 6.23. Show that 5 = 5dz=—.
014-(0) 2z — bz + 2 3

Solution:
We see that 222 — 5z 4+ 2 = (22 — 1)(z — 2) = 1(2 — 3)(2 — 2). The only zero of this expression

that lies in the interior of C1(0) is 2o = 3. We set f(z) = % and use Theorem 6.10 to
conclude that

/ exp(imz) Wzl/‘ 1) .
Cf'_(O) 222—5Z+2 2 CT(O) z — 1

We now state a general result that shows how to accomplish differentiation under the integral
sign. The proof is in some advanced texts. See, for instance, Rolf Nevanlinna and V. Paatero,
Introduction to Complex Analysis (Reading, Mass.: Addison-Wesley, 1969), Section 9.7.

Theorem 6.11 (Leibniz’s rule). Let G be an open set and let I : a < t < b be an interval
of real numbers. Let g(z,t) and its partial derivative g,(z,t) with respect to z be continuous
functions for all z in G and all t in I. Then F(z) = f:g(z,t) dt is analytic for z in G, and

F'(z) = [Yg.(2t) dt.

We now generalize Theorem 6.10 to give an integral representation for the nth derivative,
f (”)(z). We use Leibniz’s rule in the proof and note that this method of proof serves as a
mnemonic device for remembering Theorem 6.12.

Theorem 6.12 (Cauchy’s integral formulas for derivatives). Let f be analytic in the simply
connected domain D and let C be a simple closed positively oriented contour that lies in D. If
zo 1$ a point that lies interior to C, then for any integer n > 0,

f(”)(zO)—n!/Cf(Z)dZ (6.48)

C2mi Jo (2 — z)n Tl

Proof. Because f(0(zy) = f(z0), the case for n = 0 reduces to Theorem 6.10. We now establish
the theorem for the case n = 1. We start by using the parametrization

C:z=2z(t) and dz=2z'(t)dt, for a<t<hb.
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We use Theorem 6.10 and write

Tomi Joz—2 | 2mi ), 2(t)—z

The integrand on the right side of Equation (6.49) is a function g(zo,t) of the two variables zg
and t, where

PE)O g 09y =]

9(z0) = z(t) — 20 dzo

Moreover, g(zo,t) and g,,(z0,t) are continuous on the interior of C, which is an open set.
Applying Leibniz’s rule to Equations (6.49) gives

N B LI C0) L I S (O N
f(m>2wal GO - pé( i

2mi z—2p)

which completes the proof in the case when n = 1. We then apply the same argument to the
analytic function f’ and show that its derivative f” is also represented by Equation (6.48) for
n = 2. The principle of mathematical induction then establishes the theorem for all integers. [J

Example 6.24. Let zy denote a fixed complex value. Show that, if C' is a simple closed
positively oriented contour such that zg lies interior to C, then for any integer n > 1,

1
dz = 2mi d ———dz=0. 6.50
/C p—— z m  an /C Ry 2z ( )

Solution:

We let f(z) = 1. Then f(™(z) = 0 for n > 1. Theorem 6.10 implies that the value of the first
integral in Equations (6.50) is

/ ! dz =2mif(zp) = 2mi.
c

zZ — 20
and Theorem 6.12 further implies that

1 271
s g, = 2 () —
/C( dz = n!f (z0) = 0.

z — z9)" L

This result is the same as that proven earlier in Corollary 6.1. Obviously, though, the
technique of using Theorems 6.10 and 6.12 is easier.
exp 22 —Ar

Example 6.25. Show that / 1 dz = .
C (0) (z —1) 3e

Solution:

If we let f(z) = expz?, then a straightforward calculation shows that f(®)(z) = (122 +
823) exp z2. Using Cauchy ’s integral formulas with n = 3, we conclude that

2 . . .
exp z 27 ) 2mi 44 47
/ de= SO0 =57 =5
C € (&

We now state two important corollaries of Theorem 6.12.

200



Corollary 6.2. If f is analytic in the domain D, then, for integers n > 0, all derivatives
f ™) (2) exist for z € D (and therefore are analytic in D).

Proof. For each point zp in D, there exists a closed disk |z — z9| < R that is contained in D.
We use the circle C' = Cr(z0) = {2 : |z — 2| = R} in Theorem 6.12 to show that £ (zg) exists
for all integers n > 0. 0

Remark 6.3. This result is interesting, as it illustrates a big difference between real and complex
functions. A real function f can have the property that f' exists everywhere in a domain D,
but f" exists nowhere. Corollary 6.2 states that if a complex function f has the property that
f! exists everywhere in a domain D, then, remarkably, all derivatives of f exist in D.

Corollary 6.3. If u is a harmonic function at each point (x,y) in the domain D, then all
partial derivatives Uy, Uy, Uze, Ugy, and Uy, exist and are harmonic functions.

Proof. For each point zy = (xg,yo) in D there exists a disk Dg(zp) that is contained in D. In
this disk, a conjugate harmonic function v exists, so the function f(z) = u + dv is analytic. We
use the Cauchy-Riemann equations to get f'(z) = ug + tvy = vy — iuy, for z € Dg(zp). Since
[ is analytic in Dg(zg), the functions u, and w, are harmonic there. Again, we can use the
Cauchy-Riemann equations to obtain, for z € Dr(zp),

F7(2) = Ugg + 10gg = Vyg — TUyg = —Uyy — TVyy.

Because f” is analytic in Dg(z0), the functions usy, Uszy, and uy, are harmonic there. dJ

Exercises for Section 6.5 (Selected answers or hints are on page 444.)

Recall that Cf(29) denotes the positively oriented circle {z : |z — 20| = p}.

1. Evaluate foj(o) (exp z + cos z)z "t dz.
2. Evaluate foj(l)(z +1)7Hz—1)"tdz.
3. Evaluate fcj(l)(z + 1)z -1)"2dz.
4. Evaluate fcj(l)(Z?) —1)"dz.

—4ginzdz.

5. Evaluate fcf(o)z
6. Evaluate f(/,fr(o)(zcosz)*1 dz.
7. Evaluate fcf(o) 273 sinh(2?) dz.

8. Evaluate fc 27 2sin 2z dz along the following contours:

).
).

9. Evaluate fo(o) z~"™exp z dz, where n is a positive integer.

(a) The circle C; (
(b) The circle Cf (

INERNIE

10. Evaluate fC 272(2%2 — 16) ! exp z dz along the following contours:
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

(a) The circle C; (0).
(b) The circle C; (4).

Evaluate fcff(1+z‘)(z4 +4)7 1 dz.
Evaluate |, 271(z — 1)L exp 2 dz along the following contours:
(a) The circle C’+ 0).

(b) The circle 6’2 0).

(a) The circle C} z)

(
(
Evaluate fc 22 + 1)~ sin 2z dz along the following contours:
(
(b) The circle Cf (—i

Evaluate for(i)<Z2 + 1)_2 dz.

Evaluate [(z? +1)~! dz along the following contours:
(a) The circle C; (7).
(b) The circle Cf (—i).

Let P(z) = ap + a1z + az2? + azz®. Evaluate fc+(0) P(z)z"™dz, where n is a positive
1
integer.

Let z1 and 29 be two complex numbers that lie interior to the simple closed contour C
with positive orientation. Evaluate

/ (z—21) Yz — 29) 1 dz.
C

Let f be analytic in the simply connected domain D and let z; and zo be two complex
numbers that lie interior to the simple closed contour C' having positive orientation that
lies in D. Show that

f(z2) — f(z1) 1/ f(2) d»
c( .

29 — 21 27 z—21)(z — 29)

What happens when zo — 217 Why?
The Legendre polynomial P,(z) is defined by

1 dr
2nn! dzn

Po(2) = (=% = 1)"].

Use Cauchy ’s integral formula to show that

1 (€2 —1)"

= i Jo o

dg,

where C' is a simple closed contour having positive orientation and z lies inside C.

Discuss the importance of being able to define an analytic function f(z) with the contour
integral in Formula (6.44). How does this definition differ from other definitions of a
function that you have learned?
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6.6 The Theorems of Morera and Liouville

In this section we investigate some of the qualitative properties of analytic and harmonic func-
tions. Our first result shows that the existence of an antiderivative for a continuous function
is equivalent to the statement that the integral of f is independent of the path of integration.
This result is stated in a form that will serve as a converse of the Cauchy-Goursat theorem.

Theorem 6.13 (Morera’s theorem). Let f be a continuous function in a simply connected
domain D. If fC f(2)dz =0 for every closed contour C' in D, then f is analytic in D.

Proof. We select a point zg in D and define F(z) by

F(z) = / (e de,

where the notation indicates the integral is taken on any contour that begins at zp and ends
at z. The function F(z) is well defined because, if C; and Cy are two contours in D—both
with initial point zg and terminal point z, then C' = (1 — Cs is a closed contour in D, and by

hypothesis,
0=/Cf@)dg:/le@)ds—/czf(f)df.

Since f is continuous, we know that for any ¢ > 0 there exists 6 > 0 such that |f(£)— f(z)| <
¢ whenever | — z| < §. Now we can use the same steps as those in the proof of Theorem 6.8
to show that F'/(z) = f(z). Hence F(z) is analytic on D, and Corollary 6.2 implies that F'’/(z)
and F"(z) are also analytic. Therefore f'(z) = F'”(z) exists for all z in D, proving that f(z)
is analytic in D. O

Cauchy’s integral formula shows how the value f(zp) can be represented by a contour
integral. If we choose the contour of integration C' to be a circle with center zg, then we can
show that the value f(zp) is the integral average of the values of f(z) at points z on the circle
C, a fact that the following theorem elucidates.

Theorem 6.14 (Gauss’s mean value theorem). If f is analytic in a simply connected domain
D that contains the circle Cr(zo0) = {z: |z — 20| = R}, then

1 2

f(z0) = o J, f(z0 + Re®) do.

Proof. We parametrize the circle Cr(z9) by
Cr(z0) : 2(0) = 20 + Re®®, and dz=iRe?dh, for 0<6<2m,
and use this parametrization along with Cauchy ’s integral formula to obtain

1 [?™ f(z0 + Re®?)iRe® 12 0
f(z0) = i A Rei® do = o ; f(zo+ Re™) db.

We now prove an important result concerning the modulus of an analytic function.
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Theorem 6.15 (Maximum modulus principle). Let f be analytic and nonconstant in the do-
main D. Then |f(z)| does not attain a mazimum value at any point zg in D.

Proof. (By contraposition): Assume the contrary and suppose that there exists a point zg in
D such that

|f(2)] < [f(20)] (6.51)
holds for all z in D. If Cg(zp) is any circle contained in D, Theorems 6.14 and 6.3 imply that
1 2m ) 1 2m )
e = |5 [ #are a0 < [ stao4 e (652
2w 0 2w 0
for 0 < r < R. We now treat |f(2)| = | f(20+7e?)| as a real-valued function of the real variable
0 and use Inequality (6.51) to get
1 2m " 1 2m
— "NNdo < — df = .
3 [, 1iGoremian < o [ irold = 170 (653)

for 0 <r < R. Combining Inequalities (6.52) and (6.53) gives

1 21 0
£Gall = 5= [ |FGo+ rei®)] a,
which we rewrite as
1 [ ,
5 <|f(zo)‘ - ‘f(zo—l—rew)‘)dG:O, for 0<r<R. (6.54)
0

A theorem from calculus states that if the integral of a nonnegative continuous function
taken over an interval is zero, then that function must be identically zero. Since Inequality
(6.51) implies that the integrand in Equation (6.54) is a nonnegative real-valued function, we
conclude that it is identically zero; that is,

‘f(zo)‘:|f(zo+7"ei9)‘, for 0<r<R and 0<6<27. (6.55)

If the modulus of an analytic function is constant in a closed disk, then the function is constant
in that closed disk by Theorem 3.6. Therefore we conclude from Identity (6.55) that

f(z) = f(20), for all z in the closed disk Dg(z0), (6.56)

where Dg(z0) = {z : |z — 20| < R}. Now we let ( denote an arbitrary point in D, C' be a
contour in the original domain D that joins zg to {, and 2d denote the minimum distance from
C to the boundary of D. We can find consecutive points zg, 21, 22,..., 2, = ¢ along C, with
|zk+1 — 2k| < d, such that the disks Dy = {z: |z — 2| < d}, for k=0, 1,..., n, are contained
in D and cover C' as illustrated in Figure 6.34.

Each disk Dy contains the center zj1 of the next disk Dj1, so it follows that z; lies in Dy
and, from Equation (6.56) |f(z)| also reaches its maximum value at z;. An identical argument
to the one given above will show that

f(z) = f(z1) = f(20), forall ze D. (6.57)
We proceed inductively to get
f(2) = f(z+1) = f(2k), forall z€ Diyr, 0<k<n-—1,
from which it follows that f(¢) = f(z0). Therefore f is constant in D, which contradicts the

assumption of our theorem. With this contraposition, the proof is complete. O
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Figure 6.34: The “chain of disks” Dy, D1,..., D, that cover C

We sometimes state the maximum modulus principle in the following form.

Theorem 6.16 (Maximum modulus principle). Let f be analytic and nonconstant in the
bounded domain D. If f is continuous on the closed region R that consists of D and all its
boundary points B, then |f(z)| assumes its mazimum value, and does so only at point(s) zy on
the boundary B.

Example 6.26. Let f(z) = az + b. If we set our domain D to be D;(0), then f is continuous
on the closed region D1(0) = {z : |z] < 1}. Prove that

— b
glglf@)\ la| + (0],

and that this value is assumed by f at a point zo = €% on the boundary of D1(0).

Solution:
From the triangle inequality and the fact that |z| < 1 in D1(0), it follows that

|f(2)| = |az + b] < |az| + |b| < |a] + |b]. (6.58)
If we choose 2y = €90, where ) € argb — arga, then

arg(azg) = arga + arg zo
=arga+ (argh — arga)
= argb,

so the vectors azp and b lie on the same ray through the origin. This is the requirement for the
Inequality (6.58) to be an equality (see Exercise 21, Section 1.3). Hence |azg +b| = |azo| + 0] =
la| + |b|, and the result is established.

Theorem 6.17 (Cauchy’s inequalities). Let f be analytic in the simply connected domain
D that contains the circle Cr(z0) = {z : |z — 20| = R}. If |f(2)] < M holds for all points
z € Cr(z0), then

n!M

‘f(n)(z())} < R’

for n=1,2,....

Proof. Let Cr(z9) have the parametrization

Cr(z0) : 2(0) = 20 + Re®® and dz =iRe"dh, for 0<6<2r.
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We use Cauchy ’s integral formula and write

n‘/ iGN ds — nl 27 f(20 + Re)iRe" "
210 J e (z) (2= 20)"H - 2mi Jg Rn+1ei(n+1)6

£ (z) =

Combining this result with the ML inequality (Theorem 6.3), we obtain

| 27 R i9)'Rei0
(z0)| = | 2 f(zo + ReT)i
‘f (20) 21 J, Rn+lgi(n+1)0 df
n! [ i0 i Re
S o )y [Tt Re >HR+16<+1>9 a9
| 2m
SR e VLT
27 0 R»
n!
= M?2
onRn T
~nlM
=

Theorem 6.18 shows that a nonconstant entire function cannot be a bounded function.

Theorem 6.18 (Liouville’s theorem). If f is an entire function and is bounded for all values
of z in the complex plane, then f is constant.

Proof. Suppose that |f(z)| < M holds for all values of z, and let zy denote an arbitrary point.
Using the circle Cr(z9) = {2z : |z — 20| = R} and Cauchy ’s Inequality with n = 1 yields

|f'(20)] < M

Because R can be arbitrarily large we must have f’(29) = 0. But zg was arbitrary, so f'(2) =0
for all z. If the derivative of an analytic function is zero for all z, then by Theorem 3.7 the
function must be constant. Therefore, f is constant. O

Example 6.27. Show that the function f(z) = sin z is not a bounded function.

Solution:

We established this characteristic with a somewhat tedious argument in Section 5.4. All we
need do now is observe that f is not constant, and hence it is not bounded.

We can use Liouville’s theorem to establish an important theorem of elementary algebra.

Theorem 6.19 (The fundamental theorem of algebra). If P is a polynomial of degree n > 1,
then P has at least one zero.

Proof. (By contraposition): We will show that if P(z) # 0 for all z, then the degree of P must
be zero. Suppose that P(z) # 0 for all z. This supposition implies that the function f(z) = %
is an entire function. Our strategy for the rest of the proof is as follows: We will show that
f is bounded. Then Liouville’s theorem will imply that f is constant, and since f = %, this
conclusion will imply that the polynomial P is constant, which will mean that its degree must
be zero.
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First we write P(2) = a,2" + ap_12""' + -+ 4+ a1z + ag and consider the equation

1 1 1

S ] P PR R T (6:59

z z "

P

Fork=1,...n, |a|’;;"“‘ — 0 as |z| = o0, so

Gn—1 Gp—2
ap + =L g A
z z

ag
+o k= —an, as [z] = oo
z
Combining this result with Equation (6.59) gives
lf(z)] =0, as |z] = occ.
In particular, we can find a value of R such that
|f(z)] <1 forall |z|>R. (6.60)
If f(2) = u(x,y) + iv(x,y), we have

1

@) = ([, ) + o))

which is a continuous function of the two real variables z and y. A result from calculus regarding
real functions says that a continuous function on a closed and bounded set is bounded. Hence
|f(2)] is a bounded function on the closed disk D g(0). Thus there exists a positive real number
K such that

|f(2)] < K, forall |z|<R.

Combining this with Inequality (6.60) gives
1f(2)] < M for all z,

where M = max{K,1}. By Liouville’s theorem, f is constant, so that the degree of f is zero.
This observation completes the argument. O

Corollary 6.4. Let P be a polynomial of degree n > 1. Then P can be expressed as the product
of linear factors. That is,

Pz)=A(z—2z1)(z — 22) -+ (2 — 2zn)
where z1, z2,..., 2, are the zeros of P, counted according to multiplicity, and A is a constant.

Exercises for Section 6.6 (Selected answers or hints are on page 445.)

1. Factor each polynomial as a product of linear factors.

=22+ (1 +1i)z + 5i.
=2 —42% 4622 — 42+ 5.
=23 — (3+3i)22 + (—1 +6i)z + 3 — 4. Hint: Show that P(i) = 0.
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. Let f(2) = az" +b, where the region is the disk R = {z : |z| < 1}. Show that max |f(z)| =

|2<1
lal + [b].

. Show that cos z is not a bounded function.

. Let f(2) = 2. Evaluate the following, where R represents the rectangular region defined

by the set
R={z=z+iy:2<2x<3 and 1<y<3}
max | f(2)].

) z€R

) min |f(2)].

(c) maxRe[f(2)].
)

min Im[f(z)].

5. Let f be analytic in the disk D5(0) and suppose that |f(z)| < 10 for z € C3(1).

(a) Find a bound for |f*)(1)].

(b) Find a bound for |f *)(0)].
Hint: D5(0) C D3(1). Use Theorems 6.16 and 6.17.

6. Let f be an entire function such that |f(z)| < M|z| for all z.

(a) Show that, for n > 2, f (™) (2) =0 for all z.
(b) Use part (a) to show that f(z) = az +b.

7. Establish the following minimum modulus principle.

10.

(a) Let f be analytic and nonconstant in the domain D, and continuous on the closed
region R that consists of D and all its boundary points B. Show that, if f(z) # 0
throughout R, then |f(z)| assumes its minimum value, but does so only at point(s)
2o on the boundary B.

(b) Show that the requirement f(z) # 0 in part (a) is necessary by finding a function
for which the requirement fails, and whose minimum modulus is attained at some
place other than the boundary.

. Let u(z,y) be harmonic for all (z,y). Show that

1

27
u(zo, yo) = 277/0 u(zo 4+ Rcosb, yo+ Rsinb) db,

where R > 0. Hint: Let f(z) = u(x,y) + iv(z,y), where v is a harmonic conjugate of u.

. Establish the following maximum principle for harmonic functions: Let u(z,y) be har-

monic and nonconstant in the simply connected domain D. Then uw does not have a
maximum value at any point (zo, yo) in D.

Let f be an entire function with the property that |f(z)| > 1 for all z. Show that f is
constant.
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11.

12.

Let f be nonconstant and analytic in the closed disk D;(0). Suppose that |f(z)| is
constant for z € C1(0), i.e., that there is some number K such that |f(z)| = K for all
z € (1(0). Show that f has a zero in D1(0), i.e., that there exists some zy € D1(0) such
that f(z9) = 0. Hint: use both the minimum modulus principle (see Exercise 7) and
maximum modulus principle .

Why is it important to study the fundamental theorem of algebra in a complex analysis
course?
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Chapter 7

Taylor and Laurent Series

Overview

Throughout this book we have compared and contrasted properties of complex functions with
functions whose domain and range lie entirely within the real numbers. There are many simi-
larities, such as the standard differentiation formulas. However, there are also some surprises,
and in this chapter you will encounter one of the hallmarks that distinguishes complex func-
tions from their real counterparts: It is possible for a function defined on the real numbers to
be differentiable everywhere and yet not be expressible as a power series (see Exercise 20 of
Section 7.2). For a complex function, however, things are much simpler! You will soon learn
that if a complex function is analytic in the disk D,(«), its Taylor series about « converges to
the function at every point in this disk. Thus, analytic functions are locally nothing more than
glorified polynomials.

7.1 Uniform Convergence

Complex functions are the key to unlocking many of the mysteries encountered when power
series are first introduced in a calculus course. We begin by discussing an important property
associated with power series—uniform convergence.

Recall that, for a function f defined on a set T', the sequence o f functions {5, } converges
to f at the point zg € T, provided lim S, (z0) = f(z0). Thus, for the particular point z, we
n—0o0

know that for each € > 0, there exists a positive integer N. ., (depending on both ¢ and zp)
such that

if n>N.,, then |[S,(20)— f(20)| <e. (7.1)
[e.e]
If S, (z) is the nth partial sum of the series Y c(z — a)¥, Statement (7.1) becomes
k=0

n—1
If n>N.,, then ch(zo —a)f = f(z)| <e.
k=0

For a given value of ¢, the integer IV, ., needed to satisfy Statement (7.1) often depends on our
choice of zp. This is not the case if the sequence {S,} converges uniformly. For a uniformly
convergent sequence, it is possible to find an integer N. (depending only on ¢) that guarantees
Statement (7.1) no matter what value for zy € T" we pick. In other words, if n is large enough,
the function S, is uniformly close to the function f for all z € T. Formally, we have the
following definition.
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Definition 7.1 (Uniform convergence). The sequence {Sn(z)} converges uniformly to f(z)
on the set T if for every e > 0, there exists a positive integer N, (depending only on €) such
that

if m> Nz, then [Sn(2)— f(z)|<e forall ze€T. (7.2)

o0 o0
If S,(2) is the nth partial sum of the series > cp(z —a)¥, we say that the series > c(z —a)F
k=0 k=0
converges uniformly to f(z) on the set T.
Example 7.1. The sequence {S,(2)} = {e*+ 2} converges uniformly to the function f(z) = e*
on the entire complex plane because for any ¢ > 0, Statement (7.2) is satisfied for all z for
n > Ng, where N, is any integer greater than % We leave the details of showing this result as
an exercise.

A good example of a sequence of functions that does not converge uniformly is the sequence

n—1
of partial sums forming the geometric series. Recall that the geometric series has S, (z) = 3. 2*
k=0

converging to f(z) = 1= for z € D1(0). Because the real numbers are a subset of the complex
numbers, we can show that Statement (7.2) is not satisfied by demonstrating that it does not
hold when we restrict our attention to the real numbers. In that context, D;(0) becomes the
open interval (—1,1), and the inequality |S,(z) — f(2)| < € becomes |Sy(z) — f(x)| < €, which
for real variables is equivalent to the inequality f(z) —e < S, (z) < f(x)+¢e. If Statement (7.2)
were to be satisfied, then given € > 0, S,,(z) would be within an e-bandwidth of f(z) for all x
in the interval (—1,1) provided n were large enough. Figure 7.1 illustrates that there is an
such that, no matter how large n is, we can find zp € (—1,1) with the property that S, (zo) lies
outside this bandwidth. In other words, Figure 7.1 illustrates the negation of Statement (7.2),
which in technical terms we state as:

There exists € > 0 such that, for all positive integers IV,

there is some n > N and some zg € T

such that Sy, (z0) — f(z0)| > e. (7.3)

y

A |

10 - /i:

i i

8] o) // I’ :

!

[l

6 - y=fx) /) I

\4/ lo

y=fix)+e 4 /) <—Ly=&ﬂ)

S, (x0) 7 /1

)
1
\
\
\
\
\
\
\
\
\
\
\ \
\ \
\
AN
N
~

y=fix)-¢

Figure 7.1: The geometric series does not converge uniformly on (—1,1)

In the exercises, we ask you to use Statement (7.3) to show that the partial sums of the
= L for z € D1(0).

1—2

geometric series do not converge uniformly to f(z)
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A useful procedure known as the Weierstrass M-test can help determine whether an infinite
series is uniformly convergent.

o0
Theorem 7.1 (Weierstrass M-test). Suppose that the infinite series Y u(z) has the property
k=0

[e.e] oo
that for each k, |ug(z)| < My for all z € T. If Y My converges, then Y ug(z) converges
k=0 k=0
uniformly on T.
n—1
Proof. Let Sy(z) = > ur(z) be the nth partial sum of the series. Note that, If n > M, then
k=0

n—1
150(2) = Sm(2)| = Jum(2) + tms1(2) + - + un—1(2)| < Z M.
k=m

o0
Because the series Y M), converges, we can make the last expression as small as we want to
k=0
by choosing a large enough m. Thus, for € > 0, there is a positive integer N. such that if n,
m > Ng, then |S,(z) — Sm(z)| < €. But this means that for all z € T, {S,(z) is a Cauchy

sequence. According to Theorem 4.2, this sequence must converge to a number, which we

o0
might as well designate by f(z). That is, f(z) = li_>m Sn(z) = > uk(z). This observation
oo k=0
oo
gives us a function to which the series > wug(z) converges. However, we still must show that
k=0
o0
the convergence is uniform. Let € > 0 be given. Again, since ) M}, converges, there exists N
k=0
o0
such that if n > N, then > My <e. Thus, if n > N, and z € T, then
k=n
o) n—1
£(2) = Sn(2)] = D ur(z) = > u(2)
k=0 k=0
oo
= 2wl
k=n
o0
<>
k=n
<e,
which completes the argument. O

Theorem 7.2 gives an interesting application of the Weierstrass M-test.

o0
Theorem 7.2. Suppose that the power series Y. cp(z — a)* has radius of convergence p > 0.
k=0
Then for each r, 0 <r < p, the series converges uniformly on the closed disk D,(c), where (by
way of reminder) D,(a) ={z: |z —a| < r}.
Proof. Given r, with 0 < r < p, choose zy € D,(«) such that |z — a| = r. The proof of
[ee]

Theorem 4.15 part (i) reveals that Y. cx(z — ) converges absolutely for z € D,(«a), from
k=0
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00 00 .
which it follows that 3 |cx(20 — @)F| = 3 |ex|r* converges. Moreover, for all z € D,(a),
k=0 k=0

ler(z = )| = lexllz — af* < [ey|r™.

The conclusion follows from the Weierstrass M-test with M, = |ck]rk. ]

An immediate consequence of Theorem 7.2 is Corollary 7.1.
Corollary 7.1. For each r, 0 < r < 1, the geometric series converges uniformly on the closed
disk D, (0).

The following theorem gives important properties of uniformly convergent sequences.

Theorem 7.3. Suppose that {Si} is a sequence of continuous functions defined on a set T
containing the contour C. If {Sk} converges uniformly to f on the set T, then

i. [ is continuous on T, and

. klirglofc Se(z)dz = [, kl;rgoSk(z) dz = [ f(z)dz.

Proof. Given zg € T, we must prove li_>m f(2) = f(z0). Let € > 0 be given. Since { S} converges
Z2—20
uniformly to f on T, there exists a positive integer N such that for all z € T, | f(2) = Sk(2)| < §
whenever k£ > N.. And, as Sy_ is continuous at zp, there exists § > 0 such that if |z — 2| < 0,
then |Sn.(2) — Sn.(20)| < §. Hence, if |z — 2| < 6, we have
F(2) = f(20)] = | f(2) = Sn.(2) + SN.(2) = Sn.(20) + Sn.(20) — f(20)]
< |f(2) = Sn.(2)] + | Sn.(2) — Sn.(20)| + |Sn.(20) — f(20)]

cELE,E
3 3 3
:5’

which completes part (7).

To prove part (i7), let € > 0 be given and let L be the length of the contour C. Because
{Sk} converges uniformly to f on T, there exists a positive integer N. such that, if & > N,
then |Sk(2) — f(2)| < § for all z € T'. Because C is contained in T, max |Sk(2) = f(2)] < £ if

ze

k > N., and we can use the ML inequality (Theorem 6.3) to get

[sraz= [ e =| [ 151 - reena:

< max |Si(2) = f(2)| L

<(p)

= E&.

O

o

Corollary 7.2. If the series Y cp(z — @)™ converges uniformly to f(z) on the set T and C' is
n=0

a contour contained in T, then

i/ccn(?«’—a)ndzz/Cni.;cn(z—a)"dz:/of(z)dz.
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Example 7.2. Show that Log(1 —2) = Y. 12" for all z € Dy(0).

n=1
Solution:
For zy € D1(0), we choose r and R so that 0 < |z| < r < R < 1, thus ensuring that 29 € D,.(0)
o0

and that D,.(0) C Dg(0). By Corollary 7.1, the geometric series Y. 2" converges uniformly to
n=0
D,(0). If C is any contour contained in D,.(0), Corollary 7.2 gives

—
|

1 [o@)
dz = /z”dz. 7.4
L= > (7.4)
1

Clearly, the function f(z) = = is analytic in the simply connected domain Dg(0), and F(z) =
—Log (1 — 2) is an antlderlvatlve of f(z) for all z € Dr(0), where Log is the principal branch
of the logarithm. Likewise, g(z) = 2" is analytic in the simply connected domain Dg(0), and
G(z) = n%rlz"“ is an antiderivative of g(z) for all z € Dr(0). Hence, if C' is the straight-line
segment joining 0 to zp, we can apply Theorem 6.9 to Equation (7.4) to get

z=z0 00 1 . =720
—LOg(l — Z) = Z <n_i_12n+ > 5
z=0 n=0 z2=0
which becomes - -
1 1
—Log(1 — z) = Z — R = A
n=1

The point zy € D;(0) was arbitrary, so the solution is complete.

Exercises for Section 7.1 (Selected answers or hints are on page 445.)

1. This exercise relates to Figure 7.1.

(a) For z near —1, is the graph of S,,(x) above or below f(x)? Explain.
(b) Is the index n in S, (z) odd or even? Explain.

(c) Assuming that the graph is accurate to scale, what is the value of n in S, (z)?
Explain.

2. Complete the details to verify the claim of Example. 7.1.

3. Prove that the following series converge uniformly on the sets indicated.

S JR—
(a) =28 on D1(0) ={z:]2| < 1}
k=1
= _ 1
(b) kgo e on {20 2[ =2}
o) x .
(c) > ZQ%H on D,(0), where 0 < r < 1.
k=0
n—1 n
4. Show that S,(z) = kzo Sk 11%2 does not converge uniformly to f(z) = 1le on the set

T = D;(0 ) by appealing to Statement (7.3). Hint: Given € > 0 and a positive integer n,
let z, = e
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5. Why can’t we use the arguments of Theorem 7.2 to prove that the geometric series con-
verges uniformly on all of D;(0)?

6. By starting with the series for the complex cosine given in Section 5.4, choose an appro-
priate contour and use the method in Example 7.2 to obtain the series for the complex
sine.

7. Suppose that the sequences of functions {f,} and {g,} converge uniformly on the set 7.

(a) Show that the sequence {f,, + gn} converges uniformly on 7.

(b) Show by example that it is not necessarily the case that { f,, g,} converges uniformly
onT.

[e's)
n=1

8. On what portion of D;(0) does the sequence {nz"
does it converge uniformly?

converge, and on what portion

9. Consider the function ((z) = > n™*, where n™* = exp(—zlnn).
n=1

(a) Show that ((z) converges uniformly on A = {z : Re(z) > 2}.

(b) Let D be a closed disk contained in {z : Re(z) > 1}. Show that ((z) converges
uniformly on D.

7.2 Taylor Series Representations

In Section 4.4 we showed that functions defined by power series have derivatives of all orders
(Theorem 4.17). In Section 6.5 we demonstrated that analytic functions also have derivatives
of all orders (Corollary 6.2). It seems natural, therefore, that there would be some connection
between analytic functions and power series. As you might guess, the connection exists via the
Taylor and Maclaurin series of analytic functions.

Definition 7.2 (Taylor series). If f(z) is analytic at z = «, then the series

— fW(a @) (q
S 06w = )+ @ -+ T ap?
k=0
B (a
‘|‘ 3'( )(z—a)3_|_...

is called the Taylor series for f centered at oo . When the center is a = 0, the series is
called the Maclaurin series for f.

To investigate when these series converge we need the following lemma.

Lemma 7.1. If z, 29, and o are complex numbers with z # zg and z # «, then

1 1 Z0 — o 20— a)?
_ 0 aea Gomof

z—zp z—a (z—a) (z — )
(20 — )" 1 (20— a)"*!

(z—a)"1 " 2=z (2 — )t

where n is a positive integer.
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1 1 1 1
Proof. = = -
z—20 (z—a)—(2p—) z—a\l-2=2

zZ—x

). The result now follows from Corol-

20—«

P ) We leave verification of the details as an exercise. [

lary 4.3 if in it we replace z with (

We are now ready for the main result of this section.

Theorem 7.4 (Taylor’s theorem). Suppose that f is analytic in a domain G and that Dr(a)
is any disk contained in G. Then the Taylor series for f converges to f(z) for all z in Dr(«);

that is,
=31

k=0

) (g,
k!( )(z —a)*  forall ze Dg(a). (7.5)

Furthermore, for any r, 0 < r < R, the convergence is uniform on the closed subdisk D,(a) =
{z:|z—a| <r}.

Proof. If we can establish Equation (7.5), the uniform convergence on D,.(«) for 0 < r < R will

follow immediately from Theorem 7.2 by equating the ¢ of that theorem with %

Let zg € Dr(«) and let r designate the distance between zy and « so that |zg — a| = 7.
Note that 0 < r < R because zy belongs to the open disk Dr(«). We choose p such that
0<r<p<R,andlet C = C’; (a) be the positively oriented circle centered at o with radius
p as shown in Figure 7.2.

‘Y, A

R o
C

> X

Figure 7.2: The constructions for Taylor’s theorem

With C' contained in G, we can use the Cauchy integral formula to get

F(z0) = — /C L ) de.

211 zZ— 2

Replacing i in the integrand by its equivalent expression in Lemma 7.1 gives
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f(0) = o /C[ L oze o o)

z—a (z—a)? (z — a)ntl
1 20 — n+1
z— 29 ((,:— oz))"+1 } f(z)dz

_ 1 f(z) 2 — o f(z)
T 2mi Cz—adz+ 2mi /C(z—a)2d2+”.
(20 —a)" f(z)
+ 2mi /C (z — a)ntl dz

(20— o)1 )
G /C — 0z (7.6)

21 )(z —a)rtt 7

where n is a positive integer. We can put the last term in Equation (7.6) in the form

20— )" f(z
En(z) = — /C((O TG (7.7)

T 2mi z—z29)(z — a)ntl

Recall also by the Cauchy integral formulas that

2m.f(’f)(a)z/c(f(z)dz for k=0,1,2,....

B z—a)ktl

Using these last two identities reduces Equation (7.6) to

The summation on the right-hand side of this last expression is the first n + 1 terms of the
Taylor series. Verification of Equation (7.5) relies on our ability to show that we can make
the remainder term, FE,(zp), as small as we please by making n sufficiently large. We will use
the ML inequality (Theorem 6.3) to get a bound for |E,(z9)|. According to the constructions
shown in Figure 7.2, we have

|zo —a| =7 and |z—a|=p. (7.8)

By Property (1.24) of Section 1.3, we also have

|z — 20| = [(2 — @) — (20 — &)
>z —a| — |20 — ¢
=p—r. (7.9)

If we set M = max |f(2)], Equations (7.8) and (7.9) allow us to conclude that, for all z € C,
ze

n+1

(20 — )" f(2)

(z = 20)(z — a)**H!

(20 — ) f(2)

(z =)t || (2= 20)

TG o
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The length of the circle C' is 2mp, so the ML inequality in conjunction with Equations (7.7)

and (7.10) gives »
Bue0)| < o (p) (pir) M (2mp). (7.11)

Because 0 < 7 < p < R, the fraction 7 is less than 1, so (%)"Jrl (and hence the right side of
Equation (7.11)) goes to zero as n goes to infinity. Thus, for any & > 0, we can find an integer
N. such that |E,(z0)| < € for n > N,, and this fact completes the proof. O

A singular point of a function is a point at which the function fails to be analytic. You will
see in Section 7.4 that singular points of a function can be classified according to how badly the
function behaves at those points. Loosely speaking, a nonremouvable singular point of a function
has the property that it is impossible to redefine the value of the function at that point so as to
make it analytic there. For example, the function f(z) =
at z = 1. We give a formal definition of this concept in Section 7.4, but with this language we
can nuance Taylor’s theorem a bit.

Corollary 7.3. Suppose that f is analytic in the domain G that contains the point a. Let zg
be a nonremovable singular point of minimum distance to the point .. If |20 — a| = R, then

o0
i. the Taylor series %(z — )k converges to f(z) on all of Dg(c), and
k=0
. e S F () k
i. if |21 —al = 8 > R, the Taylor series ) “—5=(21 — )" does not converge to f(z1).
k=0

Proof. Taylor’s theorem gives us part (i) immediately. To establish part (ii), we note that if
|z0 — a| = R, then zy € Dg(a) whenever S > R. If for some z1, with |21 — a| =S > R, the
Taylor series converged to f(z1), then according to Theorem 4.17, the radius of convergence of

the series Z ! (k)(a)( — a)* would be at least equal to S. We could then make f differentiable

at zg by redeﬁmng f(20) to equal the value of the series at zp, thus contradicting the fact that

zp is a nonremovable singular point. O
o0

Example 7.3. Show that 7= )2 = > (n+1)z" is valid for z € D1(0).
n=0

Solution:

In Example 4.24 we established this identity with the use of Theorem 4.17. We now do so
via Theorem 7.4. If f(z) = ﬁ, then a standard induction argument (which we leave as an
exercise) will show that f (") (z) = (l(fj)mg for z € D1(0). Thus f ™ (0) = (n+1)!, and Taylor’s
theorem gives

f(z)= 1_2 Zf Z(n;l)!z”—Z(n—i—l)z"
n=0 n=0

and since f is analytic in D(0), this series expansion is valid for all z € D;(0).

Example 7.4. Show that, for z € D;(0),

1
1— Z2 Z Zzn and m = Z(—l)nZQn (712)



Solution:
For z € D;(0),

1 = .,
_Z:Zz. (7.13)
n=0

o0 o0

L, = S (22)" = Y 22 for
n=0 n=0

22 € D1(0). But 22 € D1(0) iff 2 € D1(0). Letting —z2 take the role of z in Equation (7.13)

gives the second part of Equations (7.12).

If we let 22 take the role of z in Equation (7.13),

Remark 7.1. Corollary 7.3 clears up what often seems to be a mystery when series are first
introduced in calculus. The calculus analog of Equations (7.12) is

1 o
1 (L‘2 E l'zn m = E (—1)n$2n fO?" T € (—1, 1) (714)
n=0

For many students, it makes sense that the first series in Equations (7.14) converges only on

the interval (—1,1) because ﬁ is undefined at the points x = £1. It seems unclear as to
why this should also be the case for the series representing ﬁ, since the real-valued function
flx) = ﬁ is defined everywhere The explanation, of course, comes from the complex domain.

The complex function f(z) = 1+ — s not defined everywhere. In fact, the singularities of f are
at the points +i, and the distance between them and the point o = 0 equals 1. According to
Corollary 7.3, therefore, Equations (7.12) are valid only for z € D1(0), so Equations (7.14) are
valid only for x € (—1,1).

Alas, there is a potential fly in this ointment: Corollary 7.3 applies to Taylor series. To form
the Taylor series of a function, we must compute its derivatives. We didn’t get the series in
Equations (7.12) by computing derivatives, so how do we know that they are indeed the Taylor
series centered at a = 07 Perhaps the Taylor series would give completely different expressions
from those given by Equations (7.12). Fortunately, Theorem 7.5 removes this possibility.

Theorem 7.5 (Uniqueness of power series). Suppose that in some disk D,(«) we have

Zan z—a)" Zb z—a)"
Then an = by, form=0,1,2, ....
Proof. By Theorem 4.17 part (i), an = £n® = b, for n =0, 1, 2,. O

Thus, any power series representation of f(z) is automatically the Taylor series.

Example 7.5. Find the Maclaurin series of f(z) = sin® z.

Solution:

Computing derivatives for f(z) would be an onerous task. Fortunately, we can make use of the
trigonometric identity

. . 1 .
sin® 2z = Ssinz — = sin 3z.
4 4
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0 2n41

Recall that the series for sin z (valid for all z) is sinz = ngo(—l)”m. Using the identity for
sin® z, we obtain
3 o0 »2n+1 1 (32)2n+1
i3 n n
S V() L ) L 2
sin®z =73 (=1) (2n + 1) 12D (2n + 1)
n=0 n=0
3 0 S2n+1 3 0 gn ,2n+1
=12V G 1 Y @
n=0 : n=0 :
— i(_l)n 3(1 — gn) Z2n+1.
27 420 1 1)!

By the uniqueness of power series, this last expression is the Maclaurin series for sin® z.

In the preceding argument we used some obvious results of power series representations that
we haven’t yet formally stated. The requisite results are part of Theorem 7.6.

Theorem 7.6. Let f and g have the power series representations

f2) =) an(z— )", for z€ Dy (a);
n=0

g(z) = an(z —a)", for zé& Dp(a).
n=0

If r = min{ry,re} and B is any complex constant, then

Bf(z) = Ban(z—a)", for z€ Dy (a), (7.15)

n=0
f(z) +9(z) = Z(an +b,)(z—a)", for ze Dy(a), and (7.16)

n=0
f(2)g(z) = Z en(z—a)",  for z€ Dp(a), (7.17)

n=0

where .
Cn = Z apbp_g. (7.18)
k=0

Identity (7.17) is known as the Cauchy product of the series for f and g.

Proof. We leave the details of establishing Equations (7.15) and (7.16) for you to do as an
exercise. To establish Equation (7.17), we note that the function h(z) = f(2)g(z) is analytic in
D,(a). Thus, for z € D,(«),

h'(z) = f(2)g'(2) + f'(2)g(2);

h"(2) = f"(2)g(2) +2f"(2)g"(2) + f(2)9"(2).
By mathematical induction, we can generalize the preceding pattern to the n th derivative,
giving Leibniz’s formula for the derivative of a product of functions:

n

B = Y g Ve ) (719)

— k! n—k)!
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(We will ask you to show this result in an exercise.) By Theorem 4.17 we know that

)

(n—k)

9" ")
=ag, and

k!

(n—k)!

= bn—ka

so Equation (7.19) becomes

E (@) I B (a) g ™R () zn:akbn_k. (7.20)

| | — k)
n! — k! (n—k)!

Now, according to Taylor’s theorem,

(n

) (o
h(z)zzh n'( )(z—a)".

k=0

Substituting Equation (7.20) into this equation gives Equation (7.17) because of the uniqueness
of power series. 0

Example 7.6. Use the Cauchy product of series to show that

[e.9]

= Z(n +1)z", for z e Dq(0).
n=0

1
(1—2)?

Solution:

[ee]
We let f(z) = g(2) = & = Zoz”, for z € D1(0). In terms of Theorem 7.6, we have

n=
an = b, = 1, for all n, and thus Equation (7.17) gives

a _12)2 =h(z) = f(2)g9(z) = Z (Z akbnk> 2" = Z(n +1)2".
n=0 \k=0 n=0

Exercises for Section 7.2 (Selected answers or hints are on page 446.)

1. By computing derivatives, find the Maclaurin series for each function and state where it
is valid.

(a) sinh z.
(b) cosh z.
(c) Log(l+ z).

2. Using methods other than computing derivatives, find the Maclaurin series for
(a) cos®z. Hint: Use the trigonometric identity

4cos® 2 = cos 3z + 3cos 2.

(b) Arctan z. Hint: Choose an appropriate contour and integrate second series in Equa-
tions (7.12).

(c) f(z) = (22 +1)sinz.
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(d) f(z) = e*cosz. Hint: cosz = (€™ + e~%), so

1 : 1 .
_ Lotz a0z
fz) = ettt 4 SeliTh,

Now use the Maclaurin series for e®.

3. Find the Taylor series centered at a = 1 and state where it converges for

0) 1) = 5. dnes 5= () (22 ) = D61 ().
4. Let f(z) = ¥22 and set f(0) = 1.

(a) Explain why f is analytic at z = 0.

(b) Find the Maclaurin series for f(z).

(c) Find the Maclaurin series for g(z) = [ f(¢) d¢, where C'is the straight-line segment
C

from 0 to z.
5. Show that f(z) = i has its Taylor series representation about the point a = ¢ given by

=% (fz__l)?il forall z € D_s(i).

n=0

6. Let f(2) = (1 + 2)? = exp[BLog(1 + z)] be the principal branch of (1 + 2)?, where 3 is a
fixed complex number. Establish the validity for z € D;(0) of the binomial expansion

o=t per PO e BEDO=2
BRI A R NGRS Y
n=1 ’

7. Find f ®)(0) for

18

(a) f(z) = > (3 + (~1)m)zm.

n=0

(b) g(z) = 3 W n,
n=1

(© h=) = 2 aee

o0
8. Suppose that f(z) = > ¢,2™ is an entire function.
n=0

(a) Find a series representation for f(Zz), using powers of z.

(b) Show that f(%) is an entire function.

(¢) Does f(z) = f(2)? Why or why not?
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9. Let f(z2) = Z a2 =1+ 24222 + 323 + 52 +82° + 1325 + - -, where the coefficients
¢y, are the F1bonacc1 numbers defined by ¢co =1, ¢y = 1, and ¢, = ¢;,—1 + ¢p—2, for n > 2.

(a) ShOW that f(Z) = W,

(b) Find the value of R in part (a) for which the series representation is valid.
Hint: Find the singularities of f(z) and use Corollary 7.3.

for all z € Dg(0) for some number R.

10. Complete the details in the verification of Lemma 7.1.

11. We used Lemma 7.1 in establishing Identity (7.6). However, Lemma 7.1 is valid provided
z # 29 and z # «. Explain why these conditions are indeed the case in Identity (7.6).

12. Prove by mathematical induction that f (" (z) = (l(nj)ln)ﬁ in Example 7.3.

13. Establish the validity of Identities (7.15) and (7.16).

14. Use the Maclaurin series and the Cauchy product in Identity (7.17) to verify that sin 2z =
2 cos zsin z up to terms involving 2°.

15. Compute the Taylor series for the principal logarithm f(z) = Log z expanded about the
point zg = —1 + 1.

16. The Fresnel integrals C'(z) and S(z) are defined by
C(z) = / cos(&%)dé and S(z) = / sin(£?) de.
0 0

Define F(z) by F(z) = C(z) + iS(z) and complete the following:
(a) Verify the identity F'(z fO exp(i&?) d€.

(b) Integrate the power series for exp(i¢2) and obtain the power series for F(z).
(c) Use the partial sum involving terms up to 2 to find approximations to C(1.0) and
S(1.0).

17. Let f be defined in a domain that contains the origin. The function f is said to be even
if f(—z) = f(z), and it is called odd if f(—z) = —f(2).
(a) Show that the derivative of an odd function is an even function.
(b) Show that the derivative of an even function is an odd function. Hint: Use limits.

(c) If f(z) is even, show that all the coefficients of the odd powers of z in the Maclaurin
series are zero.

(d) If f(z) is odd, show that all the coefficients of the even powers of z in the Maclaurin
series are zero.

18. Verify Identity (7.18) by using mathematical induction.

19. Consider the function

f(z) = {112, when z # %;

_1
0, when 2= 3.

(a) Use Theorem 7.4, Taylor’s theorem, to show that the Maclaurin series for f(z) equals

o0
> 2m
n=0
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(b) Obviously, the radius of convergence of this series equals 1 (ratio test). However,
the distance between 0 and the nearest singularity of f equals % Explain why this
condition does not contradict Corollary 7.3.

20. Consider the real-valued function f defined on the real numbers as

{ezl2, when x # 0;

0, when x = 0.

(a) Show that, for all n > 0, f(™(0) = 0, where f(™ is the nth derivative of f. Hint:
Use the limit definition for the derivative to establish the case for n = 1 and then
use mathematical induction to complete your argument.

(b) Explain why the function f is an example of a function that, although differentiable
everywhere on the real line, is not expressible as a Taylor series about 0 that is valid
for any interval (—¢,¢), no matter how small ¢ is. Hint: Evaluate the Taylor series
representation for f(z) when x # 0, and show that the series does not equal f(z).

(¢) Explain why a similar argument could not be made for the complex-valued function
g defined on the complex numbers as

{6212, when z # 0;

0, when z = 0.

Hint: Show that g(z) is not even continuous at z = 0 by taking limits along the real
and imaginary axes.

7.3 Laurent Series Representations

Suppose that f(z) is not analytic in Dgr(c) but 4s analytic in the punctured disk Dj(a) =
{z: 0 < |z — a| < R}. For example, the function f(z) = Z%ez is not analytic when z = 0 but
is analytic for |z| > 0. Clearly, this function does not have a Maclaurin series representation.
If we use the Maclaurin series for g(z) = e* , however, and formally divide each term in that
series by 23, we obtain the representation
r, 1 1 1 1 z 2z 23
f(Z):;B :g+?+ﬁ+§+a+g+a+'”,

which is valid for all z such that |z| > 0.

This example raises the question as to whether it might be possible to generalize the Taylor
series method to functions analytic in an annulus

Ala,r,R) ={z:r < |z —a| < R}.

Perhaps we can represent these functions with a series that involves negative powers of z in
1

some way as we did with f(z) = Ze®. As you will see shortly, we can indeed. We begin by

defining a series that allows for negative powers of z.

Definition 7.3 (Laurent Series). Let ¢, be a complex number for n = 0, £1, £2, +3,... The
[e.e]

doubly infinite series >, cu(z — )", called a Laurent series, is defined by

n=—oo
Z cn(z—a)" = Z cp(z—a) " +co+ Z en(z — ), (7.21)
n=—00 n=1 n=1

provided the series on the right-hand side of this equation converge.
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[e.e] oo
Remark 7.2. Recall that Y cn(z—a)™ is a simplified expression for the sum co+ >, cn(z—a)™.
=0 =1
" 00 00 —ln
At times it will be convenient to write Y, cp(z—a)" as Y, cp(z—a)" = > cp(z—a)"+
n=—oo n=—oo n=—oo

o0
Z n(z — )™ rather than using the expression given in Equation (7.21).

Definition 7.4 (Annulus). Given 0 <7 < R, we define the annulus centered at o with radii
r and R by
A(a,r,R) ={z:r < |z —a| < R}.

The closed annulus centered at o with radii r and R is denoted by

Ala,r,R) ={z:r < |z —a| < R}.

Figure 7.3 illustrates an open annulus.

y
4

> X

Figure 7.3: The open annulus A(a,r, R) (shaded)

o0

Theorem 7.7. Suppose that the Laurent series Y. cp(z — «)™ converges on the annulus
n=-—o0o

A(a,r, R). Then the series converges uniformly on any closed subannulus A(a,s,t), where
r<s<t<R.

Proof. According to Equation (7.21),

[e.e] —
By Theorem 7.2, the series » ¢p(z — «)™ must converge uniformly on the closed disk Dy(c).
n=0

By the Weierstrass M-test, we can show that the series E ¢_n(z — @)™ converges uniformly

on {z: |z —a| > s} (we leave the details as an exercise). Comblmng these two facts yields the
required result. ]

The main result of this section specifies how functions analytic in an annulus can be ex-
panded in a Laurent series. In it, we use symbols of the form C;'(Oa), which—we remind
you—designate the positively oriented circle with radius p and center a. That is, Cl‘f () ={z:
|z — a| = p}, oriented counterclockwise.
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Theorem 7.8 (Laurent’s theorem). Suppose that 0 < r < R, and that f is analytic in the
annulus A = A(a,r, R). If p is any number such that r < p < R, then for all z9 € A, f has the
Laurent series representation

f(z0) = i cn(zo — )" Zc n(z0 —a)” +ch 20— )" (7.22)

n=—oo
where forn =0, 1, 2,..., the coefficients c_,, and c, are given by
1 1
Cop = — LZ)_W dz and ¢, =— % dz. (7.23)
21 Jor () (2 — @) 21 Jor (o) (2 — @)

Moreover, the convergence in Equation (7.22) is uniform on any closed subannulus A(a,s,t),
where r < s <t < R.

Proof. If we can establish Equation (7.22), the uniform convergence on A(q,s,t) will follow
from Theorem 7.7. Let zg be an arbitrary point of A. Choose rg small enough so that the circle
Co = C;f (%) is contained in A. Since f is analytic in Dy(29), the Cauchy integral formula

gives
f(z()):l./c ey (7.24)

2mi (z — 20)

Let C1 = Cf (o) and Cy = C/f (), where we choose 71 and ry so that Cp lies in the region
between C1 and Co, and r < r1 < ro < R as shown in Figure 7.4, where the annulus A is the
shaded region.

Figure 7.4: The annulus A and, in its interior, the circles Cy, C1, and Cy

Now let D be the domain consisting of the annulus A except for the point zy. The domain
D includes the contours Cy, C1, and C5, as well as the region between C and Cy 4+ C7. In
addition, since zg does not belong to D, the function % is analytic on D, so by the extended
Cauchy-Goursat theorem we obtain

VRN (O N S () NS S S (O N

2mi o, (2 — 20) “7 om oy (2= 20) 271 Jo, (2 — 20)

(7.25)

Subtracting the last integral from both sides of Equation (7.25) and using the identity for
f(20) in Equation (7.24) give
1 1
f2) 4 IO, (7.26)

Z = —— YA -
1(z0) 21 Jo, 7 — 20 +2m Cy 2 — 20

226



z—a
20—«

Now, if z € C4, then |z — a] < |z0 — «f, so
(Theorem 4.12) to get

< 1 and we can use the geometric series

(20— ) (1_ﬁ>
1 = z—a\"
:_(zo—a)g(zm—a>
_ _i (Z(Oz_—ao;)nil. (7.27)

n=0

Moreover, one can show by using the Weierstrass M-test that the preceding series converges
uniformly for z € C;. We leave the details as an exercise. Likewise, using techniques similar to
the ones just discussed, one can show that, for z € Cs,

20 — )
— 2
Z— 2 nz;)z—anﬂ’ (7.28)

and that the convergence is uniform for z € (5. Again, we leave the details as an exercise.

Taking the series for ﬁ as given by Equations (7.27) and (7.28) and substituting into the
two integrals, respectively, of Equation (7.26) yields

z—a)" 0—04
d .
#(z0) 2m/012 L) z+2m/@z o o) Ty dz

Because the series in this equation converge uniformly on C and C; , respectively, we can
interchange the summations and the integrals, in accordance with Corollary 7.2 to obtain

) =3 [;T L (fL)Hd] (20— a)"

n=0

+§3 o [ S

If we move some terms around in the second series of this equation and reindex, we get

[e.o]

F0) = Z:% [2; L (f;)ﬁ dz} (20— )"

C1

We apply the extended Cauchy-Goursat theorem once more to conclude that the integrals
taken over Cy and C in Equation (7.29) give the same result if they are taken over the contour
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C’[‘f(a), where p is any number such that r» < p < R. This yields
e f(2)
f(z0) = / dz| (20 — a)"
Z:;) 21 Jort (o) (2 — )"
— | 1 / f(2) -
+ S dz| (zg — a)™™.
; 27 J ot (o) (z — a)—ntl ( )

Finally, writing the second series first in our last equation gives

> 1 z

n=1
+nZ=O 2“/0:(@) (z—a)"“dZ] (20 — )™

Because zp € A was arbitrary, this result establishes Equations (7.22) and (7.23), completing
the proof. O

What happens to the Laurent series if f is analytic in the disk Dr(a))? Looking at Equation
(7.29), we see that the coefficient for the positive power (zp — «)™ equals % by using
Cauchy ’s integral formula for derivatives. Hence the series in Equation 7.22 involving the
positive powers of (zp — «) is actually the Taylor series for f. The Cauchy-Goursat theorem
shows that the coefficients for the negative powers of (z9 — «) equal zero. In this case, therefore,

there are no negative powers involved, and the Laurent series reduces to the Taylor series.

Theorem 7.9 delineates two important properties of the Laurent series.

Theorem 7.9 (Properties of Laurent Series). Suppose that f is analytic in the annulus A(a, 7, R)
o0

and has the Laurent series f(z) = Y. cu(z — )", for all z € A(a,r, R).

i. If f(z) = > bp(z—a)" forall z € A(a,r, R), then by, = ¢y, for all n. (In other words,
the Laurent_series for f in a given annulus is unique.)

it. For all z € A(a,r, R), the derivatives of f(z) may be obtained by termwise differentiation
of its Laurent series.

Proof. We prove part (i) only because the proof for part (7i) involves no new ideas beyond those

o0
in the proof of Theorem 4.17. The series »_ b,(z —a)™ converges pointwise on A(a, 7, R), so
n=-—o0o

Theorem 7.7 guarantees that this series converges uniformly on C’;(a), for 0 <r < p< R. By
Laurent’s theorem, then,
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2mi z —a)ntl
G (o)
- / (z— )1 i b (z — )™ | dz
2mi — "
Cf (a) e
o0
:mzz_oog:i (z—a)™ " ldz

Since (2 — a)™ "~ has an antiderivative for all z except when m = n, all the terms in the
preceding expression drop out except when m = n, giving
br,

_ On Nl
Cn =5 Cj(a)(z ) Tdz = by.

O]

The uniqueness of the Laurent series is an important property because the coefficients in
the Laurent expansion of a function are seldom found by using Equation (7.23). The following
examples illustrate some methods for finding Laurent series coefficients.

3 . .
577 involving

Example 7.7. Find three different Laurent series representations for f(z) = 5 -

powers of z.

Solution:

The function f has singularities at z = —1,2 and is analytic in the disk D : |z| < 1, in the
annulus A : 1 < |z| < 2, and in the region R : |z| > 2. We want to find a different Laurent series
for f in each of the three domains D, A, and R. We start by writing f in its partial fraction

form:
3 1 1 1
f(z):(1+z)(2—z):1+z+2(1—§>' (7.30)

We use Theorem 4.12 and Corollary 4.2 to obtain the following representations for the terms
on the right side of Equation (7.30):

1
T35 T;)(—l)”z”, valid for |z| < 1, (7.31)
1 2 (=1t .
T 2= nz::l o valid for |z| > 1, (7.32)
1/ 1 — 2" .
sli=2)= Z TSR valid for |z| <2, and (7.33)
2 n=0
1/ 1 — —2n!
- = , valid for |z| > 2. (7.34)
2\1-5 = 2

Representations (7.31) and (7.33) are both valid in the disk D, and thus we have

1
f(z) = Z [(—1)" -+ 2n+1} 2", wvalid for |z| < 1,
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which is a Laurent series that reduces to a Maclaurin series. In the annulus A, Representations
7.32 and 7.33 are valid; hence we get

n+1 0

= (—1
f(Z):Z( Z) +22+1, Valldf0r1<‘2:‘<2
n=1

Finally, in the region R we use Representations 7.32 and 7.34 to obtain

o0 n+1 _9n-1
Z , valid for |z| > 2.

n=1

Example 7.8. Find the Laurent series representation for f(z) = Cosz%l that involves powers
of z.

Solution:

We use the Maclaurin series for cos z — 1 to write

,z + ,z — !zﬁ—l—---

f (z> - A
We formally divide each term by z* to obtain the Laurent series
-1 1 2 .
f(z):ﬁ—’_ﬂ_ﬁo_'— s Vahdforz#o.

Example 7.9. Find the Laurent series for exp (—Z%) centered at zg = 0.

Solution:
oo

The Maclaurin series for expz is expz = ) Zn—?, which is valid for all z. We let —z~2 take the
n=0

role of z in this equation to get

which is valid for |z| > 0.

Exercises for Section 7.3 (Selected answers or hints are on page 447.)

1. Find two Laurent series expansions for f(z) = ﬁ that involve powers of z.

2. Show that f(z) = 1EZ = ﬁ <1121> has a Laurent series representation about the point
1—1

zop = 1 given by

> (I—9)"
Z ,n, valid for |z — i| > V/2.

n=1

f(z) =

3. Find the Laurent series for f(z) = S“Zl% that involves powers of z.

o0
4. Show that 1=% = — Zoﬁ is valid for |z — 1| > 1.
=

Hint: Refer to the solution for Exercise 3a Section 7.2.
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10.

11.

12.

13.

14.

15.

16.

. Find the Laurent series for sin(1) centered at a = 0. Where is the series valid?

o0

. Show that 1=5 = — 3> 27y is valid for [z — 1] > 2.

Hint: Use the hint f?)? Exercise 3b, Section 7.2.

Find the Laurent series for f(z) = ‘m}lzﬂ that involves powers of z.

. Find the Laurent series for f(z) = m that involves powers of z and is valid for
. 1 o 2
|z| > 1. Hint: e e
. Find two Laurent series for z~'(4 — z)~2 involving powers of z, and state where they are

valid.

Find three Laurent series for (22 — 5z + 6)~! centered at o = 0.

Find the Laurent series for Log(2=}), where a and b are positive real numbers with
b > a > 1, and state where the series is valid. Hint: For these conditions, show that

Log(:7§) = Log(1 — £) — Log(1 - 2).

z

Can Log z be represented by a Maclaurin series or a Laurent series about the point o = 07
Explain your answer.

Use the Maclaurin series for sin z and then long division to get the Laurent series for csc z
with a = 0.

[e.e]
Show that cosh(z + 1) = 3" a,2", where the coefficients can be expressed in the form
n=-—o00

ap = 5= fo% cosnf cosh(2 cos0) df. Hint: Let the path of integration be the circle C; (0).

Consider the real-valued function u(f) = —=—.

(a) Use the substitution cosf = 3(z + 1) and obtain

0 =16 g s () 5 (7).

(b) Expand the function f(z) in part (a) in a Laurent series that is valid in the annulus
A0, 3,2).
(c) Use the substitutions cos(nf)) = (2" +2"") in part (b) and obtain the Fourier series

for u(6), where u(f) = 1 + 1 > 27" cos(n#).
n=1

The Bessel function Jy(z) is sometimes defined by the generating function

exp [;(t—l)} - _f: Tn(2)t".

t

Use the circle C;7(0) as the contour of integration and show that

s

1 s
In(z) = /0 cos(nf — zsinf) df.
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o
17. Suppose that the Laurent expansion f(z) = > ay,2" converges in the annulus A(0, r1,72),
n=—o00

where 71 < 1 < r5. Consider the real-valued function u() = f(e?) and show that u(6)
has the Fourier series expansion

u(®) = f(¢) = Y ane™,

n=—oo

where )
I
n = o= ; eMP £ () dep.
18. (The Z-transform): Let {a,} be a sequence of complex numbers satisfying the growth
condition |a,| < MR"™ for n =0, 1,... and for some fixed positive values M and R. Then
the Z-transform of the sequence {a,} is the function F'(z) defined by Z({a,}) = F(z) =

o0
> anz™".
n=0

(a
(b

Prove that F'(z) converges for |z| > R.
Find Z({ay,}) for

1. a, = 2.
i an, = 4.

)
)

i, an = 47

iv. an = 1, when n is even, and a,, = 0 when n is odd.
(c) Prove that Z({an+1}) = z[Z({an}) — ao]. This relation is known as the shifting
property for the Z-transform.

oo
19. Use the Weierstrass M-test to show that the series ) c_,(z — a)™™ of Theorem 7.7
n=1
converges uniformly on the set {2 : |z — a| > s} as claimed.

20. Verify the following claims made in this section.

(a) The series in Equation (7.27) converges uniformly for z € Cs.
(b) The validity of Equation (7.28), according to Corollary 4.2.

(¢) The series in Equation (7.28) converges uniformly for z € Cf.

7.4 Singularities, Zeros, and Poles

Recall that the point « is called a singular point, or singularity, of the complex function f
if f is not analytic at the point «, but every neighborhood Dp(«) of a contains at least one
point at which f is analytic. For example, the function f(z) = é is not analytic at o = 1 but
is analytic for all other values of z. Thus the point o = 1 is a singular point of f. As another
example, consider the function g(z) = Log z. We showed in Section 5.2 that ¢ is analytic for
all z except at the origin and at the points on the negative real axis. Thus the origin and each

point on the negative real axis are singularities of g.

The point « is called an isolated singularity of a complex function f if f is not analytic
at « but there exists a real number R > 0 such that f is analytic everywhere in the punctured
disk Dj,(c). The function f(z) = 12 has an isolated singularity at v = 1. The function g(z) =
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Log z, however, has a singularity at & = 0 (or at any point of the negative real axis) that is not
isolated, because any neighborhood of a contains points on the negative real axis, and g is not
analytic at those points. Functions with isolated singularities have a Laurent series because the
punctured disk D7,(«) is the same as the annulus A(c, 0, R). We now look at this special case
of Laurent’s theorem in order to classify three types of isolated singularities.

Definition 7.5 (Classification of singularities). Let f have an isolated singularity at o with

Laurent series
o0

flz) = Z cn(z — )", walid for all z € A(,0, R).

n=—oo

Then we distinguish the following types of singularities at a.

i. If ¢, =0, form=—1, =2, =3,..., then f has a removable singularity at «.

it. If k is a positive integer such that c_y # 0, but ¢, =0 for n < —k, then f has a pole of
order k at «.

5. If ¢, # 0 for infinitely many negative integers n, then f has an essential singularity
at .

Let’s investigate some examples of these three cases.

i. If f has a removable singularity at «, then it has a Laurent series

e}

Z z—a) valid for all z € A(a,0, R).

Theorem 4.17 implies that the power series for f defines an analytic function in the disk
Dpg(«). If we use this series to define f(a) = ¢y, then the function f becomes analytic
at z = a, removing the singularity. For example, consider the function f(z) = % It is
undefined at z = 0 and has an isolated singularity at z = 0, as the Laurent series for f is

f@:““:le_ﬁ+”—’+m>

z z 31 57
22 4 S8 .
=1— §+§_ﬁ+”" valid for |z| > 0.

We can remove this singularity if we define f(0) = 1, for then f will be analytic at 0 in
accordance with Theorem 4.17.

Another example is g(z) = ‘3052721 which has an isolated singularity at the point 0, as the
Laurent series for g is

1 22 2t 28
ARl G TR I

=——+4+———+---, wvalid for |z >0.

If we define g(0) = —1, then g will be analytic for all z.
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ii. If f has a pole of order k at «, the Laurent series for f is

f(z)= Z cn(z —a)",  wvalid for all z € A(a, 0, R),

n=—=k

where c_j # 0. For example,

has a pole of order 2 at 0.

If f has a pole of order 1 at «, we say that f has a simple pole at «. For example,

1, 1 z 22
f(Z):ge :;4‘1-}-54‘5"‘”'7

which has a simple pole at 0.

iii. If infinitely many negative powers of (z — a) occur in the Laurent series, then f has an
essential singularity at «. For example,

1 1 1 1
f(Z)222sin;:z—izfl—i-az*g—ﬁz*‘r’—l-"‘

has an essential singularity at the origin.

Definition 7.6 (Zero of order k). A function f analytic in Dg(«) has a zero of order k at
the point o iff

f(")(a) =0, for n=0,1,..., k-1, but f(k)(a) #0.
A zero of order 1 is called a simple zero.

Theorem 7.10. A function f analytic in Dr(«) has a zero of order k at the point o iff its
o
Taylor series given by f(z) = Y. cu(z — @)™ has

n=0
C():Cl:-":Ck_l:O, but Ck#o.
(n)
Proof. The conclusion follows immediately from Definition 7.6, because we have ¢, = fT(a)
according to Taylor’s theorem. O

Example 7.10. From Theorem 7.10 we see that the function

3 27 le 215

BT T

f(z) = zsinz? = z

has a zero of order 3 at 2z = 0. Definition 7.6 confirms this fact because
2 2 .2
() = 22° cos z° + sin 2°;

"(2) = 62z cos 2% — 42° sin 2

f
f"(2) = 6cos 22 — 821 cos 22 — 2422 sin 22

Then, f(0) = f'(0) = f”(0) =0, but £"(0) =6 # 0.
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Theorem 7.11. Suppose that the function f is analytic in Dr(«). Then f has a zero of order
k at the point « iff f can be expressed in the form

f(2) = (z = a)Fg(2), (7.35)
where g is analytic at the point o and g(a) # 0.

o0
Proof. Suppose that f has a zero of order k at the point a, and that f(z) = ) ¢,(z — )" for
n=0

z € Dgr(a). Theorem 7.10 assures us that ¢, = 0 for 0 < n < k — 1, and that ¢; # 0, so that
we can write f as

f(2) =) eulz —a)"
n=~k

o9
= Z Cn-i—k(z - a)n—l—k
n=0
00

=(z=a)f> cnrlz— )", (7.36)

n=0

where ¢, # 0. The series on the right side of Equation (7.36) defines a function, which we
denote by g. That is,

oo oo
g(z) = Z Cnik(z —a)" = ¢ + Z Cnik(z — )", wvalid for all z € Dg(«).
n=0 n=1

By Theorem 4.17, g is analytic in Dr(«), and g(a) = ¢ # 0.
Conversely, suppose that f has the form given by Equation (7.35). Since g is analytic at «, it
o0
has the power series representation ¢g(z) = Y b,(z — )", where g(a) = by # 0 by assumption.
n=0

If we multiply both sides of the expression defining g(z) by (z — a)* we get
f(2)=9(2)(z =) = bu(z— )" = by k(z— )™
n=0 n=k
By Theorem 7.10, f has a zero of order k at the point «. O

An immediate consequence of Theorem 7.11 is Corollary 7.4. The proof is left as an exercise.

Corollary 7.4. If f(z) and g(z) are analytic at z = « and have zeros of orders m and n,
respectively, at z = «, then their product h(z) = f(z)g(z) has a zero of order m +n at z = a.

Example 7.11. Let f(z) = z3sinz. Then f(z) can be factored as the product of z3 and sin z,
which have zeros of orders m = 3 and n = 1, respectively, at z = 0. Hence z = 0 is a zero of
order 4 of f(z).

Theorem 7.12 gives a useful way to characterize a pole.

Theorem 7.12. A function f analytic in the punctured disk D (a) has a pole of order k at
the point « iff f can be expressed in the form
h(z)
=7 7.37
f(Z) (Z . a)k? ( )

where the function h is analytic at the point o, and h(«) # 0.
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Proof. Suppose that f has a pole of order k at the point a. We can then write the Laurent
series for f as

F2) = > enlz— @)™,
(z —a)k &~

where ¢_j # 0. The series on the right side of this equation defines a function, which we denote
by h(z). That is,

h(z) =) cn-lz—a)", forall z€ Dj(e)={z:0<|z—al <R}
n=0

If we specify that h(a) = c_j, then h is analytic in all of Dg(«), with h(a) # 0.

Conversely, suppose that Equation (7.37) is satisfied. Because h is analytic at the point «
with h(a) # 0, it has a power series representation

h(z) = bu(z—a)",
n=0

where by # 0. If we divide both sides of this equation by (z — a)¥, we obtain the following
Laurent series representation for f:

f(z) =) bu(z—a)" "
n=0

(e}

= Z bn+k(2 - a)n

n——

= Z cn(z —a)”,

n——

where ¢, = b,y . Since c_ = by # 0, f has a pole of order k at a. ]

The following corollaries (7.577 .7) are useful in determining the order of a zero or a pole.
The proofs follow easily from Theorems 7.10 and 7.12, and are left as exercises.

Corollary 7.5. If f is analytic and has a zero of order k at the point «, then g(z) = ﬁ has
a pole of order k at a.

Corollary 7.6. If f has a pole of order k at the point «, then g(z) = f(lz) has a removable

singularity at . If we define g(a)) = 0, then g(z) has a zero of order k at c.

Corollary 7.7. If f and g have poles of orders m and n, respectively, at the point c, then their
product h(z) = f(2)g(z) has a pole of order m +n at «.

Corollary 7.8. Let f and g be analytic with zeros of orders m and n, respectively, at . Then

their quotient h(z) = gg)) has the following behavior:

i. If m > n, then h has a removable singularity at . If we define h(a)) = 0, then h has a
zero of order m —n at .

1. If m <mn, then h has a pole of order n —m at .
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1i. If m =n, then h has a removable singularity at o and can be defined so that h is analytic

at o by h(a) = h_I}Il h(z).

tan z
z

Example 7.12. Locate the zeros and poles of h(z) = and determine their order.

Solution:

In Section 5.4 we saw that the zeros of f(z) = sin z occur at the points n, where n is an integer.
Because f'(nm) = cosnm # 0, the zeros of f are simple. Similarly, the function g(z) = z cos z
has simple zeros at the points 0 and (n + %)77, where n is an integer. From the information

given, we find that h(z) = % behaves as follows:
i. h has simple zeros at nm, where n = +1, +2,...;
ii. h has simple poles at (n + %)77, where n is an integer; and

iii. h is analytic at 0 if we define h(0) = lim h(z) =

2—0
Example 7.13. Locate the poles of g(z) = Wlﬁz?ﬁ) and specify their order.
Solution:
The roots of the quadratic equation 5z2 + 26z + 5 = 0 occur at the points —5 and —i. If we

replace z with 22 in this equation, the function f(z) = 5z% + 2622 4+ 5 has simple zerqs at the
points +iv/5 and j:ﬁ. Corollary 7.5 implies that g has simple poles at 4iv/5 and :I:ﬁ.

™ cot(wz)

Example 7.14. Locate the poles of g(z) = and specify their order.

Solution:

The function f(z) = 2%sin7z has a zero of order 3 at z = 0 and simple zeros at the points
z = =+1, £2,.... Corollary 7.5 implies that g has a pole of order 3 at the point 0 and simple
poles at the points £1, £2,....

Exercises for Section 7.4 (Selected answers or hints are on page 448.)

1. Locate the zeros of the following functions and determine their order.

(a) (14 2%
(b) sin? 2.
(

(

2249224 2.
d

(e
(

c
sin z
f

24410224 9.
(g
(

h
(i
(i
(k

(1

1+expz.

20+ 1.
2exp(z — 1).
204223 41,
23 cos? z.

224 24

22 cosh z.

)
)
)
)
)
)
)
)
)
)
(k)
)
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2. Locate the poles of the following functions and determine their order.

3.

10.

(e

(f z+%)_1(3+%)_1
(g) zcotz

(h) 2z ®sinz

(i) (2%sinz)~L.

(j) 2 tescz.

(k) (1 —expz)~t.

Locate the singularities of the following functions and determine their type.

(a) =&z
(b) sin(1).
(c)

(d
(e

(

(f)
2) (exp;)—l'
(h) Cosz;(ios@z)

zexp(l).
) tanz.
) (22 +2)"Lsinz.

z

f

sin z *

1

. Suppose that f has a removable singularity at zg. Show that the function 7 has either a

removable singularity or a pole at zp.

. Let f be analytic and have a zero of order k at zy. Show that f’ has a zero of order k — 1

at zg.

Let f and g be analytic at zg and have zeros of order m and n, respectively, at zo. What
can you say about the zero of f + g at zy?

Let f and g have poles of order m and n, respectively, at zg. Show that f 4 g has either
a pole or a removable singularity at zg

Let f be analytic and have a zero of order k at zy. Show that the function le has a simple
pole at zg.

. Let f have a pole of order k at zg. Show that f’ has a pole of order k + 1 at z.

Prove the following corollaries.

(a) Corollary 7.4.
(b) Corollary 7.5.
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(c) Corollary 7.6.
(d) Corollary 7.7.
(e) Corollary 7.8.

11. Find the singularities of the following functions.

(a) i 11)'

sin(3

(b) Log(2?).

1
(c) cotz— .

12. How are the definitions of singularity in complex analysis and asymptote in calculus
different? How are they similar?

7.5 Applications of Taylor and Laurent Series

In this section we show how you can use Taylor and Laurent series to derive important properties
of analytic functions. We begin by showing that the zeros of an analytic function must be
isolated unless the function is identically zero. A point « of a set T is called isolated if there
exists a disk Dg(«) about « that does not contain any other points of 7.

Theorem 7.13. Suppose that f is analytic in a domain D containing o and that f(a) = 0.
If f is not identically zero in D, then there exists a punctured disk Dy(a) in which f has no
Zeros.

Proof. By Taylor’s theorem, there exists some disk Dr(«) about « such that

£ (n) (g
f(z) = Z fn'()(z —a)" forall zé€ Dg(a).
n=0 ’

(n)
If all the Taylor coefficients ! n!(a) of f were zero, then f would be identically zero on Dg(«).
A proof similar to the proof of the maximum modulus principle (Theorem 6.15) would then
show that f is identically zero in D, contradicting our assumption about f.
Thus, not all the Taylor coefficients of f are zero, and we may select the smallest integer k

(k)
such that fT,(a) # 0. According to the results in Section 7.4, f has a zero of order k at a and
can be written in the form

f(z) = (2 = a)fg(2),

where ¢ is analytic at « and g(a) # 0. Since g is a continuous function, there exists a disk
D, («) throughout which g is nonzero. Therefore f(z) # 0 in the punctured disk D} (). O

The proofs of the following two corollaries are given as exercises.

Corollary 7.9. Suppose that f is analytic in the domain D and that o € D. If there exists a
sequence of points {z,} € D such that z, — «, and f(z,) =0, then f(z) =0 for all z € D.

Corollary 7.10. Suppose that f and g are analytic in the domain D, where o € D. If there
exists a sequence {zn} € D such that z, — «, and f(z,) = g(zn) for all n, then f(z) = g(z) for
all z € D.

Theorem 7.13 also allows us to give a simple argument for one version of L’Hopital’s rule.
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Corollary 7.11. (L’Hoépital’s rule) Suppose that f and g are analytic at o. If f(a) = 0 and
gla) =0, but g'(a) # 0, then
f(z) _ (o)

S gz)  gla)

Proof. Because g'(«) # 0, g is not identically zero and, by Theorem 7.13, there is a punctured
disk D} («) in which g(z) # 0. Thus the quotient J;Ejg = Eig ;‘((a)) is defined for all z € D}(«),
and we can write

o 16 FE = f) )= f@)/—a) _ f()
o gz) ~=n ge) —gla) = ()~ gle)l/(z—a) ~ gla)’

O

We can use the following Theorem to get Taylor series for quotients of analytic functions.
Its proof involves ideas from Section 7.2, and we leave it as an exercise.

Theorem 7.14 (Division of power series). Suppose that f and g are analytic at o with the
power series representations

:Zan(z—a)” and g(z Zb z—a)", forall ze€ Dr(a).

If g(a)) # 0, then the quotient g has the power series representation

where the coefficients satisfy the equation

anp =bocy, + -+ bp_101 + bpco.

In other words, we can obtain the series for the quotient gg; by the familiar process of dividing

the series for f(z) by the series for g(z), using the standard long division algorithm.

Example 7.15. Find the first few terms of the Maclaurin series for the function f(z) = sec z,
if |z| < T, and compute f 4)(0).
Solution:

Using long division, we see that

L L =1+ L + > + -
secz = = = 2,24 2 4
cos z 1_22%4_%_%6!4_... 2 24
Using Taylor’s theorem, we see that if f(z) = sec z, then f<‘2!(0) 24, so that f (9(0) = 5.

We close this section with some results concerning the behavior of complex functions at
points near the different types of isolated singularities. The following is due to the German
mathematician G. F. Bernhard Riemann (1826-1866).

Theorem 7.15 (Riemann). Suppose that f is analytic in D} (). If f is bounded in Dj(c),
then either f is analytic at o or f has a removable singularity at c.
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Proof. Consider the function g, defined as

(7.38)

0, when z = a.

Z—Oé2 z when z Qg
g(z>:{< Pf(2), when z # o

Clearly, g is analytic in at least D}(«). Straightforward calculation yields

g'(a) = lim 9(z) = 9(e) =lim(z —a)f(z) =0.

z—a Z—« z—a

The last equation follows because f is bounded. Thus g is also analytic at a, with g(a) =
!/
g9'(e) = 0.

By Taylor’s theorem, g has the representation

g(z) = Z J $ )(z —a)", forall ze Dy(a). (7.39)
n=2 )

n

We divide both sides of Equation (7.39) by (2 — «)? and use Equation (7.38) to obtain the
following power series representation for f:

> ¢ (a 3 2 g t2) (o n
)= 3 I e = 3 e

By Theorem 4.17, f is analytic at « if we define f(a) = %. This observation completes the

proof. O

The proof of the following Corollary is given as an exercise.

Corollary 7.12. If f is analytic in D} («), then f can be defined to be analytic at o iff liﬁm f(2)

exists and is finite.

Theorem 7.16. Suppose that f is analytic in D}(«). The function f has a pole of order k at
a, iff lim [f(2)| = oc.
zZ—a

Proof. Suppose, first, that f has a pole of order k at «. Using Theorem 7.12, we can say that
flz) = G where B s analytic at a, and h(a) # 0. Because lim |h(z)| = |h(a)| # 0 and
zZ—a

(z—a)k’

. N — . _ - 1

;1_13111 |(z — a)| = 0, we conclude that ;I_I)Illl |f(2)] ;I_I)I}l |h(2)] ;I_I}(lz Ty = O

Conversely, suppose that lim |f(z)| = oco. By the definition of a limit, there must be some
Z—rQ

d > 0 such that |f(z)| > 1if z € Dj(«). Thus the function g(z) = ﬁ is analytic and bounded

(because |g(z)| = |ﬁ| < 1) in Dj(a). By Theorem 7.15, we may define g at o so that g

is analytic in all of Ds(a). In fact, |g(a)| = h_I)Il ﬁ = 0, so « is a zero of g. We claim
z—a

that o must be of finite order; otherwise, we would have g (™) (a) = 0, for all n, and hence
g(z) = > %(z—a)" =0, for all z € Ds(a). As g(z) = % is analytic in Dj (), this result
=0

is impogsiible7 so we can let k be the order of the zero of g at a. By Corollary 7.5, f has a pole
of order k. ]
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Theorem 7.17. The function f has an essential singularity at « iff lim |f(2)| does not ezist.
zZ—Q

Proof. From Corollary 7.12 and Theorem 7.16, the conclusion of Theorem 7.17 is the only
option possible. O

Example 7.16. Show that the function g defined by

e_<z%>, when 2z # 0, and

0, when 2z =0,

is not continuous at z = 0.

Solution:

In Exercise 20, Section 7.2, we asked you to show this relation by computing limits along the
real and imaginary axes. Note, however, that the Laurent series for ¢g(z) in the annulus D} (0)
is

= 1
9(x) =1+ (1),
n=1
so that 0 is an essential singularity for g. According to Theorem 7.17, liH(l) lg(2)| doesn’t exist,
z—r

so g is not continuous at 0.

Exercises for Section 7.5 (Selected answers or hints are on page 449.)

1. Determine whether there exists a function f that is analytic at 0 with the property that,
form=1,2,3,...,

2. Prove the following results.

(a) Corollary 7.9.
(b) Corollary 7.10.
(¢) Theorem 7.14.
(d) Corollary 7.12.

3. Consider the function f(z) = zsin(2).

(a) Show that there is a sequence {z,} of points converging to 0 such that f(z,) = 0 for
n=1,2,3,....

(b) Does this result contradict Corollary 7.97 Why or why not?
4. Let f(z) = tanz.

(a) Use Theorem 7.14 to find the first few terms of the Maclaurin series for f(z), if
2] < 3.

(b) What are the values of f (©)(0) and f(7(0)?
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5. Show that the real function f defined by

flz) = {:Usin(i), when x # 0, and

0, when x =0,

is continuous at = 0 but that the corresponding function g(z) defined by

zsin(1), when z#0, and
9(z) =
0, when 2z =0,

is not continuous at z = 0.

6. Use L’Hopital’s rule to find the following limits.

: z—1—1
(a) ZEIlr_l,’_,L Z4+4 '

s 22221
(b) ELI}, 21422241

1428
(C> ,12115 1422°

(d) lim sin z—l—sirgh z—2z )
2—0 z
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Chapter 8

Residue Theory

Overview

We now have the necessary machinery to see some amazing applications of the tools we devel-
oped in the last few chapters. You will how Laurent expansions can give useful information
concerning seemingly unrelated properties of complex functions. You will also learn how the
ideas of complex analysis make the solution of very complicated integrals of real-valued functions
as easy-literally—as the computation of residues. We begin with a theorem relating residues to
the evaluation of complex integrals

8.1 The Residue Theorem

The Cauchy integral formulas given in Section 6.5 are useful in evaluating contour integrals
over a simple closed contour C' where the integrand has the form (zi (50)) + and f is an analytic
function. In this case, the singularity of the integrand is at worst a pole of order k at z;. We
begin this section by extending this result to integrals that have a finite number of isolated
singularities inside the contour C'. This new method can be used in cases where the integrand

has an essential singularity at zg and is an important extension of the previous method.

Definition 8.1 (Residue). Let f have a nonremovable isolated singularity at the point zp.

Then f has the Laurent series representation for all z in some disk D3(z0) given by f(z) =
o
> an(z — 20)". The coefficient a_y is called the residue of f at zy. We use the notation

Res[f, ZU] =a—1.

Example 8.1. If f(z) = exp(%), then the Laurent series of f about the point 0 has the form

£(2) 2\ 42,2 2
= e — — — —_— _
§ *P z z 2122 3123

and Res[f,0] =a_; = 2.

Example 8.2. Find Res|g, 0] if g(z) = 3

T 2z422—23"
Solution:

Using the techniques of Example 7.7, we find that g has three Laurent series representations
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oo

involving powers of z. In the punctured disk D} (0), g(z) = > [(—=1)" + 5a57)2" . Computing
n=0

the first few coefficients, we obtain

Therefore, Res[g,0] = a_1 = 3.

Recall that, for a function f analytic in D% (20) and for any r with 0 < r < R, the Laurent
series coefficients of f are given by

1 f(2) _
Gy = — / (o= ) dz for n=0,=+1, £2, ..., (8.1)

CF (20)

where C;t(z9) denotes the circle {z : |z — 29| = r} with positive orientation. This result gives us
an important fact concerning Res|[f, zo]. If we set n = —1 in Equation (8.1) and replace C;" (29)
with any positively oriented simple closed contour C' containing zg, provided zg is the still only
singularity of f that lies inside C, then we obtain

/f(z) dz = 2mia_1 = 2miRes[f, zo]. (8.2)
C

If we are able to find the Laurent series expansion for f, then Equation (8.2) gives us an
important tool for evaluating contour integrals.

Example 8.3. Evaluate [ exp(2)dz.
o)

Solution:

Example 8.1 showed that the residue of f(z) = exp (%) at zop = 0 is Res[f,0] = 2. Using
Equation (8.2), we get

/ exp <2> dz = 2miRes|f, 0] = 4mi.
z

C1(0)

Theorem 8.1 (Cauchy ’s residue theorem). Let D be a simply connected domain and let C be
a simple closed positively oriented contour that lies in D. If f is analytic inside C' and on C,
except at the points z1, 2o, ..., 2z, that lie inside C, then

/f(z) dz = 27rz'ZRes[f, 2k
C k=1

The situation s illustrated in Figure 8.1.

Proof. Since there are a finite number of singular points inside C, there exists an r > 0 such
that the positively oriented circles C, = C;f(z), for k = 1,2,...,n, are mutually disjoint and
all lie inside C. From the extended Cauchy-Goursat theorem (Theorem 6.7 on page 189), it

follows that "
/f(z)dz:Z/f(z)dz.
C
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A C
c
C D G
%) 2
o, -
<1 2
Cl Cn—l n—1
> X
Figure 8.1: The domain D and contour C' and the singular points 21, 22, ..., 2, in the statement

of Cauchy ’s residue theorem

The function f is analytic in a punctured disk with center z; that contains the circle C, so we
can use Equation (8.2) to obtain

/f(z)dz-Qm'Res[f,zk], for k=1,2,...,n.
Ck

Combining the last two equations gives the desired result. O

The domain D and contour C' and the singular points z1, 29, ..., 2, in the statement of
Cauchy ’s residue theorem.

The calculation of a Laurent series expansion is tedious in most circumstances. As the
residue at zg involves only the coefficient a_1 in the Laurent expansion, we seek a method to
calculate the residue from special information about the nature of the singularity at z.

If f has a removable singularity at zp, then a_,, = 0, for n = 1,2, .... Therefore, Res|[f, zo] =
0. The following theorem gives methods for evaluating residues at poles.

Theorem 8.2 (Residues at Poles).

1. If f has a simple pole at zg, then

Res[f, z0] = lim (z — 20) f(2).

Z—20

1. If f has a pole of order 2 at zy, then

Res|[f, z0] = lim i(Z — 20)2f(2).

zZ—2z0 A2

wi. If f has a pole of order k at zy, then

1 ' dk—l
Res[f, ZO} = (k _ 1)' zli)n,’zlo deil (Z

- zo)kf(z).

Proof. 1f f has a simple pole at zp, then the Laurent series is

a—
f(Z):Z 2 +a0—|—a1(z—2’0)+a2(z—zo)2_|_..._
— <0
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If we multiply both sides of this equation by (z — z9) and take the limit as z — 2y, we obtain

lim (z — 20) f(2) = lim [a_1 + ag(z — 20) + a1(z — 20)* + - - -]

Z—r20 Z—r20

= a_1 = Res|[f, z0].

which establishes part (7). We proceed to part (iii), as part (ii) is a special case of it. Suppose
that f has a pole of order k at zy. Then f can be written as

G A—k+1 a—1
(z) = (z—z20)F (2 — 20)F1 L 20

+ap+ai(z—z)+---
Multiplying both sides of this equation by (z — z)* gives

k

(z—20)"f(2) =ag + - +a_1(z — 20)" " +ao(z — 20)F + - --

If we differentiate both sides k — 1 times we get

dk—l i
W[(Z —20)"f(2)] = (k= Dla_1 + klag(z — 20)

+(k+Dlay(z—20)% +---
and when we let z — 2o the result is

dk—l
lim WKZ —20)Ff(2)] = (k = 1)la_1 = (k — 1)!Res[f, 2],

Z—20

which establishes part (7). O

Example 8.4. Find the residue of f(z) = meot(mz) at zp = 0.

22

Solution:

We write f(z) = ZQCSETI((T;ZZ))‘ Because 2% sin 7z has a zero of order 3 at 29 = 0 and 7 cos(7zp) # 0,

f has a pole of order 3 at zy. By part (iii) of Theorem 8.2, we have

1. d?
Res[f,0] = o1 ll_r}r(l) 727 cot(mz)
_ 1 2, o2
=3 ll_I)% @[ﬂ' cot(mz) — mz csc?(mwz)]
1
=3 lir%[—w2 esc?(nz) — w2 {esc?(nz) — 2wz esc?(mz) cot(mz) Y]
zZ—r

= 72 lim (72 cot(mz) — 1) csc?(7z)
z—0

7z cos(mz) — sin(mz)

2 7.
=7 lim
20 sin3(72)

This last limit involves an indeterminate form, which we evaluate by using L’Hopital’s rule:

Res[f,0] = 7% lim _W2ZSin(ﬂz)'+27T cos(mz) — mcos(nz)
z2—0 3 sin®(mz) cos(mz)
21 —Tz
=71
T Zl—I)I(l) 3 Sln(']TZ) Cos(ﬂ'z)
L. TZ .
= —— lim — lim
3 2—0sin(mz) 2—0 cos(7z)
=—3
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Example 8.5. Find [ mdz.
5 (0)

Solution:

We write the integrand as f(z) = m The singularities of f that lie inside C3(0) are
simple poles at the points 1 and —2, and a pole of order 2 at the origin. We compute the

residues as follows:

. d . —2z—1 1
Reslf, 0] = I B ()] = i oo =

- . 1 1
Resl 1] = (= = S (e) = iy gy = 5 and

Res[f, ~2] = lim (= +2)f(z) = lim_ zQ(zl—l) _ _%_

Finally, the residue theorem yields

R EVE Y
- dz=2mi|-—4+ ==
24 4 23 — 222 4 3 12
C5(0)

The answer [ m dz = 0 is not at all obvious, and all the preceding calculations are
3 (0)
required to get it.

Example 8.6. Find [ (2*+4)7!dz.
Cy ()

Solution:

The singularities of the integrand f(z) = that lie inside C(1) are simple poles occurring

24+ 4
at the points 1+, as the points —1 41 lie outside Cy(1). Factoring the denominator is tedious,
so we use a different approach. If zy is any one of the singularities of f, then we can use
L’Hépital’s rule to compute Res|f, z]:

— 20 . 1 1

. z
Res[f) ZO] = Zligjlo Z4 + 4 - zigrlo E 423 )

Since z§ = —4, we can simplify this expression further to yield Res[f,z0] = —1—1620. Hence
Res[f,1+1i] = =z, and Res[f,1 — i] = =&, We now use the residue theorem to get
1 —1—-7 =141 i
—dz=2mi S
/z4+4z m( 16+16> 1
C5 (1)

The theory of residues can be used to expand the quotient of two polynomials into its partial
fraction representation.

Example 8.7. Let P(z) be a polynomial of degree at most 2. Show that if a, b, and ¢ are
distinct complex numbers, then
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T z-a z-b z-¢ e
A = Res[f,a] = (a i:)((aa) —c)
B = Res[f,b] = 0 1:)((bb) — o) and
C = Res|f,c| = o

Solution:

It will suffice to prove that A =Res[f,a]. We expand f in its Laurent series about the point

a by writing the three terms ﬁ, %, and % in their Laurent series about the point a and
adding them. The term Z’_ia is itself a one-term Laurent series about the point a. The term

—B_ is analytic at the point a, and its Laurent series is actually a Taylor series given by

z—b
B -B 1 = B "
2—b b-al-_i= __;)(b—a)nﬂ(z_“) ’

which is valid for |z — a| < |b — a|. Likewise, the expansion of the term -< is

C < C n
z—c__z(c—a)”“(z_a) ’
n=0

which is valid for |z — a| < |¢ — a|. Thus the Laurent series of f about the point a is

A - B C
fz) = c—a _ng() [(b_a)n+1 + (c — a)n+l (z —a)",

which is valid for |z — a| < R, where R = min{|b — al|, |c — a|}. Therefore A = Res|[f,a], and
calculation reveals that
P(z) P(a)

Reslfal = A=l o " = ba—o

Example 8.8. Express f(z) = % in partial fractions.

Solution:

Computing the residues, we obtain
Res[f,00 =1,  Res[f,1] = —5, and Res[f,2] = 4.

Example 8.7 gives us
3z +2 1 5 4

2(z—=1)(z—2) R e &
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Remark 8.1. If a repeated root occurs, then the process is similar, and we can easily show that
if P(z) has degree of at most 2, then
P(z) A B C
(z) = (z—a)2(z—b) (2z—a)? LT —
where A = Res[(z — a) f(z),a], B = Res[f,a], and C = Res|[f,b].

Example 8.9. Express f(z) = ,22245)754{)2 in partial fractions.

Solution:
Using the previous remark, we have

where
2243242
A = Res[zf(2),0] = ilg(l)ﬁ =
d 2> +32z+2
B= = lim 22 T2F T2
Res[f, 0] = T = ———
1y (.2
— lim (2z43)(z—1)— (2 4+ 32+ 2)
z—0 (2—1)2
z2+3z+2_
2

= -5, and

C = Res|[f,1] = lim 6.
z—1

z
Thus,

22+324+42 -2 5 6
2(z—-1) 22 z z2-1

Exercises for Section 8.1 (Selected answers or hints are on page 449.)

1. Find Res[f, 0] for each of the following :

)
(b) f(2) = 273 cosh4z.
(¢) f(z) =cscz.
(d) f(z) = =HE®
(e) f(z) =cotz
(f) f(z) =23cosz
(g) f(z)=2"'sinz
(h) f(z) = z2+;43z+5
(i) f(z) =exp(1+ 1)
(i) f(z) = 2*sin(})
(k) f(z) =z"tescz
() f(z) =2"2cscz
(m) f(z) = 22U
(n) f(z) =z2z"tesc?z

2. Let f and g have an isolated singularity at zy. Show that
Res[f + g, z0] = Resl[f, z0] + Res[g, z0].
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3. Evaluate the following:

(a) Ik %lﬁ dz.
Cf (~144)

(b) md%
o5 ()

© ] =
5 (0)

(d) f sin z dz.

42272
C5(0)

© [ as

C5 (0)

4. Let f and g be analytic at zp. If f(20) # 0 and ¢ has a simple zero at zg, then show that
Res [g, zo} = (=)

T g'(20)°

5. Find [(z —1)72(2? +4)" ! dz when
C

(a) C=Cf(1).
(b) € =Cf(0).

6. Find [(2%+1)"'dz when
C

(a) C=C1 ().
2
(b) C=Cf ().
Hint: If z is a singularity of f(z) = =, show that Res|f, 20] = —%Zo-

Z6+1 )

7. Find [(32% 4 1022 + 3)71 dz when
C

(a) C = CF(iV3).

(b) C'=C{ ()

8. Find [(z? — 2% — 22%)71dz when
C
(a) C = CT(0).
2
(b) C'=C3(0).
2
9. Use residues to find the partial fraction representations of:

(a) z2+éz+2'
(b) 32—3

22—2-2"
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22— 7z+4
22(z+4)

10z
(2244)(z2+9) "

)
)
) 2z —3z 1
)

(c
(d
(e
(f
10. Let f be analytic in a simply connected domain D, and let C be a simple closed positively

oriented contour in D. If zg is the only zero of f in D and z lies interior to C, then show
that 5 [ J}(z) dz = k, where k is the order of the zero at z.
C

z +3z —z+1
2(2+1)2(22+1)"

(2)

11. Let f be analytic at the points 0,+1,42,.... If g(z) = 7f(z)cot mwz, then show that
Res[g,n] = f(n) for n =0, £1, £2, ....

8.2 Trigonometric Integrals

As indicated at the beginning of this chapter, we can evaluate certain definite real integrals
with the aid of the residue theorem. One way to do this is by interpreting the definite integral
as the parametric form of an integral of an analytic function along a simple closed contour.
Suppose that we want to evaluate an integral of the form

27
/ F(cos6,sin6)de. (8.3)
0
where F'(u,v) is a function of the two real variables w and v. Consider the unit circle C7(0)
with parametrization
CF(0): 2 =rcosf+isinf =e?, for 0<6<2m,
which gives the symbolic differentials

dz = (—sin @ + i cos 0)df = e’ df, and

dz dz
dd = — = —. 8.4
ie? iz (8-4)

Combining z = cos 8 + i sin § with % = cos f — isin 6, we obtain

1 1 . 1 1
cos0—2<z+z>, and 31n0—2i<z—z>. (8.5)

Using the substitutions for cos 8, sin 6, and df in Expression 8.3 transforms the definite integral

into the contour integral
2w
/ F(cos@,sinf) df = / f(z)dz
0
Cy(0)

. F(3+1), (- 1)

where the new integrand is f(z) =

¥
Suppose that f is analytic inside and on the unit circle C(0), except at the points z1, 22, ..., 2z,
that lie interior to C1(0). Then the residue theorem gives

2T n
F(cos6,sinf) df = 2m’ZRes[f, 2k (8.6)
0 k=1

The situation is illustrated in Figure 8.2.
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i
C
21
z=cos O +isinB 2
- +— 0 > —>x
0 2n Zn
Zp-1
\
(a) The interval [0, 27] of (b) The contour C of
integration for F(cos 0, sin 0). integration for f(z).

Figure 8.2: Changing variables: a definite integral on [0, 27| to a contour integral around C'

Example 8.10. Evaluate fozﬂ HTIOSQQ df by using complex analysis.

Solution:

Using Substitutions 8.4 and 8.5, we transform the integral to

1 1 —idz
/ 1+yw5*p<m> : / 32111022437 / 1(z)dz

Ci(0) Cy(0) cy(0)

where f(z) = m. The singularities of f are poles located at the points where 3(22)? +

10(2?) +3 = 0. Using the quadratic formula, we see that the singular points satisfy the relation
2 _ —10£/100—36 _ —544
= 5 = )

z 5 Hence the only singularities that lie inside the unit circle are
simple poles corresponding to the solutions of 22 = —%, which are the two points z; = ﬁ and

S

2= =g We use Theorem 8.2 and L’Hoépital’s rule to get the residues at zx, for k =1, 2:

. —idz(z — z)
= lim TRk
Res|f, zi] A T 024 3

—i4(2z — z)
im —————=
2=z, 1223 + 202
—idzy,
122,?; + 20z
o
© 32245
+i i

Since z, = N and 27 = —%, the residues for each zj, are given by Res|[f, zx] = 3 hs T
3

Now use Equation (8.6) to compute the value of the integral:

2 . .
1 -t —1

S S /Yy v (ST p—

/0 1+ 3cos?6 m<4—|—4) i

Example 8.11. Evaluate fo% —L - dt by using a computer algebra system.

L EN

1+3cos? t
Solution:
We can obtain the antiderivative of m by using software such as Mathematica or MAPLE.
It is f i3 iosz S dt = 7Amag(2 cott) _ g(t). Since cot 0 and cot 27 are not defined, the computa-

tions for both ¢(0) and g(27) are indeterminate. The graph s = ¢(¢) shown in Figure 8.3 reveals

another problem: The integrand m is a continuous function for all ¢, but the function g
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has a discontinuity at w. This condition appears to be a violation of the fundamental theorem
of calculus, which asserts that the integral of a continuous function must be differentiable and
hence continuous. The problem is that g(¢) is not an antiderivative of m for all t in the
interval [0, 27]. Oddly, it is the antiderivative at all points ezcept 0, 7, and 27, which you can
verify by computing ¢’(¢) and showing that it equals m whenever ¢(t) is defined.

N
\

s=g(1)
/4

—T/4

Figure 8.3: Graph of g(t) = [ m dt = w

The integration algorithm used by computer algebra systems here (the Risch-Norman algo-

rithm) gives the antiderivative g(t) = w, and we must take great care in using this

information.

We get the proper value of the integral by using g(¢) on the open subintervals (0, 7) and
(m,2m) where it is continuous, and taking appropriate limits:

2 1 ropm 1 rpr2m 1
————dt = ———dt ———dt
/0 1+ 3cos?t _/0 1+ 3cos?t ] dl—_/7T 1+ 3cos?t ]
[ ¢ 1 [ ! 1
= li ——dt li ————dt
_waf?ﬁm /S 1+ 3cos?t } * _ta%rll,gﬁﬁ /S 1+ 3cos?t }
= | lim g(¢t) — lim g(s)} + | lim g(¢) — lim g(s)}
[ t—m— s—0t L[ t—2m— s—mt
_[r_zm I
4 4 4 4
=.

2w cos 26 do

Example 8.12. Evaluate | =72

Solution:

For values of z that lie on the unit circle C(0), we have

2% =cos20 +isin20, and 2z 2= cos20 — isin26.
We solve for cos 20 and sin 26 to obtain the substitutions

1 1
cos 26 = 5(2'2 +27?), and sin20 = ?(22 —272).
i

Using the identity for cos 26 along with Substitutions 8.4 and 8.5, we rewrite the integral as

(2427 (1) i(24+1)
22T 1N _
/Cf(o) 5 — 4(%) 1z dz /(Jj(()) 222(z — 2)(2z — 1) dz / f(z)dz,

Y (0)
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where f(z) = %. The singularities of f lying inside C' are poles located at the points

0 and % We use Theorem 8.2 to get the residues:

o d e d [
Res[f,0] = zl;l—%@ 1)) = l%% [22(2,22 -5z + 2)}

. [i423(222 —5z+2)— (42 —5)(z* + 1)]
250 2(222 — 52 +2)2

_ 5i
ga

and
i(z'+1) 1T

1 . 1 .
Res [f,J :Zhi% <z— 2) f(z) 7;5% 2 o

Therefore we conclude that
27-(- . .
cos 260 5 171 T
——d0 =21 = — — | = —.
/0 5— dcosd m<8 24) 6

Exercises for Section 8.2 (Selected answers or hints are on page 450.)

Use residues to evaluate the following integrals:

21 1
L. fO 3 cos 6+5 de.

21 1
2. f(] 4sin 645 de.

2T 1
3. fo 15sin? 6+1 do.

2T 1
4. fO 5cos? 0+4 de.

27 sin?6
5. fO 5+4cos6d0'

27 sin24
6. f(] 5—30059d0'

2T 1
7" Gracar -

21 1
8- Jo Ericosay -

2w cos26
9. fO 5+300s9d0'

2m cos 260
10. f(] 13—120059d0'

21 1
11. fO (143 cos? 9)? dp.

21 1
12. f() (148 cos? )2 dp.

2 cos? 36
13. fO 5—4 cos 260 de.

27 cos? 36
14. fO 5—3cos 260 de.

15. 37 cegriangra d9, where a, b, and d are real, and a® + b? < d°.

27 1
16. fo oo T enT 0T d df,where a, b, and d are real, a > d, and b > d.
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8.3 Improper Integrals of Rational Functions

An important application of the theory of residues is the evaluation of certain types of improper
integrals. We let f be a continuous function of the real variable x on the interval 0 < z < oco.
Recall from calculus that the improper integral f over [0, 00) is defined by

/OOO f(x)dx = bli)rélo/obf(:c) dz

provided the limit exists. If f is defined for all real =, then the integral of f over (—oo,00) is
defined by
00 b
/ f(z)dx = lim f( )dz + lim f(z)dz, (8.7)
oo a—r—00 b—o0 J

provided both limits exist. If the integral in Equatlon (8.7) exists, we can obtain its value by
taking a single limit:

R
/ f(z)dx = hm f(z)dzx. (8.8)
-R

The following example shows that, for some functions, the limit on the right side of Equation
(8.8) exists, but the limit on the right side of Equation (8.7) doesn’t exist.
Example 8.13. hrn fRRxdx = lim [R; — (_QR)Q] = 0, but Equation (8.7) tells us that the

R—o0 R—o00
improper integral of f(x) = x over (—oo, 00) doesn’t exist. Therefore we can use Equation (8.8)

to extend the notion of the value of an improper integral, as Definition 8.2 indicates.

Definition 8.2 (Cauchy principal value). Let f(x) be a continuous real-valued function for all
x. The Cauchy principal value (P.V.) of the integral [~ f(z)dzx is defined by

00 R
p. V./ f(z)dr = lim f(z)dx
—00 R—o0 —R
provided the limit exists.
Example 8.13 showed that P.V. [*_ zdz = 0.
Example 8.14. The Cauchy principal value of [~ - xg 17 d is

S| LS|
P.V. dm = lim 27dx
R | R—oo J_pa=+1

= lim [Arctan(R) — Arctan(—R)]

R—o0

If f(z) = ggg, where P and @) are polynomials, then f is called a rational function. In
calculus you probably learned techniques for integrating certain types of rational functions. We
now show how to use the residue theorem to obtain the Cauchy principal value of the integral
of f over (—o0,0).
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Theorem 8.3. Let f(z) = %, where P and @ are polynomials of degree m and n, respectively.
If Q(x) # 0 for all real x and n > m + 2, then

o p i P
P.V. /_Oo Qgi dex = 2772';1%68 [Q’ZJ} ,

where z1, z2, ..., Zk_1, 2k are the poles ofg that lie in the upper half-plane. The situation is
tllustrated in Figure 8.4.

y

A
Cc
-1 & Cr
s
) 2
- —> X
-R R
Figure 8.4: The poles 21, 22, ..., 2p_1, 2k of g that lie in the upper half-plane

Proof. There are a finite number of poles of £ that lie in the upper half-plane, so we can find
a real number R such that the poles all lie inside the contour C', which consists of the segment
—R < 2 < R of the z-axis and the upper semicircle Cr of radius R shown in Figure 8.4. By
P P
z) dx = / (Z; dz (2) dz.
C

/ (

Using the residue theorem, we rewrite this equation as

RP(a:) = 2mi y es E zi| — P(z) z
[ g 2R o5~ [ a0 (&)

Our proof will be complete if we can show that fCR ggzg dz tends to zero as R — oco. Suppose

that

P(z) = apz™ + m_12"" 4+ +a1z4ag, and

Q(2) =bp2" + by 12" V4 4 byz + by

Then
zP(z) 2" g + a1z - FarzT T £ a2z ™)
Q(z)  2(by +by1z7 bzt fbgz)
S0
lim zP(z) _ 2" @, + a1z a4 g™ ™)
lzl2o0 Q(2)  |zlmoo  2%(bp +bp_127 4+ bz 4+ b2 )

_ ( Zm“) ( .Gt ame1z 4 Fagr +aoz_m>
| .

li 1
z|li>noo " |z|1i>noo by +bp_127 - bz £ hgrn
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Since n > m + 2, this limit reduces to 0(9) = 0. Therefore, for any ¢ > 0, we may choose R

large enough so that \Z&Zz) | < £ whenever z lies on Cr. But this means that

P(z) € €

Q(z)

whenever z lies on Cg. Using the ML inequality (Theorem 6.3) and Inequality (8.10), we get

(8.10)

wle] T 7R

P(z) _
CRQ(Z)dz‘</CR7TR]d\ —RWR—E

Since € > 0 was arbitrary, we conclude that

Plz)  _
Rh_]r}r;o ¢ O%) dz = 0. (8.11)

If we let R — oo and combine Equations (8.9) and (8.11), we arrive at the desired conclusion. [

Example 8.15. Evaluate ffooo m dx.

Solution:

We write the integrand as f(z) = (ZH)(Z_i)(lei)(z_zi . We see that f has simple poles at the
points ¢ and 2¢ in the upper half-plane. Computing the residues, we obtain

Res|f, 1] :_%, and Res|[f, 2i] :é,

Using Theorem 8.3, we conclude that

/OO ! dr=omi( Ly L) =T
@D+ T T T T 12) T 6

Example 8.16. Evaluate [ (xzdﬁ)g-

Solution:
The integrand f(z) = G 2+4)
of f in the upper half-plane. Computing the residue, we get

has a pole of order 3 at the point 24, which is the only singularity

1, d? 1
Reslf,2i] = 5 im0 [(z n 21')3]

2

_ 1 lim [ 12 ]
2 2—2i (Z + 2i)5
31

~:13

> 1 [ —3i 3
Therefore, /_oo m dr = 2mi <512> = 256"

258



Exercises for Section 8.3 (Selected answers or hints are on page 450.)

Use residues to evaluate the following integrals:

[e'e) 2
1. f—oo 7(I2—‘T-16)2 dx.

o x

0o 43

5. [0 Gayh da.

1

42

0o 3242

12. [% 4 dr.

13. [ = .
14. f—OO Wl(xz-i-bz) d:E, where a > 0 and b > 0.
00 2

15. fioo m d.ﬁU, where a > 0.

8.4 Improper Integrals of Trigonometric Functions

Let P and @ be polynomials of degree m and n, respectively, where n > m + 1. We can show
(but omit the proof) that if Q(z) # 0 for all real x, then

> P(x) * P(z) .
P.V. /_Oo o) cosrdr and P.V. /_OO ) sinx dx

are convergent improper integrals. You may encounter integrals of this type in the study of
Fourier transforms and Fourier integrals. We now show how to evaluate them.

Particularly important is our use of the identities
cos(ax) = Re[exp(iax)] and sin(az) = Im[exp(iazx)],

where « is a positive real number. The crucial step in the proof of the following Theorem
wouldn’t hold if we were to use cos(az) and sin(az) instead of exp(iaz), as you will see when
you get to Lemma 8.1.
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Theorem 8.4. Let P and Q) be polynomials with real coefficients of degree m and n, respectively,
where n > m+ 1 and Q(x) # 0, for all real x. If & > 0 and

f(z) = eXp(g)‘(’z))P<z). (8.12)
then
 P(x) i
P.V. de = -2y Im(Res[f, z;]), and 8.13
/_Oo Q) cos(ax) dz 71'; m(Res[f,z]), an (8.13)
* P(z) .
P.V. de = 21> Re(Resf, z]), 8.14
/OO o) sin(ax) dx w; e(Res[f, z;]) (8.14)
where 21, 22, ..., Zk—1, 2k are the poles of f that lie in the upper half-plane, and Re(Res[f, z;])

and Im(Res[f, zj]) are the real and imaginary parts of Res[f, z;], respectively.

The proof of Theorem 8.4 is similar to the proof of Theorem 8.3. Before turning to the
proof, we illustrate how to use Theorem 8.4

Example 8.17. Evaluate P.V. [*7 Z80Z gy

—00 x2+44
Solution:
The function f in Equation (8.12) is f(z) = eng(ﬁ)z, which has a simple pole at the point 27 in
the upper half-plane. Calculating the residue yields

L exp(iz)z B 2ie—2 1
Reslf, 2] = lim === = = = 2@

Using Equation (8.14) gives

> xsinx . T
d
Example 8.18. Evaluate P.V. [*7 S
Solution:
The function f in Equation (8.12) is f(z) = e:fffz), which has simple poles at the points
z1 = 1+ i and 29 = —1 + 4 in the upper half-plane. We get the residues with the aid of
L’Hopital’s rule:
4 . (z—=1—1)exp(iz)
Reslf )=ty g
— lim [1+i(z—1—1)]exp(iz)
2 1+i 423
_exp(—1+1)
o A4(1+0)3
sinl —cos1 —i(cos1+sinl)

16e
Similarly,

cos1 —sinl —i(cos1 +sin1)

Res[f, -1+ Z] = 1T6e
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Using Equation (8.13), we get

/_O; ;4012 dx = —2m[Im(Res[f, 1 + 7]) + Im(Res[f, —1 + i])]

m(cos1 +sinl)
e '

We are almost ready to give the proof of Theorem 8.4, but first we need one preliminary
result.

Lemma 8.1 (Jordan’s lemma). Suppose that P and Q are polynomials of degree m and n,
respectively, where n > m+ 1. If Cr is the upper semicircle z = Re', for 0 < 0 < m, then

lim exp(iz)P(z)

dz = 0.
R—o0 cr Q(Z)

Proof. From n > m + 1, it follows that |SE2] — 0 as |z| = oo. Therefore, for any € > 0, there
exists R. > 0 such that
P(z) €
<E 8.15
o< (8.15)
whenever |z| > R.. Using the ML inequality (Theorem 6.3) together with Inequality 8.15, we
get
AP '
/ eXp(zz)(z)dz’ < / € e |dz]. (8.16)
Cr Q(Z) Cr Q

provided R > R.. The parametrization of Cr leads to the equation
|dz| = Rdf, and |e®*|=e ¥ = ¢ Bsind, (8.17)

Using the trigonometric identity sin(m —#) = sin # and Equations (8.17), we express the integral
on the right side of Inequality 8.16 as

. ™ , 9¢ [7/2 .
/ € 16| |dz] = 5/ RSt p o _ 5/ RS0 gy (8.18)
Cr T ™ Jo 0

™

On the interval 0 < 6 < 7/2 we can use the inequality

26
0 < — <siné.
T

We combine this inequality with Inequality 8.16 and Equation 8.18 to conclude that, for R > R.,

/ exp(iz)P(z) dz‘ _ 2 /2 e
Cr B

Q(z) 7™ Jo
_2Rg |0=7/2
= —€e ™
6=0
—c(1—ef
<eE.
Because € > 0 is arbitrary, the proof of Jordan’s lemma is complete. 0

We now turn to the proof of our main Theorem.
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Proof of Theorem §.4.

Let C be the contour that consists of the segment —R < z < R of the real axis together with
the upper semicircle Cr parametrized by z = Re', for 0 < # < 7. Using properties of integrals,

we have
/R exp(iax)P(x) dr — / exp(iaz)P(z) ds — / exp(iaz)P(z) &
R Q) c Q) o Q) '
If R is sufficiently large, all the poles z1, 29, ..., zx of f will lie inside C, and we can use the
residue theorem to obtain
R . k .
P P
/ wdgz = QWiZReS[fa 2] — / wd& (8.19)
x Q@) 2 TS

Since « is a positive real number, the change of variables ( = az shows that the conclusion of
Jordan’s lemma holds for the integrand %. Hence we let R — oo in Equation (8.19)

to obtain

k
dx = 2mi Z Res|f, zj]

=1

k
= 91 Z Im(ReS[fv ZJ])
=1
‘
+ 27 Z Re(Res|[f, 2]).
=1

*° Jcos(ax) + isin(ax)]|P(z)
P.V‘ /OO Q(x)

Equating the real and imaginary parts of this equation gives us Equations (8.13) and (8.14),
which completes the proof. O

Exercises for Section 8.4 (Selected answers or hints are on page 451.)

Use residues to find the Cauchy principal value of the following:

1. f COos T d&? and f sinx d[]ﬁ

oo 2249 0o 7249

92 fOO T COS T d.%' and fOO rsinx dzr.

oo x249 oo x24+9

3. [, L dr.
4%, s dr.
5% 8 ey -
6. [ sty de
7. |2 #5ays du
8. 7 so 774275 4T
9. [ zsine gy,
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10. [, @pns gy,

cos 2x
11. f ~ T2 oeD dzx.

oo g3sin 2z
12. [~ st dr.

13. Why do you need to use the exponential function when evaluating improper integrals
involving the sine and cosine functions?

8.5 Indented Contour Integrals

If f is continuous on the interval b < x < ¢, but discontinuous at b, then the improper integral
of f over [b,c] is defined by

r—bt

/bcﬂ )dz = lim f( ) da

provided the limit exists. Similarly, if f is continuous on the interval ¢ < x < b, but discontin-
uous at b, then the improper integral of f over [a,b] is defined by

R
/f do=lm [ f()d,
provided the limit exists. For example,
9
—d li de =1
[ mmtr= i [ gy ie= v

If f is continuous for all values of z in the interval [a, |, except at the value x = b, where
a < b < ¢, then the Cauchy principal value of f over [a, ¢] is defined by

=9
—3— lim 7= 3.

T=r r—0+

r—0t

pV. / " H@)de = Tim [ab_r fyde+ [ f(:v)dx},

b+r

provided the limit exists.

8 -r 8
1 1 1
P.V../ — dzr = lim [/ d:n—i—/ 1dx}
1 23 r—0t )1 23 roxs

Evaluating the integrals and computing limits gives

lim §7’%—§+6—§7‘% _9
r—0+ | 2 2 2 2

Example 8.19.

In this section we show how to use residues to evaluate the Cauchy principal value of the
integral of f over (—oo, 00) when the integrand f has simple poles on the z-axis. We state our
main results and then look at some examples before giving proofs.

P(z)

Theorem 8.5. Let f(z) = 06) where P and @) are polynomials with real coefficients of degree
m and n, respectively, and n > m + 2. If Q has simple zeros at the points t1, ta, ..., t; on the
T axis, then
00 P(ac) k l
P.V. / dx = 2mi Res|f, z;] + mi Res|f,t;], 8.20
Jj= j=
where z1, z2, ..., zi are the poles of f that lie in the upper half-plane.
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Theorem 8.6. Let P and Q) be polynomials of degree m and n, respectively, where n > m + 1,

and let QQ have simple zeros at the points tq, ta, ..., t; on the x-axis. If a is a positive real
number and if f(z) = %, then
0o P(LU) k l
P.V. /_OO 0 cosax dx = —27rj;Im(Res[f, z;]) — ﬂjzzllm(Res[f, ti]) (8.21)
and

~ p(z) k l
P.V. / sinaxde =21 Re(Res[f, zj]) + 7 Y Re(Res(f, t;]) (8.22)

where z1, z2, ...,z are the poles of f that lie in the upper half-plane.

Remark 8.2. The formulas in these theorems give the Cauchy principal value of the integral,
which pays special attention to the manner in which any limits are taken. They are similar to
those in Sections 8.3 and 8.4, except here we add one-half the value of each residue at the points
t1, to, ..., t; on the x-axis.

Example 8.20. Evaluate P.V. ffo L dx by using complex analysis.

oo x3—8
Solution:

The integrand
z z

B8 (- +1+iV3)(z+1—iV3)

has simple poles at the points t; = 2 on the z-axis and z; = —1 4 iy/3 in the upper half-plane.
By Theorem 8.5,

f(z) =

P.V. / -  de = 2miRes[f, z1] + wiRes/, 1]
oo TP —

—l-iv3 1 73
™ 12 7TZ6—76 .

=2

Example 8.21. Evaluate P.V. ffooo ttgdfs with a computer algebra system.

Solution:

Computer algebra systems such as Mathematica or MAPLE give the indefinite integral

14t
/ b Arctan (%) L Log(t-2) Log(t? +2t +4) 0
B8 T o/3 6 12 = 9\
However, for real numbers, we should write the second term as %{2)2] and use the equivalent
formula:
14t
(t) = Arctan (%) N Log[(t — 2)%] N Log(t* + 2t + 4)
=9 12 12 ’
This antiderivative has the property }m% g(t) = —oo, as Figure 8.5 shows.
—
We also compute
™3 m™3
Aoty =57 and - T g(t) = =75



s=g(1)

< T T T t

-10 -5 5 10

—0.5
Y

Figure 8.5: Graph of s = g(t) = [ ﬁ dt

and the Cauchy principal limit at t =2 as r — 0 is

lim [g(2+7) —g(2—7)] =0.

r—0+

Therefore the Cauchy principal value of the improper integral is

2—r 00
o t t
P.V. dt =1 dt —dt
/,oot— ri%1+[/t3 +/t3—8 ]
— 00 24r

( lim g(2—r)— lim_g(t )) + <tlggo 9(t) = lim_g(2 +r)>

r—0+

= < lim g(2 ) — lim_g(2 +r)> + <tlirglog( )= lim g(t )>

t——o0
™3 /3
=0+ 12 T2
s
===
E le 8.22. Eval tPV/OO sine
xample 8.22. Evaluate P.V. x.
p D@2+ )
Solution:
The integrand f(z) = —e®(2) _ }as simple poles at the points £; = 1 on the z-axis and 2 = 2i

(z2—1)(22+4)
in the upper half-plane. By Theorem 8.6,

o sinx
P.V. —9
v /_OO (z — 1)(22 + 4) dx mRe (Res[f, z1]) + mRe (Res[f, t1])
-2+ cosl+1isinl
= 27Re (2062> + 7Re <5>

1
—§<0081—62>.

We are almost ready for the proofs of Theorems 8.5 and 8.6. First, we need the following
lemma.

Lemma 8.2. Suppose that f has a simple pole at the point ty on the x-axis. If C, is the contour
C, :z:to+rei9, for 0 <0 <m, then

Iim/ f(z)dz = imRes|f, to].

r—0 C
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Proof. The Laurent series for f at z = tg has the form

f(z) = Beslistol oy

8.23
p— (8:23)
where g is analytic at z = ty. Using the parametrization of C, and Equation (8.23), we get

s ire“g

#(2) dz = Res[f, 1) / = df +ir / g(to + rei?)e do
Cr 0 rez 0

™
= imRes[f, to] + ir/ g(to +rei?)e?ds. (8.24)
0
Since g is continuous at tg, there is an M > 0 so that |g(tg + re®)| < M, and
lim ir/ g(to + rew)ewdﬂl <limr [ Mdf=limroM =0.
r—0 0 r—0 0 r—0
Combining this inequality with Equation (8.24) gives the desired result. O

We are now ready to prove Theorems 8.5 and 8.6:

Proof of Theorems 8.5 and 8.6.
Since f has only a finite number of poles, we can choose r small enough that the semicircles
Cj:z:tj+rei9, for 0<O0<7m and j=1,2,...,1

are disjoint and the poles z1, 232, ..., z; of f in the upper half-plane lie above them, as shown

in Figure 8.6.

22
-1 23

Figure 8.6: The poles t1, to, ..

lie above the semicircles Cy, Co, ..

Lk
_C2

153

., t; of f that lie on the z- axis and the poles z1, zo, ...

'7Cl

21

4 4 R

21, that

Let R be large enough so that the poles of f in the upper half-plane lie under the semicircle
Cr:z= Re" for0 < <, and the poles of f on the z-axis lie in the interval —R < z < R. Let
C be the simple closed positively oriented contour that consists of Cg and —C4, —Cs, ..., —C;
and the segments of the real axis that lie between the semicircles shown in Figure 8.6. The

k
residue theorem gives [, f(z)dz = 2mi Y Res[f, 2], which we rewrite as
j=1

k l
. f(z)de = 2mj§::1Res[f, z;] + jz::l/cj f(z)dz — o f(z)dz, (8.25)
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where I is the portion of the interval —R < x < R that lies outside the intervals (t; —r,t; + 1)
for j =1,2,...,1. Using the same techniques that we used in Theorems 8.3 and 8.4 ylelds

lim f(z)dz=0. (8.26)

R—o0 Cr

If we let R — oo and r — 0 in Equation (8.25) and use the results of Equation (8.26) and
Lemma 8.2, we obtain

00 k l
P.V. / f(x)dx = QWiZRes[f, 2] +7TiZRes[f, tj]. (8.27)
- j=1 j=1

If f is the function given in Theorem 8.5, then Equation (8.27) becomes Equation (8.20). If f
is the function given in Theorem 8.6, then equating the real and imaginary parts of Equation
(8.27) results in Equations (8.21) and (8.22), respectively, which completes the proof. O

Exercises for Section 8.5 (Selected answers or hints are on page 451.)

Use residues to compute the following integrals:

1. PV. [* dz.

1
oo z(z—1)(x—2)

2. P.V. [ da.

oo x3+a:

dz.

3. PV. [~

o0 cc3+1

4. PV. [ dz.

oo :):3+1

5. P.V. ffooo jf_l dx.

6. P.V. f dzx.

o0 a:6 1
7. PV, [0 SRE gy,

8. P.V. [ 952 gy

00 22—1

9. P.V. [ _sinz gy

oo z(m2—x2)

10. P.V. [ g2 gy

0o T2 —4x2

1L PV. [0 e dy.

12. P.V. [ _geose gy,

13. P.V. [ sz _ gy

oo z(1—x2)

14. P.V. [ o2 gy

a

15. PV. [* Sl?g# dz. Hint: Use trigonometric identity sin?z = § — 1 cos 2.
16. P.V. fo 3+1 dx. Hint: Use the contour C' = L1 + Cr — Lo shown in Figure 8.7

17. P.V. fo dx. Hint: Use the contour C' = Ly + Cr — Ly shown in Figure 8.7

:):3+1

267



Re't, —
Cr

T
R Ly R

Figure 8.7: The contour C' = Ly + C, — Lo for Exercises 16 and 17

8.6 Integrands with Branch Points

We now show how to evaluate certain improper real integrals involving the integrand :cag(—j)).

The complex function z is multivalued, so we must first specify the branch to be used.

Let a be a real number with 0 < o < 1. In this section we use the branch of z* corresponding
to the branch of the logarithm log, (see Equation (5.20)) as follows:

S0 — ea[logo(z)] _ ea(ln\z|+iarg0 z) _ ea(lnr-‘ria) _ Ta(COS af + isin 049) (8.28)

where z = re?® # 0 and 0 < 6 < 27. Note that this is not the traditional principal branch of z¢
and that, as defined, the function 2 is analytic in the domain {re? : r >0, 0 < 6 < 27}.

Theorem 8.7. Let P and Q) be polynomials of degree m and n, respectively, where n(Z) m+ 2.
2%P(z

If Q(x) # 0, for x > 0, Q has a zero of order at most 1 at the origin, and f(z) = aG) where
0<a<l, then

. k
© x*P(x) 271
P.V. / dr = ——— Res|f, z4],

0 Q) 1—em27rj; f: 2]

where z1, z2, ..., 21 are the nonzero poles of g.

Proof. Let C' denote the simple closed positively oriented contour that consists of the portions
of the circles C,.(0) and Cr(0) and the horizontal segments joining them, per Figure 8.8.

We select a small value of » and a large value of R so that the nonzero poles z1, 2o, ..., zi of

g lie inside C. Using the residue theorem, we write

k
/C f(z)dz = 2mi ZRes[f, z;]. (8.29)
j=1

If we let r — 0 in Equation (8.29), the integrand f(z) on the upper horizontal line of Figure 8.8

approaches zglig)’ where x is a real number; however, because of the branch we chose for z¢

(see Equation 8.28), the integrand f(z) on the lower horizontal line approaches %(m)

Therefore

) B R I‘aP(l’) 0 xaeia%rp(x)
i [ s@rae= [ e s [0

It is here that we need the function () to have a zero of order at most 1 at the origin. Otherwise,
the first two integrals on the right side of Equation (8.30) would not necessarily converge.

dx + / f(z)dz. (8.30)
C(0)
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23
2

\
\

Zp-2

L—1

Y

Figure 8.8: Contour C' encloses the nonzero poles z, 23, ..., 2} of g

Combining this result with Equation (8.29) gives

k

R .TQP((L’) R xaeia%rp(x) B ‘ ‘
; @) dx —/0 de = 27mZRes[f, z] — /Cj.g(o) f(z)dz,

j=1

SO

(/OR x;ig) dx> (1 — efam) = 27rijzk;Res[f, z] — /C;(O) f(z)dz,

which we rewrite as

R . k
z*P(x) 27i 1 /
dr = ———— ) Res|f,z;]] — ——= f(z)dz. 8.31
/(; Q(x) 1-— ezoc?ﬂ' jzz:l [ J] 1-— GZQQW C; (0) ( ( )
Using the ML inequality (Theorem 6.3) gives

lim f(z)dz=0. 8.32
dm [ 1G) (832)

The argument is essentially the same as that used to establish Equation (8.11), and we omit
the details. If we combine Equations (8.31) and (8.32) and let R — oo, we arrive at the desired

result. O
Example 8.23. Evaluate P.V. [® x(;’iil) dx, where 0 < a < 1.

Solution:

The function f(z) = z(zZiil) has a nonzero pole at the point —1, and the denominator has a zero

of order at most 1 (in fact, exactly 1) at the origin. Using Theorem 8.7, we compute
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B A 2mi
L de=—"""_R
/0 z(r+1) 1 — eta2m sl ~1]

211 egtam
= 1— eiaQﬂ' _71

e
2
T

sinam’
We can apply the preceding ideas to other multivalued functions.

Example 8.24. Evaluate P.V. [® x%’:_fﬂ dz, where a > 0.

Solution:

lo,
We use the function f(z) = i

ST 2. Recall that
log,% z=1In|z| tiarg nz= Inr + 6,

where z = re'® # 0 and -5 <0< 37” The path C of integration will consist of the segments
[~R, —7] and [r, R] of the z-axis together with the upper semicircles C, : z = re? and Cg : z =
Re“g, for 0 < 6 <, as shown in Figure 8.9.

y
A
CR
C
ia
-C,
- — > X
_R —-r | r R
. . log_=nz
Figure 8.9: The contour C for the integrand f(z) = e

We chose the branch log,% because it is analytic on C and its interior, hence so is the

function f. This choice enables us to apply the residue theorem properly (see the hypotheses
of Theorem 8.1), and we get

1 2
/ f(2)dz = 2miRes|f, ai] = Tha + zﬂ—
c a 2a

Keeping in mind the branch of logarithm that we’re using, we then have

/f )dz = __Tf da:+/ = dz—i—/f Ddat [ f)dz

"ln |x| + i
:/R i dx +/ f(z)dz

R
1
+/ &le‘—k f(z)dz
r Cr

24 a
mlna 72

= j—. 8.33
a +Z2a ( )
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If R? > a2, then by the ML inequality (Theorem 6.3)

ln R + ’59 0
. f(z)dz| = ‘/ 2 1 g2 siRe” df
R(In R + 7r)
<R
and L’Hoépital’s rule yields hm fC z)rdz = 0. Engaging in a similar computation shows

that hm+ [. f(z)dz=0. We use these results when we take limits Equations (8.33) to get
r—0 "

. (/0 1n|2$|+;'7rdx+/oo 21nx2da;):ﬂlna+iﬂ2.
oo T+ a 0o T+a a 2a

Equating the real parts in this equation gives

Inx mlna
P.V. = .
/ x2—|—a2 2a

Remark 8.3. The theory of this section is not purely esoteric. Many applications of contour
integrals surface in government and industry worldwide. Several years ago, for example, a
briefing was given at the Korean Institute for Defense Analysis (KIDA) in which a sophisticated
problem was analyzed by means of a contour integral whose path of integration was virtually
identical to that given in Figure 8.8.

Exercises for Section 8.6 (Selected answers or hints are on page 451.)

Use residues to compute the following integrals.

1. P.V. fo %(H—x) dx.
2 PV [ .
3. P.V. fo 1+x > dx.

4. PV. [§7 5 ﬂgdac

5. P.V. [[° In( 3§++11) dr.  Hint: Use the integrand f(z) = logéﬁz).

6. P.V. 0¥ g%y da.

7. PV. [X ;;;g dz.

8. P.V. [;° xéfﬁ da.

Inx
9. fo 2+22

10. Carry out the following computations:

1
(a) For f(z) = #‘11), show that Res[f, —1] = —3 —

[\o}
[\o}
S
.
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

(b) Use part (a) and o = % to verify the computation g mz,r Res[f, —1] = %ﬁw,

dex = 27\3/571'? Justify your answer.

(¢) Can you conclude that P.V. [® m

Carry out the following computations:

4
(a) For f(z) = Z+1, show that Res[f, —1] = —1 — ?l
(b) Use part (a) and o = 3 to verify the computation 7 2’{;% Res[f, —1] = %ﬁﬂ-

(¢) Can you conclude that P.V. fo o dx = 2\[777 Justify your answer.

T+1
P.V. fO 7$2(ac+1)2 dx.
P.V. [° 7% e dz.

P.V. fo x+12dm

P.V. foo 23 dz.

2241
0o 3 1 o 23
P.V. fO $x2f1m dr and P.V. f $§+1 1
Hint: Use the complex integrand f(z) = Z;Lif%z.

P.V. [* lnﬁff) dx, where 0 <a < 1.

P.V. [° (:cligﬂ dx, where a > 0.
P.V. ffooo % dx.  Hint: Use the integrand f(z) = e’(pzﬁ and the contour C' in Figure
8.8. Let r - 0 and R — oo.

PV. [* S‘g# dz . Hint: Use the integrand f(z) = 1_6);7%@22) and the contour C in
Figure 8.8. Let » — 0 and R — oo.

The Fresnel integrals [ cos(2?)dz and [;°sin(z?) dz are important in the study of

optics. Use the integrand f(z) = exp(—z?) and the contour C' shown in Figure 8.10,

and let R — oo to get the value of these integrals. Use the fact from calculus that
o] ,xQd _ T

Jo e dx = /3.

\

— —> X
R

Figure 8.10: For Exercise 21
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8.7 The Argument Principle and Rouché’s Theorem

We now derive two results based on Cauchy ’s residue theorem. They have important practical
applications and pertain only to functions all of whose isolated singularities are poles.

Definition 8.3 (Meromorphic function). A function f is said to be meromorphic in a domain
D provided the only singularities of f are isolated poles and removable singularities.

We make three important observations relating to this definition.

e Analytic functions are a special case of meromorphic functions.

e Rational functions f(z) = ggi)’ where P(z) and Q(z) are polynomials, are meromorphic

in the entire complex plane.

—

e By definition, meromorphic functions have no essential singularities.

Suppose that f is analytic at each point on a simple closed contour C and f is meromorphic
in the domain that is the interior of C'. We assert without proof that Theorem 7.13 can be
extended to meromorphic functions so that f has at most a finite number of zeros that lie inside
C'. Since the function g(z) = ﬁ is also meromorphic, it can have only a finite number of zeros
inside C, and so f can have at most a finite number of poles that lie inside C.

The following theorem, known as the argument principle, is useful in determining the number
of zeros and poles that a function has.

Theorem 8.8 (argument principle). Suppose that f is meromorphic in the simply connected
domain D and that C' is a simple closed positively oriented contour in D such that f has no
zeros or poles for z € C. Then

1 [ f(z)
2mi Jo f(z)

where Zy is the number of zeros of f that lie inside C' and Py is the number of poles of f that
lie inside C'.

dz = Zy — Py, (8.34)

Proof. Let ay, ag, ..., az, be the zeros of f inside C' counted according to multiplicity and let
b, b2, ..., bp, be the poles of f inside C' counted according to multiplicity. Then f(2) has the
representation

(z—a1)(z—a2) - (2 —agz,)
(z = b1)(z —b2) - (2 — bp,) g(2),

where ¢ is analytic and nonzero on C and inside C. A standard calculation shows that

f(z) =

fle)_ 1 T S
o) " Gma  Gmw) T Graz)
S S S S 1)
(z=b1) (2—b2) C—bp)  g(2) (8.35)

Corollary 6.1 then gives

d
/Z:2m', for j7=1,2,...,Z;, and
c (z—aj)

d
/Z—zm', for k=1,2,..., P
o (z—b)
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The function % is analytic inside and on C, so the Cauchy-Goursat theorem gives [, c ggl((zz)) dz =

0. These facts lead to the conclusion of our theorem if we integrate both sides of Equation (8.35)
over C. O

Corollary 8.1. Suppose that f is analytic in the simply connected domain D. Let C be a
simple closed positively oriented contour in D such that for z € C, f(z) # 0. Then

oy
2 Jo 1) T

where Zy is the number of zeros of f that lie inside C.

Remark 8.4. Certain feedback control systems in engineering must be stable. A test for stability
involves the function G(z) = 1+ F(z), where F is a rational function. If G does not have any
zeros in the region {z : Re(z) > 0}, then the system is stable. We determine the number of

zeros of G by writing F(z) = %, where P and @Q are polynomials with no common zero.
Then G(z) = %, and we can check for the zeros of Q(z) + P(z) by using Theorem 8.8.

We select a value R so that G(z) # 0 for {z : |z| > R} and then integrate along the contour
consisting of the right half of the circle Cr(0) and the line segment between iR and —iR. This
method is known as the Nyquist stability criterion.

Why do we label Theorem 8.8 as the argument principle? The answer lies with a fascinating
application known as the winding number. Recall that a branch of the logarithm function,
log,,, is defined by

log, z =1In|z| +iarg, z = Inr +ig,

where z = 7¢’® # 0 and o < ¢ < a + 27. Loosely speaking, suppose that for some branch of
the logarithm, the composite function log, (f(z)) were analytic in a simply connected domain
D containing the contour C. This would imply that log,, ( f(z )) is an antiderivative of the

function f/(( )) for all z € D. Theorems 6.9 and 8.8 would then tell us that, as z winds around
the curve C, the quantity log,(f(2)) = In|f(2)| + iarg, f(z) would change by 2mi(Z; — Py).
Since 2mi(Zy — Py) is purely imaginary, this result tells us that arg, f(z ) would change by
2n(Zy — Py) radians. In other words, as z winds around C, the integral 27” fc f dz would
count how many times the curve f(C) winds around the origin.

Unfortunately, we can’t always claim that log, ( f (z)) is an antiderivative of the function

f((z)) for all z € D. If it were, the Cauchy-Goursat theorem would 1mply that 2m f() L (Z dz = 0.
(2)

Nevertheless, the heuristics that we gave—indicating that % f el (Z) dz counts how many times

the curve f(C) winds around the origin—still hold true, as we now demonstrate.

Suppose that C : z(t) = z(t) + iy(t) for a < t < b is a simple closed contour and that we
let a =ty <t <--- <t, =Dbbe a partition of the interval [a,b]. For k = 0,1,...,n, we let
2 = z(tx) denote the corresponding points on C, where zy = z,. If z* lies inside C, then the
curve C' : z(t) winds around z* once as t goes from a to b, as shown in Figure 8.10.

Now suppose that a function f is analytic at each point on C' and meromorphic inside C.
Then f(C) is a closed curve in the w plane that passes through the points wy = f(zx), for
k=0,1,...,n, where wy = wy,. We can choose subintervals [t;_1, ;] small enough so that, on
the portion of f(C) between wy_; and wy, we can define a continuous branch of the logarithm

log,, w = In|w| +iarg,, w=Inp+igp,
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where w = pe’® and oy, < ¢ < oy, + 27, as shown in Figure 8.11. Then

Iogak f(Zk) - logak f(zk—l) =1In Pk — In Pk—1 + ZA¢/€5

where A¢y = ¢ — ¢r—1 measures in radians the amount that the portion of the curve f(C)
between wy and wg_1 winds around the origin. With small enough subintervals [t;_1, k], the
angles a1 and oy might be different, but the values arg,,  wi—1 and arg,, wg—; will be the
same, so that log,, w1 = log,, wi_1.

y
4

0=73
Z 0 n

21

&
23 z

_—

-1

Figure 8.11: The points z; on the contour C' that winds around z*

We can now show why [ f( ) dz counts the number of times that f (C) winds around

the origin. We parametrize C : ( ), for a <t < b, and choose the appropriate branches of
log,, w,giving

INONS

Z/ (Z(t 2 (1) dt
- Zn: (logak [ )] —log,, [f(z(tk—l))D

= > (log,, wi —log,, wi_1).

which we rewrite as

f > npr —Inpe_y +ZZA¢1<: (8.36)
k=1 k=1

When we use the fact that pg = p,,, the first summation in Equation (8.36) vanishes. The
summation of the quantities A¢y, expresses the accumulated radian measure of f(C') around the
origin. Therefore, when we divide both sides of Equation (8.36) by 27, its right side becomes
an integer (by Theorem 8.8) that must count the number of times f(C') winds around the origin.

Example 8.25. The image of the circle C3(0) under f(z) = z? + z is the curve given by
{(z,y) = (4cos2t + 2cost,4sin2t + 2sint) : 0 < t < 27} shown in Figure 8.12.
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Wo=Ww,

w3

Wy

Figure 8.12: The image curve f(C2(0)) under f(z) = 2%+ z

Note that the image curve f (CQ(O)) winds twice around the origin. We check this by
computing ﬁ fC; ) % dz = ﬁ fc; ) if—iidz. The residues of the integrand are at 0 and
—1. Thus

1 2 1 2 1 2 1
-— §+ dz:Res[j—'—,O]—l—Res[;—i_ ,—1]
2mi cF(o) 27+ 2 ze+z ze+z
=141
=2

Finally, we note that if g(z) = f(z) —a, then g'(z) = f(z), and thus we can generalize what
we’ve just said to compute how many times the curve f(C') winds around the point a. Theorem
8.9 summarizes our discussion.

Theorem 8.9 (winding numbers). Suppose that f is meromorphic in the simply connected
domain D. If C is a simple closed positively oriented contour in D such that for z € C,

f(2) #0 and f(z) # oo, then
W(f(C),a) = eri/cvmdz’

known as the winding number of f(C) about a, counts the number of times the curve f(C)
winds around the point a. If a = 0, the integral counts the number of times the curve f(C)
winds around the origin.

Remark 8.5. Letting f(z) = z in Theorem 8.9 gives

W(C,a) = 1/ 1 ds — {17 if a is inside C, or
C

21 Joz—a 0, if a is outside C,
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which counts the number of times the curve C winds around the point a. If C is not a simple
closed curve, but crosses itself perhaps several times, we can show (but omit the proof) that
W(C,a) still gives the number of times the curve C winds around the point a. Thus winding
number is indeed an appropriate term.

We close this section with a result that will help us gain information about the location of
the zeros and poles of meromorphic functions.

Theorem 8.10 (Rouché’s theorem). Suppose that f and g are meromorphic functions defined
in the simply connected domain D, that C is a simply closed contour in D, and that f and g
have no zeros or poles for z € C. If the strict inequality |f(z) + g(2)| < |f(2)| 4+ |g9(2)| holds for
all z € C, then Zy — Py = Zy — P,.

Proof. Because g has no zeros or poles on C, we may legitimately divide both sides of the
inequality [f(2) + g(z)| < [f(2)] + [g(2)| by [g(z)| to get

FERR NP

For z € C, g 8 cannot possibly be zero or any positive real number, as that would contradict

+1, forall zeC. (8.37)

Inequality 8.37. This means that C*, the image of the curve C' under the mapping 5, does not
contain the interval [0, 00), and so the function defined by

w(e) = 1oy (1) = ‘;‘8‘ wiangy (5) =mur o

where 5 ((2 = re® £ 0 and 0 < ¢ < 2, is analytic in a simply connected domain D* that

f'(z) _9'(2)

fz) g(z)”

1)) is an antiderivative of J}/((ZZ)) -4 l((zz)), for all z € D*. Since C* is a closed
9

9(z)
curve in D*, Theorem 6.9 gives [. (J; '((ZZ)) g’( (Z ))> dz = 0. According to Theorem 8.8 then,

contains C*. We calculate

w'(z) =

so w(z) = logg(

L@, [ e

omi Jor f(2) 270 Jou g(2)

dz=(Zy — Py) — (Zy — Py) = 0,

which completes the proof. O

Corollary 8.2. Suppose that f and g are analytic functions defined in the simply connected
domain D, that C is a simple closed contour in D, and that f and g have no zeros for z € C.
If the strict inequality | f(2) + g(2)| < |f(2)| + |g9(2)| holds for all z € C, then Zy = Z,.

Remark 8.6. Theorem 8.10 is usually stated with the requirement that f and g satisfy the
condition |f(z) + g(2)| < |g(2)|, for z € C. The improved theorem that we gave was discovered
by Irving Glicksberg (see the American Mathematical Monthly, 83 (1976), pp. 186-187). The
weaker version is adequate for most purposes, however, as the following examples illustrate.

Example 8.26. Show that all four zeros of the polynomial g(z) = z* — 7z — 1 lie in the disk
Dy(0) ={z: |z < 2}.
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Solution:
Let f(z) = —z* Then f(2) + g(z) = —7z — 1, and at points on the circle C3(0) = {z : |z| = 2}
we have the relation

f(2) +9(2) < | =Tz + [ -1 =T7(2) + 1 <16 = [f(2)]

Of course, if |f(z) + g(z)| < |f(z)], then as we indicated in Remark 8.5 we certainly have
If(2)+9(2)| <|f(2)] + |g9(=)|, so that the conditions for applying Corollary 8.2 are satisfied on
the circle C5(0). The function f has a zero of order 4 at the origin, so g must have four zeros
inside D5 (0).

Example 8.27. Show that the polynomial g(z) = 2* — 7z — 1 has one zero in the disk D;(0).

Solution:
Let f(z) = 7z +1, then f(2) + g(z) = z%. At points on the circle C1(0) = {2 : |z] = 1} we have
the relation

1f(2) +9(2) =" =1 <6 =7 = [1] < |72 + 1| = | f(2)]-

The function f has one zero at the point —= in the disk D;(0), and the hypotheses of Corollary
8.2 hold on the circle C;(0). Therefore g has one zero inside D;(0).

Exercises for Section 8.7 (Selected answers or hints are on page 452.)

1. Let f(z) = 2z° — z. Find the number of times the image f(C) winds around the origin if

(a) C'=CL(0).

(b) C is the rectangle with vertices &3 + 3i.
(c) €= C5(0).

(d) €= Cras().

2. Show that four of the five roots of the equation z° + 152 + 1 = 0 belong to the annulus
A(0,3,2) ={z:3 < |z| < 2}.
3. Let g(z) = 2° + 4z — 15.

(a) Show that there are no zeros in Dj(0).

(b) Show that there are five zeros in D3(0).
Hint: Consider f(z) = —2°.
Remark: A factorization of the polynomial using numerical approximations for the
coeflicients is

(2 — 1.546) (2% — 1.340z + 2.857)(2* + 2.8852 + 3.397).
4. Let g(z) = 23 + 92 + 27.

(a) Show that there are no zeros in Ds(0).

(b) Show that there are three zeros in D4(0).
Remark: A factorization of the polynomial using numerical approximations for the

coefficients is
(z + 2. 047)(z —2.047z + 13.19).
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10.

. Let g(2) = 2° + 622 + 22 + 1.

(a) Show that there are two zeros in D;(0).
(b) Show that there are five zeros in D3(0).

. Let g(z) = 25 — 524 4 10.

(a) Show that there are no zeros in |z| < 1.
(b) Show that there are four zeros in |z| < 2.

(c) Show that there are six zeros in |z| < 3.
Let g(z) = 323 — 2622 4 iz — 7.

(a) Show that there are no zeros in |z| < 1.

(b) Show that there are three zeros in |z| < 2.

. Use Rouché’s theorem to prove the fundamental theorem of algebra. Hint: For the

polynomial g(z) = ap + a1z + -+ + ap_12""1 + a,2", let f(z) = —a,2". Show that, for
points z on the circle Cr(0),

f(z) +9(2)
f(2)

and conclude that the right side of this inequality is less than 1 when R is large.

lao| + [a1] + - - + |an—1]
lan|R ’

| | <

. Suppose that h(z) is analytic and nonzero and |h(z)| < 1 for z € D1(0). Prove that the

function g(z) = h(z) — 2™ has n zeros inside the unit circle C;(0).

Suppose that f(z) is analytic inside and on the simple closed contour C. If f(z) is a
one-to-one function at points z on C, then prove that f(z) is one-to-one inside C. Hint:
Consider the image of C.
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Chapter 9

Conformal Mapping

Overview

The terminology “conformal mapping” should have a familiar sound. In 1569 the Flemish car-
tographer Gerardus Mercator (1512-1594) devised a cylindrical map projection that preserves
angles. The Mercator projection is still used today for world maps. Another map projection
known to the ancient Greeks is the stereographic projection. It is also conformal (i.e., angle
preserving), and we introduced it in Chapter 2 when we defined the Riemann sphere. In com-
plex analysis a function preserves angles if and only if it is analytic or anti-analytic (i.e., the
conjugate of an analytic function). A significant result, known as Riemann mapping theorem,
states that any simply connected domain (other than the entire complex plane) can be mapped
conformally onto the unit disk.

9.1 Basic Properties of Conformal Mappings

Let f be an analytic function in the domain D and let 2y be a point in D. If f'(z) # 0, then
we can express f in the form

f(2) = f(z0) + f'(20)(z = 20) + 1(2) (2 = 20), (9-1)

where 7n(z) — 0 as z — zp. If z is near zp, then the transformation w = f(z) has the linear
approximation

S(z) = A+ B(z — z) = Bz + A — Bz,

where A = f(z9) and B = f'(29). Because n(z) — 0 when z — 2z, for points near zy the
transformation w = f(z) has an effect much like the linear mapping w = S(z). The effect of
the linear mapping S is a rotation of the plane through the angle o = Argf’(z), followed by
a magnification by the factor |f’(z0)|, followed by a rigid translation by the vector A — Bz.
Consequently, the mapping w = S(z) preserves the angles at the point zp. We now show that
the mapping w = f(z) also preserves angles at 2.

Let C : z(t) = x(t) +iy(t), —1 <t < 1 denote a smooth curve that passes through the point
z(0) = z9. A vector T tangent to C' at the point zj is given by

T = 2'(0),

where the complex number z/(0) is expressed as a vector.
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The angle of inclination of T with respect to the positive z-axis is
B = Argz'(0).

The image of C' under the mapping w = f(z) is the curve K given by the formula K : w(t) =
u(z(t),y(t)) +iv(x(t),y(t)). We can use the chain rule to show that a vector T* tangent to K
at the point wy = f(z9) is given by

T* = w'(0) = f'(20)2'(0).

The angle of inclination of T* with respect to the positive u-axis is
v = Arg f'(20) + Argz'(0) = a + 3, (9.2)

where a = Arg f’(zg9). Therefore the effect of the transformation w = f(z) is to rotate the
angle of inclination of the tangent vector T at zg through the angle o = Arg f’(zy) to obtain
the angle of inclination of the tangent vector T*at wy. This situation is illustrated in Figure
9.1.

A A T

/_y\=a+/3

%0 \ fzp) =wy

Figure 9.1: Tangents at the points zp and wg, where f’(29) # 0

A mapping w = f(z) is said to be angle preserving, or conformal at z, if it preserves angles
between oriented curves in magnitude as well as in orientation. Theorem 9.1 shows where a
mapping by an analytic function is conformal.

Theorem 9.1. Let f be an analytic function in the domain D, and let zg be a point in D. If
f'(20) #0, then f is conformal at z.

Proof. We let C; and C5 be two smooth curves passing through zy with tangents given by
T, and To, respectively. We let 51 and (2 denote the angles of inclination of T; and To,
respectively.

The image curves K and K» that pass through the point wy = f(2¢) have tangents denoted
T and T3, respectively. From Equation (9.2), the angles of inclination v and 2 of T and
T3 are related to 81 and (2 by the equations

v1=a+p1, and v =a+ [, (9.3)

where o = Arg f'(20). From Equations (9.3) we conclude that

Yo —m = B2 — Pi.
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A 4
C, T, Tl*
ﬁZ _Bl Kl £
T, C, w=[(2) ( wo =1 (20)
> Y2—"
20 \
T
X u

Figure 9.2: Angle preservation when f'(zp) # 0

The analytic mapping w = f(2) is conformal at the point 2z, where f’(zy) # 0 because the
angle v9 — 71 from Kj to Ky is the same in magnitude and orientation as the angle 8o — 51
from C; to Cy. This situation is shown in Figure 9.2.

Example 9.1. Show that the mapping w = f(z) = cosz is conformal at the points z; = 1,
z9 = 1, and 23 = m + 4, and determine the angle of rotation given by o = Argf’(z) at the given
points.

Solution:

Because f'(z) = —sinz, we conclude that the mapping w = cosz is conformal at all points
except z = nm, where n is an integer. Calculation reveals that

f'(i) = —sin(i) = —isinh 1,
f'(1) = —sin1, and
f/(m+1i) = —sin(r +14) = isinh 1.

Therefore the angles of rotation are given, respectively, by
T

a1 = Arg(f’(i)) = Ty
ag =Arg(f'(1)) =n, and
ag = Arg(f'(m+1)) = g

Let f be a nonconstant analytic function. If f'(z9) = 0, then zy is called a critical point of
f, and the mapping w = f(z) is not conformal at zyp. Theorem 9.2 shows what happens at a
critical point.

Theorem 9.2. Let f be analytic at zg. If f'(20) = 0,..., f# D (29) = 0 and f*) () # 0, then
the mapping w = f(z) magnifies angles at the vertex zo by a factor k.

Proof. Since f is analytic at zg, it has a Taylor series expansion. Because a,, = f(i)l('zo) =0,
forn =1, 2,..., k — 1, the series representation for f is '
F(2) = f(20) + an(z — 20)" + a1 (z — 20) T 4+ (9.4)
From Equation (9.4) we conclude that
f(2) = f(z0) = (2 — 20)*g(2), (9-5)
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where ¢ is analytic at zp and g(zp) = ax # 0. Consequently, if w = f(z) and wg = f(20), then
using Equation (9.5) we obtain

arg(w — wo) = Arg[f(z) — f(20)] = kArg(z — 20) + Argg(2)]. (9.6)
If C is a smooth curve that passes through zy and z — zp along C, then w — wq along the

image curve K. The angle of inclination of the tangents T to C' and T* to K, respectively, are
then given by the following limits:

g = lim Arg(z — 29) and ~ =lim_w — wy Arg(w — wy). (9.7)

Z—20
From Equations (9.6) and (9.7) it follows that
7= lim (kArg(z — 20) + Arglg()]) = kB + (9.5)
z—20

where § = Argg(z0)] = Arg(ag).

If C1 and Cs are two smooth curves that pass through 2y, and K; and Ky are their images,
then from Equation (9.8) it follows that

Ay =y —71 = k(B2 — p1) = kAB.

That is, the angle Ay from K; to K» is k times as large as the angle A from Cy to Cs.
Therefore angles at the vertex zy are magnified by the factor k. This situation is shown in

Figure 9.3. O
y v
A T A
N
G, 2 T T, K
AB 1
G
=f@ =/ ()
w=f(z Ay =kAB wo =S (2o
20 \
T/ /k,
> X > U

Figure 9.3: The analytic mapping w = f(z) at point zy expands angles by a factor of k when
f'(20) = 0,..., f* D (2) = 0, and f*)(z) #0

Example 9.2. Show that the mapping w = f(z) = 22 maps the unit square S = {z +iy:0 <
x <1, 0 <y < 1} onto the region in the upper half-plane Im(w) > 0, which lies under the
parabolas
1 1
=1- 7 d u=—-1+=v?
U 41} , and wu + 41) ,

as shown in Figure 9.4.

Solution:

The derivative is f’(z) = 2z, and we conclude that the mapping w = 22 is conformal for all

z # 0. Note that the right angles at the vertices z;1 = 1, z0 = 1+1, and z3 = 7 are mapped onto
right angles at the vertices w1 = 1, wo = 2¢, and w3 = —1, respectively. At the point zg = 0, we
have f/(0) = 0 and f”(0) # 0. Hence angles at the vertex zp = 0 are magnified by the factor
k = 2. In particular, the right angle at zg = 0 is mapped onto the straight angle at wy = 0.
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wy =2i

y w=2z2
—_—
=i =1+
— —> x - —> u
720=0 7 =1 wy =-1 wo=0 wy =1

Figure 9.4: The mapping w = 22

Another property of a conformal mapping w = f(z) is obtained by considering the modulus
of f'(20) . If 21 is near 2y, we can use Equation (9.1) and neglect the term 7(21)(21 — z09). We
then have the approximation

w1 —wo = f(z21) = f(20) = f'(20)(21 — 20)- (9.9)

From Equation (9.9), the distance |w; — wp| between the images of the points z; and zg is
given approximately by |f’(z0)||z1 — 20|- Therefore we say that the transformation w = f(z)
changes small distances near zo by the scale factor |f’(z9)|. For example, the scale factor of
the transformation w = f(z) = 22 near the point z9 = 1+ is [f'(1 + )| = [2(1 +1)| = 2V/2.

We also need to say a few things about the inverse transformation z = g(w) of a conformal
mapping w = f(z) near a point 2y , where f’(z9) # 0. A complete justification of the following
assertions relies on theorems studied in advanced calculus.! We express the mapping w = f(z)
in the coordinate form

u=u(z,y), and v=uv(z,y). (9.10)

The mapping in Equations (9.10) represents a transformation from the xy plane into the
uv plane, and the Jacobian determinant, J(x,y), is defined by

J(:L',y) _ ux(xvy) uy(xvy). (911)

The transformation in Equations (9.10) has a local inverse, provided J(x,y) # 0. Expanding
Equation (9.11) and using the Cauchy-Riemann equations, we obtain

J (20, yo) = e (0, Yo)vy (0, y0) — va(z0, Yo)uy(z0, yo)
= u2(z0,90) + v2(20, Y0) (9.12)
=|f'(20)" #0.

1See, for instance, R. Creighton Buck, Advanced Calculus, 3rd ed. (New York, McGraw-Hill), pp. 358—361,
1978.
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Consequently, Equations (9.11) and (9.12) imply that a local inverse z = g(w) exists in a
neighborhood of the point wg. The derivative of g at wq is given by the familiar expression

g/(wo) — lim g(U]) - g(wO)
w—wo w — Wy

- lim — 2%
2=z f(2) = f(20)
1 1

~ f(z0)  f(g(wo))

Exercises for Section 9.1 (Selected answers or hints are on page 452.)

1.

State where the following mappings are conformal.

(a) w=expz
(b) w=sinz
(c) w=22+22
(d) w = exp(z? +1)
(e) w:é

z+1
() w=—"—

For Exercises 2-5, find the angle of rotation o = Arg(f’(z)) and the scale factor |f’(2)| of the
mapping w = f(z) at the indicated points.

10.

1
. W =172 COo8

1
. w = — at the points 1, 1 + ¢, and 1.
z

w = In7r + 16, where -3 < 0 < 37“ at the points 1, 1 + 4, ¢, and —1.

0

5+ i3 sin %, where —m < 0 < m, at the points ¢, 1, —i, and 3 + 4i.

. w = sinz at the points § +4, 0, and —5 + .

. Consider the mapping w = z2. If a # 0 and b # 0, show that the lines * = a and y = b

are mapped onto orthogonal parabolas.

Consider the mapping w = z%, where 22 denotes the principal branch of the square root
function. If @ > 0 and b > 0, show that the lines x = a and y = b are mapped onto
orthogonal curves.

. Consider the mapping w = exp z. Show that the lines x = a and y = b are mapped onto

orthogonal curves.

For w = sin z show that the line segment —5 <z < 5, y = 0, and the vertical line x = a,
where |a| < T, are mapped onto orthogonal curves.

Consider the mapping w = Log z, where Log z denotes the principal branch of the log-
arithm function. Show that the positive x-axis and the vertical line x = 1 are mapped
onto orthogonal curves.
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11. If f is analytic at zp and f'(2¢) # 0, show that the function g(z) = f(z) preserves the
magnitude, but reverses the sense, of angles at z.

12. If w = f(z) is a mapping, where f(z) is not analytic, then what behavior would you
expect regarding the angles between curves?

9.2 Bilinear Transformations

Another important class of elementary mappings was studied by Augustus Ferdinand Mobius
(1790-1868). These mappings are conveniently expressed as the quotient of two linear expres-
sions. They arise naturally in mapping problems involving the function Arctan(z). In this
section, we show how they are used to map a disk one-to-one and onto a half-plane.

If we let a, b, ¢, and d denote four complex constants with the restriction that ad # bc, then
the function h
az

w=_8(z)= 1 d

is called a bilinear transformation, a Mdbius transformation, or a linear fractional

transformation. If the expression for S in Equation (9.13) is multiplied by the quantity

cz + d, then the resulting expression has the bilinear form cwz — az + dw — b = 0. We collect

terms involving z and write z(cw — a) = —dw + b. Then, for values of w # %, the inverse
transformation is given by

(9.13)

_ —dw+b

cw—a

z=S"1(w) (9.14)

We can extend S and S~! to mappings in the extended complex plane. The value S(co)
should equal the limit of S(z) as z — co. Therefore we define

b
S(00) = lim S(z) = lim ots g,

Z—00 z2—00 ¢+ d C
z

and the inverse is S~!(%) = co. Similarly, the value S~*(c0) is obtained by

—d+ Lt _
S oo) = lim S7'(w)= lim ;aw = —d,
W—00 w—oo ¢ — & c

and the inverse is S (_—cd) = oo. With these extensions we conclude that the transformation
w = S(z) is a one-to-one mapping of the extended complex z plane onto the extended complex
w plane.

We now show that a bilinear transformation carries the class of circles and lines onto itself.
If S is an arbitrary bilinear transformation given by Equation (9.13) and ¢ = 0, then S reduces
to a linear transformation, which carries lines onto lines and circles onto circles. If ¢ # 0, then
we can write S in the form

-t s (ko)1)

The condition ad # bc precludes the possibility that S reduces to a constant. Equation
(9.15) indicates that S can be considered as a composition of functions. It is a linear mapping
& = cz + d, followed by the reciprocal transformation Z = %, followed by w = ¢ + @Z .
In Chapter 2 we showed that each function in this composition maps the class of circles and
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lines onto itself; it follows that the bilinear transformation S has this property. A half-plane
can be considered to be a family of parallel lines and a disk as a family of circles. Therefore
we conclude that a bilinear transformation maps the class of half-planes and disks onto itself.
Example 9.3 illustrates this idea.

i(1—2)

Example 9.3. Show that w = S(z) = maps the unit disk |z| < 1 one-to-one and onto

142
the upper half-plane Im(w) > 0.
Solution:
We first consider the unit circle C': |z| = 1, which forms the boundary of the disk and find its
—iz+1

image in the w plane. If we write S(z) = —%7*, then we see that a = —i, b = ic = 1, and
d = 1. Using Equation (9.14), we find that the inverse is given by
—d b - )
P () P i i (9.16)

cw—a w1

If |z| = 1, then Equation (9.16) implies that the images of points on the unit circle satisfy
the equation
|lw+1i| =] —w+ il (9.17)

Squaring both sides of Equation (9.17), we obtain u? 4 (1 +v)? = u? + (1 — v)?, which can
be simplified to yield v = 0, which is the equation of the u-axis in the w plane.

The circle C divides the z plane into two portions, and its image is the u-axis, which divides
the w plane into two portions. The image of the point z = 0 is w = S(0) = i, so we expect
that the interior of the circle C' is mapped onto the portion of the w plane that lies above the
u-axis. To show that this outcome is true, we let |z| < 1. Then Equation (9.16) implies that
the image values must satisfy the inequality | — w + i| < |w + 4|, which we write as

dy = |w— i < |w— (—i)| = do.

If we interpret d; as the distance from w to 7 and dy as the distance from w to —i, then a
geometric argument shows that the image point w must lie in the upper half-plane Im(w) > 0,
as shown in Figure 9.5. As S is one-to-one and onto in the extended complex plane, it follows
that S maps the disk onto the half-plane.

y
T13=i _
o 122 o
1+z2
—
Z()=0 22:1
- > x <---@----\--@------- o--->y
wy=0 wz=1
Z
lZ1=—l.
. . . _i(l-2)
Figure 9.5: The image of |2| < 1 under w = =y

The general formula for a bilinear transformation (Equation (9.13)) appears to involve four
independent coefficients: a, b, ¢, and d. But as S(z) # K, either a # 0 or ¢ # 0, we can express
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the transformation with three unknown coeflicients and write either

b az b

z4 2 b
S(z)=—%, or S(z)=-—F,
;‘l‘g Z+E

respectively. Doing so permits us to determine a unique a bilinear transformation if three
distinct image values S(z1) = wi, S(z2) = we, and S(z3) = ws are specified. To determine such
a mapping, we can conveniently use an implicit formula involving z and w.

Theorem 9.3 (The implicit formula). There exists a unique bilinear transformation that maps
three distinct points, z1, z2, and z3, onto three distinct points, wi, wo, and ws, respectively. An
implicit formula for the mapping is given by

<z—z1)(22—23):(w—w1)<w2—w3). (9.18)
Z — Z3 zZ9 — 21 w — w3 w9y — W1

Proof. We algebraically manipulate Equation (9.18) and solve for w in terms of z. The result
is an expression for w that has the form of Equation (9.13), where the coefficients a, b, ¢, and

d involve various combinations of the values z1, z9, 23, w1, we, and ws. The details are left as
an exercise.

If we set z = z; and w = w; in Equation (9.18), then both sides of the equation are zero,
showing that w; is the image of z;. If we set z = 29 and w = wy in Equation (9.18), then both
sides of the equation take on the value 1. Hence ws is the image of z5. Taking reciprocals, we
write Equation (9.18) in the form

Z — Z3 zZ9 — 21 _ w — w3 Wy — W1 (919)
zZ—2 29 — 23 w — w1 w2 — W3 . '

If we set z = z3 and w = w3 in Equation (9.19), then both sides of the equation are zero.
Therefore ws is the image of z3, and we have shown that the transformation has the required

properties. ]
Example 9.4. Construct the bilinear transformation w = S(z) that maps the points z; = —1,
zo = 1, and z3 = ¢ onto the points w; = —1, we = 0, and w3 = 1, respectively.

Solution:

We use the implicit formula (Equation (9.18)) and write
Z+1 1—4\ (w+1\/0-1\ w+1
z—iJ\1+i) \w-1J\04+1) —w+1

Expanding this equation, we obtain

I+dzw+(1—dw+ (1+i)z+ (1 —1)
=(-1+4+i)zw+ (=1 —Dw+ (1 —i)z+ (1 +1).

Then, collecting terms involving w and zw on the left results in
2w+ 2zw = 21 — 21z,
from which we obtain w(1 + z) = i(1 — z). Therefore the desired bilinear transformation is

i(1—2)

w=295(z)= T2
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Example 9.5. Find the bilinear transformation w = S(z) that maps the points z; = —2, 29 =
—1—1, and z3 = 0 onto w; = —1, we = 0, and w3 = 1, respectively.

Solution:

Again, we use the implicit formula and write

() () - () o)

Using the fact that _11__21 = %, we rewrite this equation as

z+2_1+w

iz l—w
We now expand the equation and obtain z + 2 — zw — 2w = iz + izw, which can be solved for
w in terms of z, giving the desired solution

(1—4)z+2
w=5(2) = (1+i)z+2

We let D be a region in the z plane that is bounded by either a circle or a straight line C.
We further let 21, zo, and z3 be three distinct points that lie on C' and have the property that
an observer moving along C' from z; to z3 through z, finds the region D to be on the left. If C
is a circle and D is the interior of C, then we say that C is positively oriented. Conversely, the
ordered triple (z1, 22, 23) uniquely determines a region that lies to the left of C'.

We let G be a region in the w plane that is bounded by either a circle of a straight line
K. We further let wy, wo, and ws be three distinct points that lie on K such that an observer
moving along K from w; to ws through ws finds the region G to be on the left. Because a
bilinear transformation is a conformal mapping that maps the class of circles and straight lines
onto itself, we can use the implicit formula to construct a bilinear transformation w = S(z)
that is a one-to-one mapping of D onto G.

Example 9.6. Show that the mapping

(1—i)z+2

w=5() = T2

maps the disk D : |z 4+ 1| < 1 onto the upper half-plane Im(w) > 0.

Solution:

For convenience, we choose the ordered triple z; = —2, 20 = —1 — ¢, and z3 = 0, which gives
the circle C': |z+1| = 1 a positive orientation and the disk D a left orientation. From Example
9.5, the corresponding image points are

w1 = S(Zl) = _17 w2 = S(ZQ) = 0, and w3 = 5(23) =1.

Because the ordered triple of points wi, we, and ws lie on the u-axis, it follows that the image
of circle C' is the u-axis. The points wi, ws, and ws give the upper half-plane G : Im(w) > 0 a
left orientation. Therefore w = S(z) maps the disk D onto the upper half-plane G. To check
our work, we choose a point zg that lies in D and find the half-plane in which its image, wo,
lies. The choice zp = —1 yields wy = S(—1) = i. Hence the upper half-plane is the correct
image. This situation is illustrated in Figure 9.6.
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< —x - —>u
71=-2 zp=—1 73=0 w;=-1 wy=0 wy=1

. _i _l
Zp=—1-1i

Figure 9.6: The bilinear mapping w = S(z) = (1 — i)z + 2](1 + i)z + 2]
Corollary 9.1. (The implicit formula with a point at infinity) In Equation 9.18, the point at
infinity can be introduced as one of the prescribed points in either the z plane or the w plane.

Proof:

Case 1 If z3 = 0o, then we can write % = 2> =1 and substitute this expression into
Equation (9.18) to obtain

zZ— 21 w — Wi w2 — W3
292 — 21 w — w3 w2 — W1 .
_ 4, Wa—w3 . w2—00
Case 2 If wg = oo, then we can write o ws = oo

into Equation (9.18) to obtain
(Z—Z1><2’2—23>: w—w1. (9.20)
Z — 23 Zo — 21 wy — w1

Equation (9.20) is sometimes used to map the crescent-shaped region that lies between the
tangent circles onto an infinite strip.

= 1 and substitute this expression

Example 9.7. Find the bilinear transformation that maps the crescent-shaped region that lies
inside the disk |z — 2| < 2 and outside the circle |z — 1| = 1 onto a horizontal strip.

Solution:

For convenience we choose 21 = 4, 20 = 2+ 24, and z3 = 0 and the image values w1 = 0, wy =1,
and w3 = oo, respectively. The ordered triple z1, z9, and z3 gives the circle |z —2| = 2 a positive
orientation and the disk |z — 2| < 2 has a left orientation. The image points wy, wy, and ws
all lie on the extended wu-axis, and they determine a left orientation for the upper half-plane
Im(w) > 0. Therefore we can use the second implicit formula given in Equation (9.20) to write

2—=4\(2+2i-0\ w-0

z—0)\2+2i—-4) 1-0’
which determines a mapping of the disk |z — 2| < 2 onto the upper half-plane Im(w) > 0. We
simplify the preceding equation to obtain the desired solution:

—iz + 41
. .

w=295(z2)=

A straightforward calculation shows that the points z4 = 1 —14, z5 = 2, and 2z = 1 + i are
mapped onto the points

wy=51—-1)=-2414, ws=585(2)=, and wsg=S5(1+1i)=2+1,
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respectively. The points wy, ws, and wg lie on the horizontal line Im(w) = 1 in the upper half-

plane. Therefore the crescent-shaped region is mapped onto the horizontal strip 0 < Im(w) < 1,
as shown in Figure 9.7.

y 4
A =2+2i
Wy=-2+1i ws =1 We=2+1i
Zg=1+1i w=S() ‘
D —
< t t t > X | | u
3=0 25=2 71=4 w1=0| wy=1 W3 = oo

zg=1-1i

/

. ] . B o ipydi
Figure 9.7: The mapping w = S(z) = %‘H

9.2.1 Lines of Flux

In electronics, images of certain lines represent lines of electric flux, which comprise the trajec-
tory of an electron placed in an electrical field. Consider the bilinear transformation

z aw

w=2_8(z) = and z=S5"1(w)=

z—a w—1

The half rays {Arg(w) = ¢}, where c is a constant, that meet at the origin w = 0 represent
the lines of electric flux produced by a source located at w = 0 (and a sink at w = oo). The
preimage of this family of lines is a family of circles that pass through the points z = 0 and
z = a. We visualize these circles as the lines of electric flux from one point charge to another.
The limiting case as a — 0 is called a dipole. The graphs for a = 1, a = 0.5, and a = 0.1 are
shown in Figure 9.8.

y y Y

4{ a=1.0 4_\ a=0.5 4_\ a=0.1

3 3] 3

2 2. 2

1 1] 1
-« T —> X € > X T g —> X
-2 2 -2 2 -2 2

-1 —11 -1

-2 -2 21

-3 37 ey

—49 —4y -4y

Figure 9.8: Images of Arg(w) = ¢ under the mapping z = -2%

w—1
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Exercises for Section 9.2 (Selected answers or hints are on page 453.)

10.

11.

12.

13.
14.
15.
16.

17.

18.

. Find the image of the right half-plane Re(z) > 0 under w =

. Show that the bilinear transformation w =

CIfw = S(2) = 2022 hng S (w).

T (144)z+20

CIfw = S(2) = %2 find S7H(w).

1—z)

i(1—2)
1+z -

% maps the portion of the disk |z| < 1

that lies in the upper half-plane Im(z) > 0 onto the first quadrant u > 0, v > 0.

. Find the image of the upper half-plane Im(z) > 0 under the transformation

(1—1)z+2

R ) Py

. Find the bilinear transformation w = S(z) that maps the points z; = 0, z2 = 4, and

z3 = —i onto w; = —1, we = 1, and ws = 0, respectively.
Find the bilinear transformation w = S(z) that maps the points 23 = —i, 2o = 0, and
z3 =1 onto w; = —1, wy =4, and w3 = 1, respectively.

. Find the bilinear transformation w = S(z) that maps the points z; = 0, zo = 1, and

z3 = 2 onto w; = 0, we = 1, and w3 = 00, respectively.

. Find the bilinear transformation w = S(z) that maps the points z; = 1, zo = 4, and

z3 = —1 onto w1 = 0, wy = 1, and w3z = oo, respectively.

Show that the transformation w = % maps the unit disk |z| < 1 onto the right half-plane
Re(w) > 0.

Find the image of the lower half-plane Im(z) < 0 under w = 2.

If Si(2) = ;_ﬁ and S3(z) = 5, find S (S2(2)) and S3(S1(2)).

z—1
z+1°

Find the image of the quadrant z > 0, y > 0 under w =
Show that Equation (9.18) can be written in the form of Equation (9.13).

Find the image of the horizontal strip 0 < y < 2 under w = -%-.

z
zZ—1

az+b
cz+d

Show that the bilinear transformation w = S(z) = is conformal at all points z # _Td.

A fized point of a mapping w = f(z) is a point 2y such that f(zp) = zp. Show that a
bilinear transformation can have at most two fixed points.

Find the fixed points of

_ a1
(a) w= .
(b) w= 3253
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9.3 Mappings Involving Elementary Functions

In Section 5.1 we showed that the function w = f(z) = exp z is a one-to-one mapping of the
fundamental period strip —7 < y < 7 in the z plane onto the w plane with the point w = 0
deleted. Because f'(z) # 0, the mapping w = exp z is a conformal mapping at each point z in
the complex plane. The family of horizontal lines y = ¢ for —m < ¢ < 7 and the segments = = «a
for —m < y < 7 form an orthogonal grid in the fundamental period strip. Their images under
the mapping w = exp z are the rays p > 0 and ¢ = ¢ and the circles |w| = €2, respectively.
These images form an orthogonal curvilinear grid in the w plane, as shown in Figure 9.9. If
—m < ¢ <d <, then the rectangle R ={z +iy:a <z <b, ¢ <y < d} is mapped one-to-one
and onto the region G = {pe'® : e < p < €, ¢ < ¢ < d}. The inverse mapping is the principal
branch of the logarithm z = Logw.

y v

w=expz

z=Logw

Figure 9.9: The conformal mapping w = exp z

In this section we show how compositions of conformal transformations are used to construct
mappings with specified characteristics.

Example 9.8. Show that the transformation w = f(2) = Zzlz

mapping of the horizontal strip 0 < y < 7 onto the disk |w < 1|. Furthermore, the z-axis is
mapped onto the lower semicircle bounding the disk, and the line y = 7 is mapped onto the
upper semicircle.

is a one-to-one conformal

Solution:

The function f is the composition of Z = exp z followed by w = g;; The transformation
Z = exp z maps the horizontal strip 0 < y < 7 onto the upper half plane Im(Z) > 0; the z-axis
is mapped on to the positive z-axis; and the line y = 7 is mapped onto the negative x-axis.
Then the bilinear transformation w = g;z maps the upper half plane Im(Z) > 0 onto the disk
|w| < 1, the positive z-axis is mapped onto the lower semicircle; and the negative z-axis onto

the upper semicircle. Figures 9.10 and 9.11 illustrate the composite mappings.

Example 9.9. Show that the transformation w = f(z) = Log(12

) is a one-to-one conformal

1—z
mapping of the unit disk [z| < 1 onto the horizontal strip [v| < 5. Furthermore, the upper
semicircle of the disk is mapped onto the line v = 5 and the lower semicircle onto v = —7.
Solution:

The function w = f(z) is the composition of the bilinear transformation Z = }‘_Lz followed by
the logarithmic mapping w = Logz. The image of the disk |z| < 1 under the bilinear mapping
Z = %f—; is the right half-plane Re(Z) > 0; the upper semicircle is mapped onto the positive

y-axis; and the lower semicircle is mapped onto the negative y-axis. The logarithmic function
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y v
/ +w1=i
7] =IT i
w=—
ei+1
e
< > u
X
Z2=0
\ Y +w2=—i
\ W_Z—t
Z=expz T Z+i
X
Zy=-1 Zy=1

Figure 9.10: The composite transformation w = zz—;z
)7
A

Z1=i

Z,=-i

Figure 9.11: The composite transformation w = Log( ifi )

w = Log Z then maps the right half-plane onto the horizontal strip, the image of the positive

y-axis is the line v = 7, and the image of the negative y-axis is the line v = 5 . Figures 9.11

and 9.12 illustrate the composite mappings.

Example 9.10. Show that the transformation w = f(z) = (}2£)? is a one-to-one conformal
mapping of the portion of the disk |z| < 1 that lies in the upper half-plane Im(z) > 0 onto
the upper half-plane Im(w) > 0. Furthermore, show that the image of the semicircular portion
of the boundary is mapped onto the negative u-axis, and the segment —1 < x < 1, y = 0 is

mapped onto the positive u-axis.

Solution:

The function w = f(z) is the composition of the bilinear transformation Z = ifi followed by
the mapping w = Z2. The image of the half-disk under the bilinear mapping Z = %i_i is the
first quadrant X > 0, Y > 0; the image of the segment y = 0, —1 < z < 1, is the positive
x-axis; and the image of the semicircle is the positive y-axis. The mapping w = Z? then maps

the first quadrant in the Z plane onto the upper half-plane Im(w) > 0, as shown in Figure 9.12.
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Example 9.11. Consider the function w = f(z) = (22 — 1)%, which is the composition of the
fu{lctionsi Z=2>-1landw=2 %, where the branch of the square root is given by the formula
Z2 = R2(cos § +isin %), for 0 < ¢ < 27m. Show that the transformation w = f(z) maps the
upper half-plane Im(z) > 0 one-to-one and onto the upper half-plane Im(w) > 0 slit along the
segment u =0, 0 <v < 1.

Solution:
The function Z = 22 — 1 maps the upper half-plane Im(z) > 0 one-to-one and onto the Z-plane

slit along the ray y = 0, x > —1. Then the function w = Z > maps the slit plane onto the slit
half-plane, as shown in Figure 9.13.

y w=f(z) v
_—
1
T T T X € T T T T u
2 -1 0 1 2 2 -1 0 1 2
Y
1
Z=2-1 3 w=22
' b'e

=2

-3 1
A

Figure 9.13: The composite transformation w = f(z) = (2% — 1)% and the intermediate steps
Z=22-1andw= 22
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Remark 9.1. The images of the horizontal lines y = b are curves in the w plane that bend
around the segment from 0 to i. The curves represent the streamlines of a fluid flowing across
the w plane. We discuss fluid flows in more detail in Section 10.7.

9.3.1 The Mapping w = (22 — 1)%

The double-valued function f(z) = (22 — 1)% has a branch that is continuous for values of z

distant from the origin. This feature is spurred by our desire for the approximation (22— 1)% =z
to hold for values of z distant from the origin. We begin by expressing (22 — 1)% as
w=fi(z) = (z— D)2 (2 + 1), (9.21)

where the principal branch of the square root function is used in both factors. We claim that
the mapping w = f1(z) is a one-to-one conformal mapping from the domain set Dj, consisting
of the z plane slit along the segment —1 < z < 1, y = 0, onto the range set H;, consisting of
the w plane slit along the segment u =0, —1 < wv < 1. To verify this claim, we investigate the
two formulas on the right side of Equation (9.21) and express them in the form

91

Vrie'?,

(2—1)%

where r; = |z — 1| and 6; = Arg(z — 1), and

. 0.
(z+ 1)% = \/rgez%,
where ro = |z + 1| and 0 = Arg(z + 1).

The discontinuities of Arg(z — 1) and Arg(z+ 1) are points on the real axis such that z <1
and x < —1, respectively. We now show that fi(z) is continuous on the ray x < —1, y = 0.

We let zp = xg + iy denote a point on the ray x < —1, y = 0 and then obtain the following
limits as z approaches zg from the upper and lower half-planes, respectively:

lim  fi(z) = < lim \/ﬁei";> ( lim \/77261-922>

z—20, Im(2)>0 ri—|zo—1|, O1—m ro—|zo+1|, 02—

= (VIeo —11)) (v/Tro + 1160))
= —Jle3 -1,

and

lim f1(2)

z—z0, Im(2)<0

( lim \/ﬁeigzl) ( lim \/erg)

ri—|zo—1|, O——m7 ro—|zo+1|, O2——m

= (VIzo —11(=0)) (Viwo +11(-4))
Y ey

Both limits agree with the value of fi(zp), so it follows that fi(z) is continuous along the
ray x < —1, y = 0.

We can easily find the inverse mapping and express it similarly:

2= gi(w) = (? +1)2 = (w+i) (w—1i)?,



where the branches of the square root function are given by

o

(w—l—i)% = /p1e' 2,
where p; = |w+1i|, ¢1 = arg_g(w +i), and =5 <arg_x(w+1i) < 3% and

P

('U} _7’)% = Vp2€ZT7
where po = |w —i|, ¢o = arg_g(w — i), and —F <arg_=(w —i) < .

A similar argument shows that g;(w) is continuous for all w except those points that lie on
the segment u = 0, —1 < v < 1. Verification that

a1(fi(z)) =2, and fi(gi(w)) =w

hold for z in D; and w in Hj, respectively, is straightforward. Therefore we conclude that
w = fi(z) is a one-to-one mapping from D; onto H;. Verifying that fi(z) is also analytic on
the ray x < —1, y = 0, is tedious. We leave it as a challenging exercise.

9.3.2 The Riemann Surface for w = (22 — 1)z

Using the other branch of the square root, we find that w = fa(z) = —f1(2) is a one-to-one
conformal mapping from the domain set Dy, consisting of the z plane slit along the segment
—1 <z <1, y=0, onto the range set Hs, consisting of the w plane slit along the segment
u=0, -1 <wv < 1. Figure 9.14 shows the sets D; and H; for fi(z) and D2 and Hj for fa(z).

We obtain the Riemann surface for w = (22 — 1)% by gluing the edges of Dy and D, together
and the edges of Hy and Hs together. In the domain set, we glue edges A to a, B to b, C to
¢, and D to d. In the image set, we glue edges A’ to a/, B’ to V', C’ to ¢/, and D’ to d’. The
result is a Riemann domain surface and Riemann image surface for the mapping, as illustrated
in Figures 9.15(a) and 9.15(b), respectively.
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Figure 9.15: The Riemann surfaces for the mapping w = (2% — 1)%

Exercises for Section 9.3 (Selected answers or hints are on page 453.)

1. Find the image of the semi-infinite strip 0 <z < 5, y > 0, under the transformation
w = exp(iz).
2. Find the image of the rectangle 0 < z < In2, 0 < y < %, under the transformation

2
w = exp z.
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10.

11.

12.

13.

14.

15.
16.

94

. Find the image of the first quadrant = > 0, y > 0, under w = %Log z.
. Find the image of the annulus 1 < |z| < e under w = Log z.

. Show that the multivalued function w = logz maps the annulus 1 < |z| < e onto the

vertical strip 0 < Re(w) < 1.

. Show that w = 2;52 maps the portion of the right half-plane Re(z) > 0 that lies to the

right of the hyperbola 22 — y? = 1 onto the unit disk |w| < 1.

e*—i
e*+1

Show that the function w =
region 1 < |w|.

maps the horizontal strip —7 < Im(z) < 0 onto the

. Show that w = 73 maps the horizontal strip |y| < % onto the unit disk |w| < 1.

e?+1

. Find the image of the upper half-plane Im(z) > 0 under w = Log(3¥2).

1—z

Find the image of the portion of the upper half-plane Im(z) > 0 that lies outside the
circle |z| = 1 under the transformation w = Log(112).

Show that the function w = 83;; maps the portion of the disk |z| < 1 that lies in the

first quadrant onto the portion of the upper half plane Im(w) > 0 that lies outside the
unit disk.

Find the image of the upper half-plane Im(z) > 0 under the transformation

w = Log(1 — 22).

Find the branch of w = (22 + 1)% that maps the right half-plane Re(z) > 0 onto the right
half-plane Re(w) > 0 slit along the segment 0 < u < 1, v = 0.

Show that the transformation w = 2;;} maps the portion of the first quadrant x > 0,
y > 0, that lies outside the circle |z| = 1 onto the first quadrant u > 0, v > 0.

Find the image of the sector r >0, 0 <0 < 7, under w = ;jéi

Show that the function fi(z) in Equation (9.21) is analytic on the ray z < —1, y = 0.

Mapping by Trigonometric Functions

The trigonometric functions can be expressed with compositions that involve the exponential
function followed by a bilinear function. We can find images of certain regions by following the
shapes of successive images in the composite mapping. We begin with the tangent function,
and make use of the following figure.

Example 9.12. Show that the transformation w = tan z is a one-to-one conformal mapping
of the vertical strip |z| < 7 onto the unit disk |w| < 1.

Solution:

1 e¥? — 2 _Z'612z 44
w=tanz = —-— > = .
i €% 4 e—12 ez 41

Then, mapping w = tan z can be considered to be the composition

—iZ 41

TH’ and Z = €i2z.

w =
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Figure 9.16: The composite transformation w = tan z

The function Z = exp(i2z) maps the vertical strip |z| < § one-to-one and onto the right half-
plane Re(Z) > 0. Then the bilinear transformation given by w = 722?3’ maps the half-plane
one-to-one and onto the disk, as shown in Figure 9.16.

Example 9.13. Show that the transformation w = f(z) = sinz is a one-to-one conformal
mapping of the vertical strip |z| < § onto the w plane slit along the rays u < —1, v = 0, and
u>1 v=0.

Solution:

Because f'(z) = cosz # 0 for values of z satisfying the inequality —F < Re(z) < 7, it follows
that w = sin z is a conformal mapping. Using Equation 5, we write

U 4 tv = sin z = sin x cosh y + 7 cos z sinh y.

If la| < 7§, then the image of the vertical line 2 = a is the curve in the w plane given by the
parametric equations
u =sinacoshy, and v = cosasinhy,

for —oo < y < co. Next, we rewrite these equations as

v

U .
coshy=——, and sinhy= .
sina cosa

We now eliminate y from these equations by squaring and using the hyperbolic identity
cosh? y — sinh? y = 1. The result is the single equation

u? v?

- =1. 9.22
sinfa cos?a ( )
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The curve given by Equation (9.22) is identified as a hyperbola in the uv plane that has foci
at the points (£1,0). Therefore the vertical line = a is mapped one-to-one onto the branch of
the hyperbola given by Equation (9.22) that passes through the point (sina,0). If 0 <a < 7,
then it is the right branch; if —5 < a <0, it is the left branch. The image of the y-axis, which
is the line x = 0, is the v-axis. The images of several vertical lines are shown in Figure 9.17(a).

y
A

|
ST

4
() (b)

Figure 9.17: The transformation w = sin z

The image of the horizontal segment —5 < o < 5, y = b is the curve in the w plane given
by the parametric equations

u =sinxcoshb, and v = cosxsinhb

for —% <x< g We rewrite them as

v
sinhb’

sinx = and cosx =

cosh b’

We now eliminate x from the equations by squaring and using the trigonometric identity
sin? z + cos? x = 1. The result is the single equation

u? v?

_l’_
cosh?b  sinh?b

=1 (9.23)

The curve given by Equation (9.23) is identified as an ellipse in the wv plane that passes
through the points (4 coshb,0) and (0, £sinhb) and has foci at the points (£1,0). Therefore,
if b > 0, then v = coszsinhb > 0, and the image of the horizontal segment is the portion of
the ellipse given by Equation (9.23) that lies in the upper half-plane Im(w) > 0. If b < 0, then
it is the portion that lies in the lower half-plane. Figure 9.17(b) shows the images of several
segments.

9.4.1 The Complex Arcsine Function

We now develop explicit formulas for the real and imaginary parts of the principal value of the
arcsine function w = f(z) = Arcsinz. We use this mapping to solve problems involving steady
temperatures and ideal fluid flow in Section 9.7. The mapping is found by solving the equation

x + iy = sinw = sinu cosh v + ¢ cos usinh v (9.24)
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for u and v expressed as functions of x and y. To solve for u, we first equate the real and
imaginary parts of Equation (9.24) and obtain the equations

T . Y
coshv=——, and sinhv = .
sinu Ccos U

Then we eliminate v from these equations and obtain the single equation

1,2 y2
5 a2, = b
SN~ u COS“ U

If we treat u as a constant, this equation represents a hyperbola in the zy plane, the foci
occur at the points (£1,0), and the transverse axis is given by 2sinu. Therefore a point (z,y)
on the hyperbola must satisfy the equation

2sinu = \/(m+1)2+y2 — \/(:v— 1)2 442,

The quantity on the right side of this equation is the difference of the distances from (z,y)
to (—1,0) and from (z,y) to (1,0). We now solve the equation for u to obtain the real part:

Ve +1)2+2 — /(x—1)2+4?
5 .

u(z,y) = Arcsin (9.25)

The principal branch of the real function Arcsin(t) is used in Equation (9.25), where the

range values satisfy the inequality —F < Arcsin(t) < 7.

Similarly, we can start with Equation (9.24) and obtain the equations

Y

and cosu = — .
sinh v

sinu =
coshv’

We then eliminate u from these equations and obtain the single equation
72 y?

5 —— = L.
cosh“v  sinh“w

If we treat v as a constant, then this equation represents an ellipse in the xy plane, the foci
occur at the points (£1,0), and the major axis has length 2 coshv. Therefore a point (x,y) on
this ellipse must satisfy the equation

2coshv = /(2 +1)2 + 32+ V/(x — 1)? + ¢
The quantity on the right side of this equation is the sum of the distances from (z,y) to (—1,0)
and from (z,y) to (1,0).

The function z = sinw maps points in the upper half (lower half) of the vertical strip
= < wu < § onto the upper half-plane (lower half-plane), respectively. Hence we can solve the
preceding equation and obtain v as a function of x and y:

V1) +y+ (@ - 1)+
5 :

(9.26)

v(x,y) = (signy)Arccosh

where signy = 1, if y > 0, and signy = —1, if y < 0. In Equation (9.26) we use the real function
given by Arccosh(t) = In(t + V2 — 1), with ¢t > 1.
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Thus, the mapping w = Arcsinz is a one-to-one conformal mapping of the z plane cut
along the rays x < —1, y = 0, and z > 1, y = 0, onto the vertical strip —5 < u < 7 in the
w-plane, which can be construed from Figure 9.17 if we interchange the roles of the z and w
planes. The image of the square 0 < x < 4, 0 <y <4, under w = Arcsin z, is shown in Figure
9.18. We obtained it by plotting the two families of curves {(u(c,t), v(e,t)) : 0 <t < 4} and
{(u(t,c), v(t,c)) : 0 <t <4}, where ¢ = %, k=0,1,...,20. The formulas in Equations (9.25)
and (9.26) are also convenient for evaluating Arcsin(z), as shown in Example 9.14

v

y w = Arcsin z T
_—

A :

ENTPSY
SIS

Figure 9.18: The mapping w = Arcsin z

Example 9.14. Find the principal value Arcsin(1 + 7).

Solution:

Using Formulas 9.25 and 9.26, we get

V5 —1

u(1,1) = Arcsin ( ) ~ 0.666239432, and

541
v(1,1) = Arccosh <‘f2+ ) ~ 1.061275062.

Therefore, we have

Arcsin(1 + i) ~ 0.666239432 + 11.061275062.

Is there any reason to assume that there exists a conformal mapping for some specified
domain D onto another domain G7 Our final theorem concerning the existence of conformal
mappings is attributed to Riemann and is presented in Lars V. Ahlfors, Complex Analysis (New
York: McGraw-Hill) Chapter 6, 1966.

Theorem 9.4 (Riemann mapping theorem). If D is any simply connected domain in the plane
(other than the entire plane itself ), then there exists a one-to-one conformal mapping w = f(z)
that maps D onto the unit disk |w| < 1.
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Exercises for Section 9.4 (Selected answers or hints are on page 453.)

10.
11.

12.

13.
14.

15.

16.

. Find the image of the semi-infinite strip —7 < x < 0, y > 0, under the mapping w = tan z.

™

. Find the image of the vertical strip 0 < Re(z) < § under the mapping w = tan z.
. Find the image of the vertical line x = 7 under the transformation w = sin z.
. Find the image of the horizontal line y = 1 under the transformation w = sin z.

. Find the image of the rectangle R = {x +iy : 0 < 2z < &, 0 < y < 1} under the

4 bl
transformation w = sin z.

™

. Find the image of the semi-infinite strip —2 < x < 0, y > 0 , under the mapping

2
w =Ssmz.

(a) Find EIEOO Arg[sin(§ + iy)].

(b) Find lim Arg[sm(—%7r +iy)].

Yy——+00

. Use Equations (9.25) and (9.26) to find

(a) Arcsin(2 + 2i).
(b) Arcsin(—2 +1).
(¢) Arcsin(1 — 3i).
(d) Arcsin(—4 —1).

. Show that w = sin z maps the rectangle R = {z+iy: -3 <2 < §,0 < y < b} one-to-one

and onto the portion of the upper half-plane Im(w) > 0 that lies inside the ellipse

u? v?

+ =1.
cosh?b  sinh?b

Find the image of the vertical strip —5 < z < 0 under the mapping w = cos z.
Find the image of the horizontal strip 0 < Im(z) < § under w = sinh 2.

Find the image of the right half-plane Re(z) > 0 under the mapping

w = Arctan(z) = ;L0g<l, + Z) :

11—z

Find the image of the first quadrant > 0, y > 0, under w = Arcsin z.

Find the image of the first quadrant = > 0, y > 0, under w = Arcsin(22).

Show that the transformation w = sin? z is a one-to-one conformal mapping of the semi-

infinite strip 0 < x < §,y > 0, onto the upper half plane Im(w) > 0.

™

Find the image of the semi-infinite strip |z| < 7,

Log(sin z).

y > 0, under the mapping w =
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Chapter 10

Applications of Harmonic Functions

Overview

A wide variety of problems in engineering and physics involve harmonic functions, which are the
real or imaginary part of an analytic function. The standard applications are two dimensional
steady state temperatures, electrostatics, fluid flow and complex potentials. The techniques of
conformal mapping and integral representation can be used to construct a harmonic function
with prescribed boundary values. Noteworthy methods include Poisson’s integral formulae; the
Joukowski transformation; and Schwarz-Christoffel transformation. Modern computer software
is capable of implementing these complex analysis methods.

10.1 Preliminaries

In most applications involving harmonic functions, a harmonic function that takes on prescribed
values along certain contours must be found. In presenting the material in this chapter, we
assume that you are familiar with the material covered in Sections 2.4, 3.3, 5.1, and 5.2. If you
aren’t, please review it before proceeding.

Example 10.1. Find the function u(z,y) that is harmonic in the vertical strip a < Re(z) <b
and takes on the boundary values

u(a,y) = Ul and U(b, y) = U2
along the vertical lines = a and x = b, respectively.

Solution:

Intuition suggests that we should seek a solution that takes on constant values along the vertical
lines of the form = = xy and that u(z,y) be a function of x alone; that is,

u(xz,y) = P(z), for a<x<b, and forall y.

Laplace’s equation, g, (x, y) +uyy (2, y) = 0, implies that P,” (z) = 0, which implies P(z) =
mx + ¢, where m and ¢ are constants. The stated boundary conditions u(a,y) = P(a) = Uy
and u(b,y) = P(b) = Us lead to the solution

Uy - Uy

=U
u(x7y) 1+ b_a

(x —a).

The level curves u(x,y) = constant are vertical lines as indicated in Figure 10.1.
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y u(x, y) = constant

>

u(a, y)=U, u(b,y)=U,

y
Figure 10.1: Level curves of u(z,y) = Uy + %(m —a)

Example 10.2. Find the function ¥(z,y) that is harmonic in the sector 0 < Argz < «, where
a <, and takes on the boundary values

U(z,0)=C, for x>0, and
U(z,y) = Co at points on the ray r >0, 6 = «.

Solution:

Recalling that the function Arg(z) is harmonic and takes on constant values along rays ema-
nating from the origin, we see that a solution has the form

W(z,y) = a + bArg(2),
where a and b are constants. The boundary conditions lead to

Cy—C
U(z,y) = Cy + %Arg(z).

The situation is shown in Figure 10.2.

W (x, y) = constant

>

/
Yy =G
along the ray
r>0,0=a
< X
T y(x, 0)=C,
forx>0

Figure 10.2: Level curves of ¥(z,y) = C1 + (Cy — C1) 2 Arg(2)

Example 10.3. Find the function ®(z,y) that is harmonic in the annulus 1 < |z| < R and
takes on the boundary values

®(z,y) = K1, when |z]=1, and
®(z,y) = Ko, when |z] =R.
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Solution:

This problem is a companion to the one in Example 10.2. Here we use the fact that In|z| is a
harmonic function, for all z # 0. The solution is

Ky — K

P(z,y) = K1+ %

and the level curves ®(x,y) = constant are concentric circles, as illustrated in Figure 10.3.

¢ (x, y) = constant o (x,y)=K,

when |z| =R

o, y) =K,
when |z| =1

Figure 10.3: Level curves of ®(z,y) = K1 + £ In 2|

10.2 The Dirichlet Problem

Theorem 10.1. Let ®(u,v) be harmonic in a domain G in the w plane. Then ® satisfies
Laplace’s equation

Dy (U, v) + Pyy(u,v) =0 (10.1)
at each point w =u+iv in G. If w = f(z) = u(x,y) + iv(z,y) is a conformal mapping from a
domain D in the z plane onto G, then the composition

¢(z,y) = ®(u(z,y), v(z,y)) (10.2)
is harmonic in D, and ¢ satisfies Laplace’s equation

at each point z =x + iy in D.

Proof. Equations 10.1 and 10.3 are Laplace’s equations for the harmonic functions ® and ¢,
respectively (see Section 3.3). A direct proof that the function ¢ in Equation 10.2 is harmonic
would involve a tedious calculation of the partial derivatives ¢,, and ¢y,. An easier proof
involves the use of a complex variable technique. We assume that there is a harmonic conjugate
U (u,v) so that the function
g(w) = ®(u,v) + i ¥(u,v)

is analytic in a neighborhood of the point wy = f(zp). Then the composition h(z) = g(f(z)) is
analytic in a neighborhood of 2y and can be written

h(z) = <I)(u(x, y),v(ac,y)) + Z\If(u(w, y),v(x,y)).

Recall (Theorem 3.8) that the real part of the analytic function h(z) is harmonic, so
®(u(z,y), v(z,y)) is harmonic in a neighborhood of z. O
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Example 10.4. Show that ¢(z,y) = Arctan(xzf%) is harmonic in the disk |z| < 1.

Solution:
A straightforward use of the techniques in Chapter 9 will show that

1+ 2z 1— a2 —q? 12x

LA e, B (YR e By g ¥

is a conformal mapping of the disk |z| < 1 onto the right half-plane Re(w) > 0. The results
from Exercise 7b, Section 5.2, show that the function

®(u,v) = Arctan (%) = Arg(u + iv)

is harmonic in the right half-plane Re(w) > 0. Taking the real and imaginary parts of f(z), we
write
1—a2—q? —2x

u(z,y) = prop P and v(z,y) = oSy

Substituting these equations into the formula for ®(u,v) and using Equation 10.2 reveals

that ¢(x,y) = Arctan(zgzizg) = Arctan(ﬁy@_l) is harmonic for |z| < 1.

Let D be a domain whose boundary is made up of piecewise smooth contours joined end to
end. The Dirichlet problem is to find a function ¢ that is harmonic in D such that ¢ takes
on prescribed values at points on the boundary. Let’s first look at this problem in the upper
half-plane.

Example 10.5. Show that the function

™

b(u,v) = lAlrctzm <
™

! > — L prg(w — uo) (10.4)
u (%)

is harmonic in the upper half-plane Im(w) > 0 and takes on the boundary values

®(u,0) =0 for w>wp, and
®(u,0) =1 for u < up.

Solution:
The function

1 1 i
g(w) - og(w — up) - n |w U0\+7T rg(w — up)

is analytic in the upper half-plane Im(w) > 0, and its imaginary part is the harmonic function
L Arg(w — up).

Remark 10.1. Let t be a real number. The convention Arctan(+oo) = +75 allows Arctan(t)

to denote the branch of the inverse tangent with range in —% < Arctan(t) < 5. With that
understanding we can write the solution given in Equation 10.4 as ®(u,v) = %Arctan(u_“uo).

Theorem 10.2 (N-value Dirichlet problem for the upper half-plane). Letu; < ug < -++ < uy—_1
denote N — 1 real constants. The function
N-1

O(u,v) =an-_1+ % Z(ak_l — ag)Arg(w — ug) (10.5)
k=1

N-1
1
=an_1+ — E (ag—1 — ag)Arctan ( Y >
™ U — Up

308



is harmonic in the upper half-plane Im(w) > 0 and takes on the boundary values

®(u,0) =ag, for u<u
,0) = ag, for wup <u<wugyy, for k=1,2,...,N—2;

iy
S

®(u,0) =an_1, for u>uyn_i.

The situation is illustrated in Figure 10.4.

D
i L) u3 uy_o uy_
-« > U
-— . cee | S N
@ (u,0)=ag $(0.0)=a o, 0)=a, O, 0)=ay_, O, 0)=ay_,
»U)=a;

Figure 10.4: The boundary conditions for the harmonic function ®(u,v)

Proof. Each term in the sum in Equation 10.5 is harmonic, so it follows that ® is harmonic
for Im(w) > 0. To show that ® has the prescribed boundary conditions, we fix j and let
uj < u < ujq1. Using Example 10.5, we get

1
—Arg(u—ug) =0, if k<j and
T

1
—Arg(u—ug) =1, if k>j.
s

Substituting these equations into Equation 10.5 gives

j N-1
O(u,0) = an_1+ ¥ (ar—1 —ax)(0)+ > (ar-1 — ax)(1)
k=1 k=j+1

=an-1+ (ay—2 —an_1) + -+ (aj41 — aj42) + (aj — aj41)
=aj, for wu; <u<wujy.

You can verify that the boundary conditions are correct for u < w; and v > uy_1 to
complete the proof. O

Example 10.6. Find the function ¢(z,y) that is harmonic in the upper half-plane Im(z) > 0
and takes on the boundary values indicated in Figure 10.5.

Solution:

This is a four-value Dirichlet problem in the upper half-plane defined by Im(z) > 0. For the z
plane, the solution in Equation 10.5 becomes

3

Br,y) = ag + =3 (os1 — ) Ang(z — ).
k=1
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Here we have ag = 4, a1 =1, as = 3, and a3 = 2 and 1 = —1, 9 = 0, and z3 = 1, which
we substitute into equation for ¢ to obtain

1 1-— -2
Arg(z+1) + 73Arg(z -0) + 37A1rg(z: -1)
i T i

2 1
=2+ §Amtam y — —Arctan (y) + —Arctan y )
T r+1 T T z—1

P(z,y) =2+

T

o(x,0)=4

L PE0=1 0 9 0)=3 ]  (x0=2

Figure 10.5: The boundary values for the Dirichlet problem

Example 10.7. Find the function ¢(z,y) that is harmonic in the upper half-plane Re(z) > 0
and takes on the boundary values

¢(x,0) =1, for |z|<1;
¢(x,0) =0, for |z|>1.

Solution:

This three-value Dirichlet problem has ag =0, a1 =1, a2 =0, z1 = —1, and zo2 = 1. Applying
Equation 10.5 yields

0—-1 1-0
Bz, ) = 0+ ———Arg(z+1) + ——Arg(z — 1)

1 1
= ——Arctan _¥ + —Arctan vy .
T x+1 T r—1

A three-dimensional graph of u = ¢(z,y) is shown in Figure 10.6.

1.0
0.8
0.6
0.4
0.2

Figure 10.6: ¢(x,y) with boundary values ¢(z,0) =1 for |z| < 1, and ¢(z,0) =0 for |z| > 1
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We now state the N-value Dirichlet problem for a simply connected domain. We let D
be a simply connected domain bounded by the simple closed contour C' and let z1, 23, ..., zn
denote N points that lie along C in this specified order as C is traversed in the positive direction
(counterclockwise). Then we let Cy denote the portion of C' that lies strictly between zp and
zpi1, for k=1,2,...,N — 1, and let Cy denote the portion that lies strictly between zy and

z1. Finally, we let a1, a9, ...,an be real constants. We want to find a function ¢(z,y) that is
harmonic in D and continuous on D U Cy; U Co U --- U Cy that takes on the boundary values
o(z,y) 1, for z=x4+iy on Cy; (10.6)

:a’
¢(x,y) =az, for z=x+iy on Oy

o(x,y) =an, for z=x+iy on Cy.

The situation is illustrated in Figure 10.7.

A Cc
IN-1 >
o )
p=ay_,
Cn-1 D 3

Figure 10.7: The boundary values for ¢(z,y) for the Dirichlet problem in the simply connected
domain D

One method for finding ¢ is to find a conformal mapping

w = f(2) = u(z,y) +iv(z,y) (10.7)
of D onto the upper half-plane Im(w) > 0, such that the N points 21, z9,..., 2N are mapped
onto the points up = f(zx), for k =1,2,...,N — 1, and zy is mapped onto uy = +oo along

the v axis in the w plane.

When we use Theorem 10.1, the mapping in Equation 10.7 gives rise to a new N-value
Dirichlet problem in the upper half-plane Im(w) > 0 for which Theorem 10.2 gives the solution.
If we set ap = ap, then the solution to the Dirichlet problem in D with the boundary values
from Equation 10.6 is

N-1
1
$a,y) =an-1+ — > (ar—1 — ax)Arg[f(2) — us]
k=1
N-1
1
=an_1+ — (ag—1 — ap)Arctan <U($’y)> )
e u(w.y) -

This method relies on our ability to construct a conformal mapping from D onto the upper
half-plane Im(w) > 0. Theorem 9.4 guarantees the existence of such a conformal mapping.
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Example 10.8. Find a function ¢(z,y) that is harmonic in the unit disk |z| < 1 and takes on
the boundary values

d(z,y) =0, for z+iy=€?, 0<0<m; (10.8)

plz,y) =1, for z+iy=e?, m<6<2m
Solution:
Example 10.3 showed that the function

i(l1—2) 2y +,1—x2—y2
= i
142 (x4 1)2 + y? (x4 1)2 +y?

U+ v = (10.9)
is a one-to-one conformal mapping of the unit disk |z| < 1 onto the upper half-plane Im(w) > 0.
Equation 10.9 reveals that the points z = 24y lying on the upper semicircle y > 0, 1—z2—3? =
0 are mapped onto the positive u axis. Similarly, the lower semicircle is mapped onto the
negative u axis, as shown in Figure 10.8. The mapping given by Equation 10.9 gives rise to a
new Dirichlet problem of finding a harmonic function ®(u,v) that has the boundary values

®(u,0)=0, for u>0, and ®(u,0)=1, for u <0,

as shown in Figure 10.8. Using the result of Example 10.5 and the functions u and v from
Equation 10.9, we get the solution to Equation 10.8:

1 1 1 — 2 — 2
¢(x,y) = —Arctan <v(ac,y)> = —Arctan <H> .
7r

u(z,y) T 2y
y v
A
o (x,y)=0
\
_il-2)
T 1+z
—_—
-1 1
-~ —>x
¢, 0)=1 6 u,0=0
foru <0 foru>0
/!
o(x,y)=1 Y

Figure 10.8: The Dirichlet problems for |z| < 1 and Im(w) > 0

Example 10.9. Find a function ¢(x,y) that is harmonic in the upper half-disk defined by
H={z=x+1iy:y >0, |z] <1} and takes on the boundary values

¢(z,y) =0, for :r—I—iy:ew, 0<6<m;

¢(x,0)=1, for —1<z<l.
Solution:
When we use the result of Exercise 4, Section 9.2, the function in Equation 10.9 maps the upper

half-disk H onto the first quadrant @) : u > 0, v > 0. The conformal mapping given in Equation
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10.9 maps the points z = x + ¢y that lie on the segment y =0, —1 < = < 1 onto the positive v
axis.

Equation 10.9 gives rise to a new Dirichlet problem of finding a harmonic function ®(u,v)
in @) that has the boundary values

®(u,0)=0, for u>0, and ®(0,v)=1, for v>0,

as shown in Figure 10.9. In this case, the method in Example 10.2 can be used to show that
®(u,v) is given by

1-0 2 2 v
®(u,0) =0+ ——Arg(w) = —Arg(w) = —Arctan (—) :
9 T ™ u
v
y _ i(l—Z)
w= 14z (0]
P(x,y)=0 T -
N H
@0, v)=1
for v>0
- —> X u
-1 P(x,0)=1 for -1 <x<1 1 0 @ 0=0 for u>0

Figure 10.9: The Dirichlet problems for the domains H and

Using the functions v and v in Equation 10.9 in the preceding equation, we find the solution
of the Dirichlet problem in H:

2 2 1— 2 _ .2
¢(z,y) = —Arctan (v(x,y)) = —Arctan (aazy> .
T u(z,y) ™ 2y

A three-dimensional graph u = ¢(x,y) in cylindrical coordinates is shown in Figure 10.10.

Example 10.10. Find a function ¢(x,y) that is harmonic in the quarter disk defined by
G={z=x+iy:xz>0,|z] <1} and takes on the boundary values

¢(x,y) =0, for w+iy:z:ei9, O<9<E;

2
¢(x,0)=1, for 0<z<I;
#(0,y) =1, for 0<y<1.
Solution:
The function
u+iv =2 =2 — y? +i2zy (10.10)

maps the quarter-disk onto the upper half-disk H = {w = u+iv : v > 0, |w| < 1}. The new
Dirichlet problem in H is shown in Figure 10.11. From the result of Example 10.9 the solution
®(u,v) in H is

2 9
B(u,v) = 2 Arctan (MU) . (10.11)

T 2v
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0.8 N
0.6

0.4

0.2

0.0

2

Figure 10.10: The graph u = %Arctan(l_xQ_y ) = 2Arctan( 1—r )

2y B 2rsin 6
y
A 9(x.y)=0
O / @@, v)=0
\ w7 \ f
\\ — H
\
90,9 =1 \\
for 0<y<1 \G
> X -« —>u
0 6, 0)=1 for 0<x<1 1 -1 ®u,0)=1 for -1<u<l 1

Figure 10.11: The Dirichlet problems for the domains G and H

Using Equation 10.10, we can show that u? + v? = (22 + y?)? and 2v = 4y, which we use
in Equation 10.11 to construct the solution ¢ in G:

1— (22 +y2)2> .

2
o(x,y) = ;Arctan ( 12y

A three-dimensional graph u = ¢(z,y) in cylindrical coordinates is shown in Figure 10.12.

Exercises for Section 10.2 (Selected answers or hints are on page 454.)

For each exercise, find a solution ¢(z,y) of the Dirichlet problem in the domain indicated that
takes on the prescribed boundary values.

1. Find the function ¢(z,y) that is harmonic in the horizontal strip 1 < Im(z) < 2 and has
the boundary values

¢(x,1)=6 forall =z, and ¢(z,2)=-3 forall uz.

2. Find the function ¢(z,y) that is harmonic in the sector 0 < Arg(z) < % and has the
boundary values

d(x,y) =2 for Arg(z) = g, and ¢(z,0)=1 for =z >0.
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1.0

0.8

0.6
0.4

= %Arctan (i>

4712 cos 0 sin 0

. Find the function ¢(x,y) that is harmonic in the annulus 1 < |z| < 2 and has the boundary
values
¢(z,y) =5 when |z|=1, and ¢(x,y) =8 when [z|=2.

. Find the function ¢(z,y) that is harmonic in the upper half-plane Im(z) > 0 and has the
boundary values

¢(z,0)=0 for —1<az<l, and ¢(z,00=1 for |z|>1.

. Find the function ¢(z,y) that is harmonic in the upper half-plane Im(z) > 0 and has the
boundary values

¢(x,0)=3 for z< -3, and ¢(z,0)=7 for —-3<z<-—1
¢(x,0)=1 for —1<zx<2 and ¢(z,00=4 for z>2.

. Find the function ¢(z,y) that is harmonic in the first quadrant > 0, y > 0 and has the
boundary values

#(0,y) =0 for y>1, and ¢(0,y)=1 for 0<y<1;
¢(z,0)=1 for 0<z<1, and ¢(z,00=0 for x>1.

. Find the function ¢(x,y) that is harmonic in the unit disk |z| < 1 and has the boundary
values

P(x,y) =0 for z+iy=2=¢Y 0<0<m;

p(z,y) =5 for z+iy=z=¢e% n<0<2m.

. Find the function ¢(x,y) that is harmonic in the unit disk |z| < 1 and has the boundary
values

¢(x,y) =8 for r+iy=z=¢% 0<0<m

¢(x,y) =4 for :U+iy=z:ew, T <0 <27,
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9. Find the function ¢(z,y) that is harmonic in the upper half-disk y > 0, |z| < 1 and has

the boundary values
P(z,y) =5 for z+iy=z=¢Y 0<O<m;

¢(x,0)=—-5 for —1<z<l.

10. Find the function ¢(z,y) that is harmonic in the portion of the upper half-plane Im(z) > 0
that lies outside the circle |z| = 1 and has the boundary values

Pp(z,y)=1 for z+iy=z=¢Y 0<0<m;

¢(x,0)=0 for |z|>1.
Hint: Use the mapping w = —% and the result of Example 10.9.
11. Find the function ¢(x,y) that is harmonic in the quarter-disk
x>0,y>0, |z <1
and has the boundary values

¢(z,y) =3, for x—f—iy:z:ew, O<9<E;

2
¢(z,0) =—-3 for 0<zx<I;
#(0,y)=-3 for 0<y<l.

12. Find the function ¢(x,y) that is harmonic in the unit disk |z| < 1 and has the boundary

values
p(z,y) =1 for z+iy=z=e", _g<9<g;
; 3
¢(z,y) =0 for x4 iy =z =e", g<9<§.

10.3 Poisson’s Integral Formula

The Dirichlet problem for the upper half-plane Im(z) > 0 is to find a function ¢(x,y) that is
harmonic in the upper half-plane and has the boundary values ¢(x,0) = U(z), where U(x) is a
real-valued function of the real variable x.

Theorem 10.3 (Poisson’s integral formula). Let U(t) be a real-valued function that is piecewise
continuous and bounded for all real t. The function

o(x,y) = i/_oo (:I;—Ut)(;)er?dt (10.12)

is harmonic in the upper half-plane Im(z) > 0 and has the boundary values

¢(z,0) = U(z)

wherever U is continuous.
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Proof. Equation 10.12 is easy to determine from the results of Theorem 10.2 regarding the
Dirichlet problem. Let ¢t; < to < --- < tny denote NN points that lie along the z axis. Let
ty <t] <--- <ty be N+1 points chosen so that t;_; <t <tj,fork=1,2, ..., N, and that
U(t) is continuous at each value t;. Then according to Theorem 10.2, the function

N
O(z,y) = U(ty) + [U(th) = Utp)] Arg(z — 1) (10.13)

k=1

BN

is harmonic in the upper half-plane and takes on the boundary values
He(x,0) = Ulty), for z<ty,
O(x,0) =U(ty), for tr <z <try1, and
O(z,0) =Ul(ty), for z>tn,
as shown in Figure 10.13.

We use properties of the argument of a complex number (see Section 1.4) to write Equation
10.13 in the form

3=

N-1
1 t
O(x,y) = 7TU(tO)Arg z—t1)+ E U(ty)A < _’Z;l>
k=1

+ %U(t}‘v)[ﬂ' — Arg(z — tn)].

Hence the value ® is given by the weighted mean

®(z,y) ZU (t5) Aby, (10.14)
k: 0
where the angles Afy, for k=0, 1,..., N, sum to m, and are also shown in Figure 10.13.
y
A

1§ o INCDsO v TR
p * ® ® > X
<_Y_j .o \
o= U(ZJ) o= U(l‘f) o= U(f}‘v_ 1) 6= U(tf\l)

¢ =UGr)

Figure 10.13: Boundary values for ®

Using the substitutions

0 = Arg(z — t) = Arctan ( ) and df=-—20 dt, (10.15)

xr —

we write Equation 10.14 as
_y ﬁ: U(t:) Atk
T (x—t5)2+y?
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The limit of this Riemann sum becomes the improper integral

o(a.y) =2 /OO v

T J-c0o (I—t)2+y2
]

Example 10.11. Find the function ¢(z,y) that is harmonic in the upper half-plane Im(z) > 0
and has the boundary values

¢(z,0)=1, for —1<ax<l, and ¢(z,0)=0, for |z]>1.

Solution:

Using Equation 10.12, we obtain

1 1
Yy 1 1 Yy
R N A
(@) W/l RNy 77/1 CEDERY:

Using the antiderivative in Equation 10.15, we write this solution as

o(x,y) = lA]rctan <xy>

™

1
= —Arctan _Y ) lArc‘can _Y_ .
T r—1 T z+1

Example 10.12. Find the function ¢(z,y) that is harmonic in the upper half-plane Im(z) > 0
and has the boundary values

d(x,0) =z, for —1<ax<l1l, and ¢(z,0)=0, for |z|> 1.

Solution:

Using Equation 10.12, we obtain

¢($7y):y/1 ‘

———dt
m ) (@ =) +y?

:y/l <96—1t><—1>dt+96/1 Yy

™) (x—1)? +y? m )1 (@ —t)? +y°

Using calculus techniques and Equations 10.15, we write the solution as

I NGl Vi ol y \_ = y
¢(aﬁ,y)*2ﬂln [($+1)2+y2 —i—ﬁArctan po| TFArctan ri)

The function ¢(z,y) is continuous in the upper half-plane, and on the boundary ¢(z,0),

it has discontinuities at * = +1 on the real axis. The graph in Figure 10.14 shows this
phenomenon.
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Figure 10.14: ¢(z,y) with boundary values ¢(z,0) = z for |z| < 1, and ¢(z,0) =0 for || > 1

Example 10.13. Find ¢(z,y) that is harmonic in the upper half-plane Im(z) > 0 and that
has the boundary values
¢(x,0) =2 for |z|<1l, ¢(z,00=-1 for z< -1, and ¢(z,0)=1 for x> 1.

Solution:

Using techniques from Section 10.2, we find that the function

1 1
v(x,y)=1— ;Arctan ( i 1) — —Arctan < Y 1)

T T T —
is harmonic in the upper half-plane and has the following boundary values:
v(z,0) =0 for |z|]<1, ov(z,00=-1 for z< -1, and v(z,0)=1 for =z >1.

This function can be added to the one in Example 10.12 to obtain the desired result:

Yy (x—1)2+ 92 x—1 y x+1 Y
=14+ =1 Arct — Arct — .
o(z,y) +27r n{(m+1)2+y2 + —— Arctan o Arctan | ——

r—1

Figure 10.15 shows the graph of ¢(z,y).

Figure 10.15: The graph of ¢(z,y) with designated boundary values

319



Exercises for Section 10.3 (Selected answers or hints are on page 454.)

1. Use Poisson’s integral formula to find the harmonic function ¢(z, y) in the upper half-plane
that takes on the boundary values

¢(t,0)=U(t) =0, for t<O0;
o(t,0)=U(t)=t, for 0<t<];
¢(t,0)=U(t) =0, for 1<t.

2. Use Poisson’s integral formula to find the harmonic function ¢(x, y) in the upper half-plane
that takes on the boundary values

o(t,0)=U(t) =0, for t<O0;
o(t,0)=U(t)=t, for 0<t<];
o(t,0)=U(t)=1, for 1<t.

3. Use Poisson’s integral formula for the upper half-plane to conclude

_ y [ cost
x,y) =e Ycosx == —————dt.
#) IIN=

4. Use Poisson’s integral formula for the upper half-plane to conclude

. y [ sint
r,y) =e Ysing = = ———dt.
¢( y) 7T /—oo (:L‘ - t)2 + y2

5. Show that the function ¢(x,y) given by Poisson’s integral formula is harmonic by applying
Leibniz’s rule, which permits you to write

&2 92 1 &2 9 y
(ax? * ay> #ery) = w/_oo ul) [(a * ay> [CEnLE +y4 .

6. Let U(t) be a real-valued function that satisfies the conditions for Poisson’s integral for-
mula for the upper half-plane. If U(t) is an even function so that U(—t) = U(t), then
show that the harmonic function ¢(x,y) has the property ¢(—z,y) = ¢(z,y).

7. Let U(t) be a real-valued function that satisfies the conditions for Poisson’s integral for-
mula for the upper half-plane. If U(¢) is an odd function so that for all ¢t U(—t) = U (%),
then show that the harmonic function ¢(z,y) has the property ¢(—z,vy) = —é(z,y).

10.4 Two-Dimensional Mathematical Models

We now consider problems involving steady state heat flow, electrostatics, and ideal fluid flow
that can be solved with conformal mapping techniques. Conformal mapping transforms a region
in which the problem is posed to one in which the solution is easy to obtain. As our solutions
involve only two independent variables, x and y, we first mention a basic assumption needed
for the validity of the model.

The physical problems we just mentioned are real-world applications and involve solutions
in three-dimensional Cartesian space. Such problems generally would involve the Laplacian
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in three variables and the divergence and curl of three-dimensional vector functions. Since
complex analysis involves only x and y, we consider the special case in which the solution does
not vary with the coordinate along the axis perpendicular to the xy plane. For steady state
heat flow and electrostatics, this assumption means that the temperature, T, or the potential,
V, varies only with x and y. Thus for the flow of ideal fluids, the fluid motion is the same in any
plane that is parallel to the z plane. Curves drawn in the z plane are to be interpreted as cross
sections that correspond to infinite cylinders perpendicular to the z plane. An infinite cylinder
is the limiting case of a “long” physical cylinder, so the mathematical model that we present is
valid provided the three-dimensional problem involves a physical cylinder long enough that the
effects at the ends can be reasonably neglected.

In Sections 10.1 and 10.2, we showed how to obtain solutions ¢(x,y) for harmonic functions.
For applications, we need to consider the family of level curves

{¢(z,y) = K; : K; is a real constant } (10.16)
and the conjugate harmonic function v (z,y) and its family of level curves

{(z,y) = Ky : Ko is a real constant }. (10.17)

For convenience, we introduce the term complex potential for the analytic function
F(z) = ¢(z,y) + iv(z,y).
We use Theorem 10.4, regarding the orthogonality of the families of level curves (Equations
10.16 and 10.17), to develop ideas concerning the physical applications that we will consider.

Theorem 10.4 (Orthogonal families of level curves). Suppose ¢(z,y) is harmonic in a domain
D, Y(z,y) is its harmonic conjugate, and F(z) = ¢(x,y) + itp(z,y) is the complex potential.
Then the two families of level curves given in FEquations 10.16 and 10.17, respectively, are
orthogonal in the sense that if (a,b) is a point common to the two curves ¢(x,y) = K1 and
Y(x,y) = Ko, and if F) (a +ib) # 0, then these two curves intersect orthogonally.

Proof. Since ¢(z,y) = K1 is an implicit equation of a plane curve, the gradient vector grad ¢,
evaluated at (a,b), is perpendicular to the curve at (a,b). This vector is given by

N1 = ¢z(a,b) +ipy(a,b).
Similarly, the vector No defined by

Ny = t(a, b) + ity (a, b)

is orthogonal to the curve ¢(x,y) = K3 at (a,b). Using the Cauchy-Riemann equations, ¢, = 1,
and ¢y = —1),, we have

Nl : N2 = ¢x(a’ b)wx(av b) + ¢y(a’ b)wy(av b) (10'18)
= _¢$(a7 b)¢y(a’ b) + ¢y(a7 b)¢x(a7 b)
=0.

In addition, F (a + ib) # 0, so we have
bo(a,b) + ity (a, b) # 0.
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The Cauchy-Riemann equations and the facts ¢, (a,b) # 0 and 1, (a,b) # 0 imply that both
N; and Ny are nonzero. Therefore Equation 10.18 implies that Ny is perpendicular to Ng, and
hence the curves are orthogonal. O

The complex potential F(z) = ¢(z,y) + i¢(z,y) has many physical interpretations. Sup-
pose, for example, that we have solved a problem in steady state temperatures. Then we can
obtain the solution to a similar problem with the same boundary conditions in electrostatics by
interpreting the isothermals as equipotential curves and the heat flow lines as flux lines. This
implies that heat flow and electrostatics correspond directly.

Or suppose that we have solved a fluid flow problem. Then we can obtain a solution to an
analogous problem in heat flow by interpreting the equipotentials as isothermals and streamlines
as heat flow lines. Various interpretations of the families of level curves given in Equations 10.16
and 10.17 and correspondences between families are summarized in Table 10.1

Physical Phenomenon  ¢(x,y) = constant Y(x,y) = constant
Heat flow Isothermals Heat flow lines
Electrostatics Equipotential curves Flux lines

Fluid flow Equipotentials Streamlines
Gravitational field Gravitational potential Lines of force
Magnetism Potential Lines of force
Diffusion Concentration Lines of flow
Elasticity Strain function Stress lines
Current flow Potential Lines of flow

Table 10.1: Interpretations for Level Curves

10.5 Steady State Temperatures

In the theory of heat conduction, an assumption is made that heat flows in the direction of
decreasing temperature. Another assumption is that the time rate at which heat flows across
a surface area is proportional to the component of the temperature gradient in the direction
perpendicular to the surface area. If the temperature 7T'(x,y) does not depend on time, then
the heat flow at the point (x,y) is given by the vector

V(z,y) = —KVT(z,y) = —K[T(z,y) + iTy(z,y)],

where K is the thermal conductivity of the medium and is assumed to be constant. If Az denotes
a straight-line segment of length As, then the amount of heat flowing across the segment per
unit of time is

VeN As, (10.19)
where N is the unit vector perpendicular to the segment.

If we assume that no thermal energy is created or destroyed within the region, then the
net amount of heat flowing through any small rectangle with sides of length Ax and Ay is
identically zero (see Figure 10.16(a)). This observation leads to the conclusion that T'(z,y) is
a harmonic function. The following heuristic argument is often used to suggest that T'(z,y)
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satisfies Laplace’s equation. Using Expression (10.19), we find that the amount of heat flowing
out of the right edge of the rectangle in Figure 10.16(a) is approximately

VeN; As; = —K[Ty(x + Az, y) + iT,(z + Az, y)] o (1 + 0i)Ay (10.20)

and the amount of heat flowing out of the left edge is
Vo N, Asy = —K[Ta(a, ) + Ty (,y)] o (—1 +0) Ay (10.21)
= KTy (x,y)Ay.
If we add the contributions in Equations (10.20) and (10.21) we get
To(z + Az, y) — To(2,y)

-K Ax AzAy ~ —KT,, (v, y)AzAy. (10.22)
y y
A A
Sx,y) =B
Vix,y + Ay) Vix + Ax, y + Ay) Heat
flow
lines
V(x, y) V(x + Ax, y)
Tx,y) =«
Isothermals
> x > x
(a) The direction of heat flow. (b) Heat flow lines and isothermals.

Figure 10.16: Steady state temperatures

Similarly, the contribution for the amount of heat flowing out of the top and bottom edges
is
Ty(z,y + Ay) — Ty(z,y)

AyAy ~ —KT,,(z,y)AzxAy. (10.23)

Adding the quantities in Equations (10.22) and (10.23), we find that the net heat flowing
out of the rectangle is approximated by the equation

which implies that T'(x,y) satisfies Laplace’s equation and is a harmonic function.

If the domain in which T'(x,y) is defined is simply connected, then a conjugate harmonic
function S(z,y) exists, and

F(2) =T(2,y) +iS(z,y)
is an analytic function. The curves T'(x,y) = K; are called isothermals and are lines con-
necting points of the same temperature. The curves S(z,y) = Ko are called heat flow lines,
and we can visualize the heat flowing along these curves from points of higher temperature to
points of lower temperature. The situation is illustrated in Figure 10.16(b).

Boundary value problems for steady state temperatures are realizations of the Dirichlet
problem where the value of the harmonic function T'(x,y) is interpreted as the temperature at
the point (z,y).
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Example 10.14. Suppose that two parallel planes are perpendicular to the z plane and pass
through the horizontal lines ¥y = a and y = b and that the temperature is held constant at the
values T'(x,a) = T1 and T'(x,b) = Ty, respectively, on these planes. Then T is given by

Ty -1

T =T
(«T,y) 1+ b—a

(y —a).

Solution:

A reasonable assumption is that the temperature at all points on the plane passing through
the line y = yo is constant. Hence T'(z,y) = t(y), where t(y) is a function of y alone. Laplace’s
equation implies that t,” (y) = 0, and an argument similar to that in Example 10.1 will show
that the solution T'(z,y) has the form given in the preceding equation.

The isothermals T'(x,y) = « are easily seen to be horizontal lines. The conjugate harmonic

function is T T
S(z.y) = 1— 13
(2,y) = ——

and the heat flow lines S(z,y) = [ are vertical segments between the horizontal lines. If
T1 > T5, then the heat flows along these segments from the plane through y = a to the plane
through y = b, as illustrated in Figure 10.17.

€z,

T(x, b)=T, T ib
~—Tlxy=«a
isothermals
T(x,a)=T, ia S(x,y)=f heat flow lines

< > X

Figure 10.17: The temperature between parallel planes where 71 > T5

Example 10.15. Find the temperature T'(z,y) at each point in the upper half-plane Im(z) > 0
if the temperature along the x axis satisfies

T(x,0)=Ty for >0, and T(x,0)=1Ty for z<O0.

Solution:

Since T'(z,y) is a harmonic function, this problem is an example of a Dirichlet problem. From
Example 11.2; it follows that the solution is

1o — 1T

T(z,y)=Ti+ Arg(z).

The isotherms T'(x,y) = « are rays emanating from the origin. The conjugate harmonic
function is S(z,y) = (T} — T») In |z|, and the heat flow lines S(z,y) = B are semicircles
centered at the origin. If 77 > T5, then the heat flows counterclockwise along the semicircles,
as shown in Figure 10.18.
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T . T(x,y)=«a
isothermals

S, y=8
heat flow lines

- > X
T(x,b)=T, for x<0 T(x,a)=T; for x>0

Figure 10.18: The temperature T'(z,y) in the upper half-plane where 77 > T5

Example 10.16. Find the temperature T'(z,y) at each point in the upper half-disk H = {z :
Im(z) > 0, |z| < 1} if the temperatures at points on the boundary satisfy

T(z,y) =100 for x+iy:z:ei97 0<0<m;

T(z,0) =50 for —1<x<l.

Solution:

As discussed in Example 10.9, the function

wtiv= 022 2y PP kit
e N R .

is a one-to-one conformal mapping of the half-disk H onto the first quadrant @ : v > 0, v >
0. The conformal map given by Equation 10.24 gives rise to a new problem of finding the

temperature 7™ (u, v) that satisfies the boundary conditions

(10.24)

T*(u,0) =100 for w >0, and 7%(0,v) =50 for v >0.

If we use Example 11.2, the harmonic function T*(u,v) is given by

—1 1
7 (u,0) = 100 + 2212 A0 (0) = 100 — 220 Arctan (%) . (10.25)
™

2

Substituting the expressions for u and v from Equation (10.24) into Equation (10.25) yields the
desired solution:

10 1— 2% —y?
T(x,y) =100 — —OArctan L
T 2y

The isothermals T'(z,y) = constant are circles that pass through the points £1, as shown
in Figure 10.19.

10.5.1 An Insulated Segment on the Boundary

We now turn to the problem of finding the steady state temperature function 7'(z,y) inside the
simply connected domain D whose boundary consists of three adjacent curves C7, Co, and Cs,
where T'(z,y) = T along Cy, and T'(x,y) = T, along Co. The region is insulated along C3, so
that fact that no heat flows across Cs implies that

V(ZE,y) i N(l’,y) = —KN(:L’,y) b VT(:an) =0,
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1

y
A T(x,y) = 100
1
1
1
1
1
1
1
1
1
1
1

\
\
\
\
|
1

! ! > X
-1 T(x,0)=50 for -1<x<1 1

Figure 10.19: The temperature T'(z,y) in a half-disk

where N(z,y) is perpendicular to C3. Thus the direction of heat flow must be parallel to this
portion of the boundary. In other words, C's must be part of a heat flow line S(x,y) = constant,
and the isothermals T'(z,y) = constant intersect C'3 orthogonally.

We can solve this problem by finding a conformal mapping

w = f(z) =ulz,y) +iv(z,y) (10.26)

from D onto the semi-infinite strip G : 0 < u < 1, v > 0 so that the image of the curve C is
the ray u = 0; the image of the curve C5 is the ray given by v = 1, v > 0; and the thermally

insulated curve C3 is mapped onto the thermally insulated segment 0 < u < 1 of the u axis, as
shown in Figure 10.20.

The new problem in G is to find the steady state temperature function 7%*(u,v) so that
along the rays, we have the boundary values

T7*(0,v) =Ty for v>0, and T7(1,v)=Ty for v>0. (10.27)
y v
J J
T(X’,V)ZTZ C2
RS
C3
w=[(z)
aT
T(x,y) =T, 35, =0
1
TH0,v) =T, TH(1,) =T,
> x s > u
0 QTH

=0

S5

n

Figure 10.20: Steady state temperatures with one boundary portion insulated

The condition that a segment of the boundary is insulated can be expressed mathematically
by saying that the normal derivative of T*(u,v) is zero. That is,
oT*
on
where n is a coordinate measured perpendicular to the segment. We can easily verify that the
function

= T (u,0) = 0, (10.28)

T*(u,v) =1+ (T2 — Tl)u
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satisfies the conditions stated in Equations 10.27 and 10.28 for region G. Therefore, using
Equation 10.26, we find that the solution in D is

T(x,y) =T1+ (Ta — T1)u(x,y).

The isothermals T'(x,y) = constant and their images under w = f(z) are also illustrated in
Figure 10.20.

Example 10.17. Find the steady state temperature T'(z,y) for the domain D consisting of
the upper half-plane Im(z) > 0, where T'(x,y) has the boundary conditions

T(x,0)=1 for z>1, and T(z,0)=-1 for z< -1,
or

%:Ty(l‘,(}):0 for —-1<xz<1,

where (again) n is a coordinate measured perpendicular to the segment.

Solution:

The mapping w = Arcsin(z) conformally maps D onto the strip v > 0, =5 < u < 7, where the
new problem is to find the steady state temperature 7™ (u, v) with boundary conditions

T*(g,v>:1 for v>0, and T*(—g,v):—l for v > 0;

oT* . ™ i
o =T, (u,0) =0 for -5 <u<g.

Using the result of Example 10.1, we can easily obtain the solution 7™ (u,v) = %u

Therefore the solution in D is T'(z,y) = 2Re(Arcsin(z)).

If an explicit solution is required, we can use Formula (9.25) to obtain

Vet 1P +y? = Ve - 12+

2
T(z,y) = ;Arcsin

2 )
where —Z < Arcsin(t) < Z; see Figure 10.21.
2 2
y
T=-02 T=02
T=-04 T=04
T=-06 T=06
T=-08 T=08
X
T=-1.0 -1 1 T=10

Figure 10.21: The temperature T'(x,y) with Ty(x,0) = 0 for —1 < 2 < 1, and boundary values
T(x,0) = —1for z < —1 and T'(x,0) =1, for x > 1
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Exercises for Section 10.5 (Selected answers or hints are on page 454.)

1. Show that H(z,vy,2) = ———— satisfies Laplace’s equation Hy, + H,, + H.. = 0 in
I Va2 4y 422 vy

three-dimensional Cartesian space, but that h(x,y) = 1 does not satisfy equation

hze 4 hyy = 0 in two-dimensional Cartesian space.

2. Find the temperature function 7'(z,y) in the infinite strip bounded by the lines y = —x
and y = 1 — z that satisfies the following boundary values (shown in Figure 10.22).

T(x,—x) =25 forall ux;
T(x,1—x)="75 forall =

Figure 10.22: For Exercise 2

3. Find the temperature function 7'(x,y) in the first quadrant > 0, y > 0 that satisfies the
following boundary values (shown in Figure 10.23).

T(x,0) =10 for =z >1,
T(x,0) =20 for 0<az<l,
T(0,y) =20 for 0<y<1,
T(0,y) =10 for y<1.

y
T=10

i
T=20

Figure 10.23: For Exercise 3

4. Find the temperature function 7T'(x,y) inside the unit disk |z| < 1 that satisfies the
following boundary values (shown in Figure 10.24).

S _ i(1-2)
Hint: Use w = T

3

T(z,y) =20 for z4+iy=z=¢"% 0<0<—;

T(z,y) =60 for z+iy=z=¢", g<9<2ﬂ'.
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Figure 10.24: For Exercise 4
5. Find the temperature function 7'(z,y) in the semi-infinite strip —5 < x < §, y > 0 that

satisfies the following boundary values (shown in Figure 10.25):

T
T (§y> —100 for y>0;
™ 0
T =0 f - = —;
(r,y) =0 for 5 <T< 5

T(—g, y>:100 for y > 0.

T =100 T=100

Figure 10.25: For Exercise 5

6. Find the temperature function T'(z,y) in the domain r > 1, 0 < < 7 that satisfies the
i(1—2)

following boundary values (shown in Figure 10.26). Hint: w = =~

T(x,0)=0 for z>1;
T(z,0)=0 for z<—1;
T(x,y) =100 if z=¢? 0<0<m.

T=0 -1 1 T=0

Figure 10.26: For Exercise 6
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7. Find the temperature function 7'(z,y) in the domain
T
1<r<10<9<§
that satisfies the following boundary conditions (shown in Figure 10.27):

T(z,y) =0 for z+iy=z=e" 0<9<z;

2
T(z,y) =50 for x+iy22226i0,0<9<g;
oT
%:Ty(%o)zo for 1<ax<?2;
oT
%:Tx((),y):() for 1<y<2.

Figure 10.27: For Exercise 7

8. Find the temperature function T'(z,y) in the domain 0 < r < 1, 0 < Arg(z) < « that
satisfies the following boundary conditions (shown in Figure 10.28). Use w = Log(z).

T(x,0) =100 for 0<zx<I;

T(x,y) =50 for z+iy=z=re" 0<r<1;
oT

=0 for z+iy=z=¢"% 0<0<a.
on

0 T=100 1

Figure 10.28: For Exercise 8

9. Find the temperature function 7'(x,y) in the first quadrant = > 0, y > 0 that satisfies the
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following boundary conditions (shown in Figure 10.29).

T(x,0) =100 for =z >1;
T(0,y) =—=50 for y>1;

or
8—:Ty(x,0):0 for 0<z<1,
n
or
8—:Tm(0,y):o for 0<y<1.
n

y
T=-50

i 9
aT
%=0

oO—> X
oT _, 1 T=100
on

Figure 10.29: For Exercise 9

10. Find the temperature function 7'(z,y) in the infinite strip 0 < y < = that satisfies the
following boundary conditions (shown in Figure 10.30). Hint: Use w = €.
T(x,0) =50 for x> 0;
T(x,m)=—50 for =z >0;

or

a—n:Ty(:c,O)zo for = <0
T

gn:Ty(x,W):O for z <0.
oT Y

an =0 in  T=-50

oT _, 0 T=50
on ~

Figure 10.30: For Exercise 10
11. Find the temperature function T'(x, y) in the upper half-plane Im(z) > 0 that satisfies the
following boundary conditions (shown in Figure 10.31).

T(x,0) =100 for 0<z<1;
T(xz,0) =—-100 for —1<z<0;

oT
%:Ty(x,()):() for x=>1;
T
g—n:Ty(x,O):() for z < —1.
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=l 1

IT _T=-100 T=1009T _,
an an

Figure 10.31: For Exercise 11

12. Find the temperature function T'(z,y) in the first quadrant z > 0, y > 0 that satisfies the
following boundary conditions (shown in Figure 10.32).
T(x,0) =50 for x>0
T(0,y) =—-50 for y>1;

oT
y
T=-50
i
T
In =0
o X
0 T=50

Figure 10.32: For Exercise 12
13. For the temperature function
100 1— a2 —q?
T(z,y) = 100 — — Arctan <H>
m 2y

in the upper half-disk {z : |z] < 1, Im(z) > 0}, show that the isothermals T'(z,y) = « are
portions of circles that pass through the points +1 and —1, as illustrated in Figure 10.33.

T =100

90
80

70
60

-1 T =50 1

Figure 10.33: For Exercise 13
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14. For the temperature function
300
T(z,y) = —Re(Arcsin(z + iy))
™

in the upper half-plane Im(z) > 0, show that the isothermals T'(x,y) = « are portions of
hyperbolas that have foci at the points £1, as illustrated in Figure 10.34.

T =-75 T=0 T =175
T =-150 ot ||4>T:150
-1 9T 1
on =0

Figure 10.34: For Exercise 14

15. Find the temperature function in the portion of the upper half-plane Im(z) > 0 that lies

inside the ellipse
2 2
x
5o T 2 75 =1
cosh“2  sinh®2
and satisfies the following boundary conditions (shown in Figure 10.35). Hint: Use w =
Arcsin(z).

T(x,y) =80 for (x,y) on the ellipse,
T(x,0) =40 for —1l<z<1,
orT

o= Ty(x,0) =0 when 1< |z| < cosh2.

I no—— o X
9T _ -1 T=40 1 T _,
an

on

Figure 10.35: For Exercise 15

10.6 Two-Dimensional Electrostatics

A two-dimensional electrostatic field is produced by a system of charged wires, plates, and
cylindrical conductors that are perpendicular to the z plane. The wires, plates, and cylinders
are assumed to be long enough so that the effects at the ends can be neglected, as mentioned in
Section 10.4. This assumption results in an electric field E(z,y) that can be interpreted as the
force acting on a unit positive charge placed at the point (z,y). In the study of electrostatics,
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the vector field E(x,y) is shown to be conservative and is derivable from a function ¢(z,y),
called the electrostatic potential, expressed as

E(ﬂj,y) = *vd)(xay) = *qbl‘(x’y) - i¢y($ay)-

If we make the additional assumption that there are no charges within the domain D,
then Gauss’s law for electrostatic fields implies that the line integral of the outward normal
component of E(z,y) taken around any small rectangle lying inside D is identically zero. A
heuristic argument similar to the one we used for steady state temperatures, with T'(z,y)
replaced by ¢(z,y), will show that the value of the line integral is

_[Cbacz(xa y) + ¢yy(x’ y)]AxAy'

This quantity equals zero, so we conclude that ¢(x,y) is a harmonic function. If we designate
¥ (x,y) as the harmonic conjugate, then

F(2) = ¢(z,y) +iv(z,y)
is the complex potential (not to be confused with the electrostatic potential).

The curves ¢(x,y) = K; are called the equipotential curves, and the curves ¢ (z,y) = Ks
are called the lines of flux. If a small test charge is allowed to move under the influence of the
field E(x,y), then it will travel along a line of flux. Boundary value problems for the potential
function ¢(z,y) are mathematically the same as those for steady state heat flow, and they are
realizations of the Dirichlet problem where the harmonic function is ¢(x,y).

Example 10.18. Consider two parallel conducting planes that pass perpendicular to the z
plane through the lines * = a and x = b, which are kept amt the potentials U; and Us,
respectively. Then, according to the result of Example 10.1, the electrical potential is

Us - U
dz,y) = Ui + —— (v —a).

Example 10.19. Find the electrical potential ¢(z,y) in the region between two infinite coaxial
cylinders » = a and r = b, which are kept at the potentials U; and Us, respectively.
Solution:

The function w = log z = In|z| + i arg z maps the annular region between the circles r = a and
r = b onto the infinite strip Ina < v < In b in the w plane, as shown in Figure 10.36. The
potential ®(u,v) in the infinite strip has the boundary values

®(ln a,v) =U;, and P(Inb,v)=U; forall w.
The result of Example 10.18 gives the electrical potential ®(u,v):
Uy —-Uy

®(u,v) = U1 + Inb—1na

(u—1Ina).

We can use the fact that u = In|z| to conclude that the potential ¢(x,y) is
U, — Uy

Inb—1Ina

d(x,y) =Ur + (In|z| — Ina).

The equipotentials ¢(x,y) = constant are concentric circles centered on the origin, and the
lines of flux are portions of rays emanating from the origin. If Us < Uj, then the situation is
as illustrated in Figure 10.36.
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Ina Inb

Figure 10.36: The electrical field in a coaxial cylinder, where Uy < Uj

Example 10.20. Find the electrical potential ¢(x, y) produced by two charged half-planes that
are perpendicular to the z plane and pass through the rays x < -1,y =0and z > 1,y = 0,
where the planes are kept at the fixed potentials

¢(z,0) = =300 for x< -1, and ¢(z,0)=300 for x> 1.

Solution:

The result of Example 9.13 shows that the function w = Arcsin(z) is a conformal mapping of
the z plane slit along the two rays ¢ < —1,y = 0 and z > 1, y = 0 onto the vertical strip

—% < u < 5. Thus, the problem reduces to finding the potential ®(u,v) that satisfies the

boundary values
T T
o (—5,1}) — 300 and @ (5,1)) — 300 forall w.

From Example 10.1,
O (u,v) = —u.
s
As in the discussion of Example 10.17, the solution in the z plane is

o(z,y) = 67.%01%6 (Arcsin(z))

_ 600, <¢<x+ D+ 3% — /(@ —1)? +y2> |

T 2

Several equipotential curves are shown in Figure 10.37.

Example 10.21. Find the electrical potential ¢(x,y) in the disk D : |z] < 1 that satisfies the
boundary values

o(x,y) =80 for z+iy=2 on Clz{z:ei9:0<9<g};

o(x,y) =0 for z+iy=2 on C’gz{z:ew:g<9<2ﬂ'}.

Solution:
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0=-120 ¢=—60 ¢=0 0=60 ¢=120

0 =-180 ¢ =180
0 =240 0 =240
0 =-300 ¢ =300

Figure 10.37: Equipotentials of two charged half-planes perpendicular to the complex plane

The mapping w = S(z) = (1_;)# is a one-to-one conformal mapping of D onto the upper

half-plane Im(w) > 0 with the I;roperty that C7 is mapped onto the negative u axis and C5 is
mapped onto the positive u axis. The potential ®(u,v) in the upper half-plane that satisfies
the new boundary values

®(u,0) =80 for u<0, and P(u,0)=0 for u>0

is given by
80 80 v
o = —A =—A —. 10.2
(u,v) - rg(w) - rctan (u) (10.29)

A straightforward calculation shows that

, r—1)2 —1)2 = 14i(1 — 2% — o2
wtiv=S(z) = &Y +(y(x_)1)2;;2( y)

We substitute the real and imaginary parts, v and v from this equation, into Equation (10.29)
to obtain the desired solution:

80 1— a2 —q?
o(x,y) = ?Arctan <(x Sy Y g v 1> .

The level curve ®(u,v) = « in the upper half-plane is a ray emanating from the origin, and the
preimage ¢(x,y) = « in the unit disk is an arc of a circle that passes through the points 1 and
1. Several level curves are illustrated in Figure 10.38.

Exercises for Section 10.6 (Selected answers or hints are on page 455.)

1. Find the electrostatic potential ¢(z,y) between the two coaxial cylinders » = 1 and r = 2
that has the boundary values shown in Figure 10.39:

¢(z,y) =100 when |z|=1,
o(x,y) =200 when |z|=2.
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Figure 10.39: For Exercise 1

2. Find the electrostatic potential ¢(x,y) in the upper half-plane Im(z) > 0 that satisfies
the boundary values shown in Figure 10.40:
¢(z,0) = 100 for =z > 1,
¢(z,00= 0 for —1l<z<l
¢(z,0) = —-100 for =z < —1.

y

-1 | 1

(o] oO—> X
0 =-100 0=0 =100

Figure 10.40: For Exercise 2
3. Find the electrostatic potential ¢(x,y) in the crescent-shaped region that lies inside the

disk |z — 2| < 2 and outside the circle |z — 1| = 1 that satisfies the following boundary
values (shown in Figure 10.41).

¢(z,y) =100 for |z—2|=2, =z#0,
¢(z,y) = 50 for |z—1=1, z#0.

337



Figure 10.41: For Exercise 3

4. Find the electrostatic potential ¢(x,y) in the semi-infinite strip —5 <z < 5, y > 0 that
has the boundary values shown in Figure 10.42:

qs(g,y):o for y>0;
¢(z,0) = 50 for —g<x<5;

2
[0 (—g,y> =100 for y>0.

y
0=100 | 0=0
o> X

50

-z 0=

©la

Figure 10.42: For Exercise 4

5. Find the electrostatic potential ¢(x,y) in the domain D in the half-plane Re(z) > 0 that
lies to the left of the hyperbola 222 — 2y? = 1 and satisfies the following boundary values
(shown in Figure 10.43).

#(0,y) =50 for all y;
é(z,y) =100 when 2% -2y =1.

Figure 10.43: For Exercise 5

6. Find the electrostatic potential ¢(x,y) in the infinite strip 0 < x < 7 that satisfies the
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following boundary values (shown in Figure 10.44). Hint: Use w = sin z.
»(0,y) =100 for y > 0;
¢ (gy) —0 forall y;
#(0,y) = =100 for y <DO.

y
¢ =100 $=0
0()—ﬂ.>x

2
¢=-100 $=0

Figure 10.44: For Exercise 6

7. Consider the conformal mapping w = S(z) = 2;:36.

(a) Show that S(z) maps the domain D that is the portion of the right half-plane Re(z) >
0 that lies exterior to the circle |z — 5| = 4 onto the annulus 1 < |w| < 2.

(b) Find the electrostatic potential ¢(z,y) in the domain D that satisfies the boundary
values shown in Figure 10.45:

#(0,y) =100 for all y;
¢(z,y) =200 when |z—5|=4.

Figure 10.45: For Exercise 7b

8. Consider the conformal mapping w = S(z) = 5;1%)

(a) Show that S(z) maps the domain D that is the portion of the disk |z| < 5 that lies
outside the circle |z — 2| = 2 onto the annulus defined by 1 < |w| < 2.

(b) Find the electrostatic potential ¢(z,y) in the domain D that satisfies the boundary
values shown in Figure 10.46.

¢(x,y) =100 when |z| =5;
¢(z,y) =200 when |z—2|=2.
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o =200

LN, -
/

Y ¢ =200

Figure 10.46: For Exercise 8b

10.7 Two-Dimensional Fluid Flow

Suppose that a fluid flows over the complex plane and that the velocity at the point z = x + iy
is given by the velocity vector

V(z,y) = p(z,y) +iq(z,y). (10.30)

We also require that the velocity does not depend on time and the components p(x,y) and
q(z,y) have continuous partial derivatives. The divergence of the vector field in Equation 10.30
is given by

divV(z,y) = pz(z,y) + gy(z, y)

and is a measure of the extent to which the velocity field diverges near the point. We consider
only fluid flows for which the divergence is zero. This condition is more precisely characterized
by the requirement that the net flow through any simply closed contour be identically zero.

If we consider the flow out of the small rectangle shown in Figure 10.47, then the rate of
outward flow equals the line integral of the exterior normal component of V(z,y) taken over
the sides of the rectangle. The exterior normal component is given by —¢g on the bottom edge,
p on the right edge, ¢ on the top edge, and —p on the left edge. Integrating and setting the
resulting net flow to zero yields

y+Ay r+Ax
[ bt ant) < peoldt [ latty + Ay) - att.y)de =0, (10.31)
Y x
)7
T (x, y + Ay) (x + Ax, y + Ay)
’ V(x, y)
‘ () (+ Ax, y) N
i >

Figure 10.47: A two-dimensional vector field
Both p and ¢ are continuously differentiable, so the mean value theorem implies that
p(x + Ax,t) — p(x,t) = py(z1,t)Az, and (10.32)

q(t,y +Ay) — q(t,y) = qy(t, y2) Ay,
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where z < 1 < ¢+ Az and y < y2 < y + Ay. Substitution of the expressions displayed in
Equation (10.32) into Equation (10.31) and subsequently dividing through by Ax Ay results in

1 y+Ay 1 z+Az
Ay/ pm($17 )dt+A:L'/ qy(t,yg) dt = 0.
Yy

We can use the mean value theorem for integrals with this equation to show that

Pa(T1,91) + qy(x2,y2) =0,

where y < y1 <y + Ay and x < 29 < x + Az. Letting Ax — 0 and Ay — 0 in this equation
yields

pe(@,y) + qy(2,y) =0, (10.33)
which is called the equation of continuity.

The curl of the vector field in Equation 10.30 has magnitude

‘cuer(az, y)} = ¢z (x,y) —Py(l’a Y)

and is an indication of how the field swirls in the vicinity of a point. Imagine that a “fluid
element” at the point (x,y) is suddenly frozen and then moves freely in the fluid. The fluid
element will rotate with an angular velocity given by

1 1

S00(E9) — 5pary) = o lewrl Vi, )|

We consider only fluid flows for which the curl is zero. Such fluid flows are called irrotational.
This condition is more precisely characterized by requiring that the line integral of the tangential
component of V(z,y) along any simply closed contour be identically zero. If we consider the
rectangle in Figure 10.47, then the tangential component is given by p on the bottom edge, ¢
on the right edge, —p on the top edge, and —q on the left edge. Integrating and equating the
resulting circulation integral to zero yields

y+Ay r+Azx
/ gz + Az, t) — qa, )] di — / Pty + Ay) — plt, )] dt = 0.

As before, we apply the mean value theorem and divide through by Az Ay, and obtain the

equation
1 y+Ay 1 x+Ax
Ay/ qu(z1,t) dt — A.’E/ py(t,y2) dt = 0.
Yy T

We can use the mean value for integrals with this equation to deduce that g, (z1, y1)—py(22,y2) =
0. Letting Ax — 0 and Ay — 0 yields

qx(x,y) —py(ﬂi,y) =0.

Equation (10.33) and this equation show that the function f(z) = p(z,y) —iq(x,y) satisfies the
Cauchy-Riemann equations and is an analytic function. If we let F'(z) denote the antiderivative
of f(z), then

F(z) = ¢(z,y) + i (z,y), (10.34)
which is the complex potential of the flow and has the property

F/(2) = ¢z(2,y) — ithe(,y) = p(z,y) +iq(z,y) = V(z,9).
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Since ¢, = p and ¢, = ¢, we also have

Vo(r,y) = p(x,y) +iq(z,y) = V(z,y),

so ¢(x,y) is the velocity potential for the flow, and the curves

¢(x7 y) = Kl
are called equipotentials. The function ¢ (z,y) is called the stream function. The curves
d}(xv y) = K2

are called streamlines and describe the paths of the fluid particles. To demonstrate this result,
we implicitly differentiate 1(z,y) = K3 and find that the slope of a vector tangent is given by

dy — Pu(7,y)

dl’ B @Z’y (ZL‘, y) .
Using the fact that 1, = ¢, and this equation, we find that the tangent vector to the curve is

T = ¢u(v,y) — ithe(,y) = p(x,y) +iq(x,y) = V(z,y).

The salient idea of the preceding discussion is the conclusion that, if

F(z) = ¢(z,y) +iv(x,y) (10.35)

is an analytic function, then the family of curves

{¢(I’, y) = KZ}
represents the streamlines of a fluid flow.

The boundary condition for an ideal fluid flow is that V should be parallel to the boundary
curve containing the fluid (the fluid flows parallel to the walls of a containing vessel). In other
words, if Equation 10.35 is the complex potential for the flow, then the boundary curve must be
given by ¢(z,y) = K for some constant K; that is, the boundary curve must be a streamline.

Theorem 10.5 (Invariance of flow). Let
Fi(w) = ®(u,v) + 1¥(u,v)

denote the complex potential for a fluid flow in a domain G in the w plane, where the velocity
18

Vi(u,v) = F1, (w).

If the function w = S(z) = u(z,y) +iv(z,y) is a one-to-one conformal mapping from a domain
D in the z-plane onto G, then the composite function

F2(Z) = Fl(S(Z)) = q)(u(xa y)v U(.CIZ‘, y)) + Z\I/(’U,(.Z',y), U(l‘,y))
is the complex potential for a fluid flow in D, where the velocity is

Va(z,y) = Fp,/ (2).

The situation is shown in Figure 10.48.
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A A
D
w=35(z) G
_—
Yy =K v =K
> > U
(a) Fluid flow in a plane. (b) Fluid flow in the w plane.

Figure 10.48: The image of a fluid flow under a conformal mapping

Proof. From Equation (10.34), F}(w) is an analytic function. Since the composition of analytic
functions is analytic, F5(z) is the required complex potential for an ideal fluid flow in D. [

‘We note that the functions

o(z,y) = ®(u(z,y), v(z,y)) and P(z,y) = V(u(z,y), v(z,y))

are the new velocity potential and stream function, respectively, for the flow in D. A streamline
or natural boundary curve

Y(z,y) = K

in the z plane is mapped onto a streamline or natural boundary curve
U(u,v) =K

in the w plane by the transformation w = S(z). One method for finding a flow inside a domain
D in the z plane is to conformally map D onto a domain G in the w plane in which the flow is
known.

For an ideal fluid with uniform density p, the fluid pressure P(z,y) and speed |V (z,y)| are
related by the following special case of Bernoulli’s equation:

r 1
M + §’V(x’y)‘ = constant.

p

Note that the pressure is greatest when the speed is least.

Example 10.22. The complex potential F'(z) = (a+1ib)z has the velocity potential and stream
function of
d(z,y) =ax —by and (z,y) = br + ay,

respectively, and gives rise to the fluid flow defined in the entire complex plane that has a
uniform parallel velocity of

V(z,y) = F'(z) = a —ib.

The streamlines are parallel lines given by the equation bx + ay = constant and are inclined

at an angle a = —Arctan(g), as indicated in Figure 10.49.
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g

Figure 10.49: A uniform parallel flow

Example 10.23. Consider the complex potential F(z) = ézQ, where A is a positive real

number. The velocity potential and stream function are given by

A
Bla.y) = 5(a® —y?) and (o) = Ay,

respectively. The streamlines
Y(x,y) = constant

form a family of hyperbolas with asymptotes along the coordinate axes. The velocity vector
V = Az indicates that in the upper half-plane Im(z) > 0, the fluid flows down along the
streamlines and spreads out along the x axis, as against a wall, as depicted in Figure 10.50.

0

Figure 10.50: The fluid flow with complex potential F'(z) = %zQ

Example 10.24. Find the complex potential for an ideal fluid flowing from left to right across
the complex plane and around the unit circle |z| = 1.
Solution:

We use the fact that the conformal mapping w = S(z) = z + 1) maps the domain D = {z :
|z| < 1} one-to-one and onto the w plane slit along the segment —2 < v < 2, v = 0. The
complex potential for a uniform horizontal flow parallel to this slit in the w plane is

where A is a positive real number. The stream function for the flow in the w plane is ¥ (u,v) =
Aw so that the slit lies along the streamline ¥(u,v) = 0.

The composite function Fi(z) = F1(S(2)) determines the fluid flow in the domain D, where
the complex potential is

ri=a(s+2)
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where A > 0. We can use polar coordinates to express Fz(z) as

Fy(z) = Fy(re??) = A <r—i— i) cosf +1iA <r — 1> sin 6.

r

The streamline 9 (r, ) = A(r — 1)sin@ = 0 consists of the rays

Tr
r>1,0=0 and r>1, 0=

along the z axis and the curve r — % = 0, which is the unit circle r = 1. Thus the unit circle

can be considered as a boundary curve for the fluid flow.

The approximation Fy(z) = A(z + %) ~ Az is valid for large values of z, so we can approxi-
mate the flow with a uniform horizontal flow having speed |V| = A at points that are distant
from the origin. The streamlines

Y(z,y) = constant

and their images
U(u,v) = constant

under the mapping w = S(z) = z + % are illustrated in Figure 10.51.

Figure 10.51: Fluid flow around a circle

Example 10.25. Find the complex potential for an ideal fluid flowing from left to right across
the complex plane and around the segment from —i to .

Solution:

We use the conformal mapping

(z—i)2

[NIES

w=25(z) = (224 1)2 = (2 +1)

where the branch of the square root of Z = z =+ in each factor is 73 = R%ew/Q, where R = |Z],
and 0 = arg_g(Z), —Z < 0 < 3%, The function given by w = S(z) is a one-to-one conformal
mapping of the domain D consisting of the z plane slit along the segment x = 0,—-1 <y < 1
onto the domain G consisting of the w plane slit along the segment —1 < u < 1,v = 0. The
complex potential for a uniform horizontal flow parallel to the slit in the w plane is given by
F1(w) = Aw, where for convenience we choose A = 1 and where the slit lies along the streamline
U(u,v) = ¢ = 0. The composite function

Fy(2) = F1(S(2)) = A2+ 1)2
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is the complex potential for a fluid flow in the domain D. The streamlines given by ¢ (z,y) = ¢
for the flow in D are obtained by finding the preimage of the streamline ¥(u,v) = ¢ in G given
by the parametric equations

v=c and u=t, for —oo<t< .
The corresponding streamline in D is found by solving the equation
t+ic= (22+1)%
for z and y in terms of t. Squaring both sides of this equation yields
2 — 2 — 1412t = 22 — y? + i2ay.
Equating the real and imaginary parts leads to the system of equations
22—y =t?—c?—1 and zy=ct.

Eliminating ¢ in the last two equations gives ¢? = (2% + ¢?)(y? — ¢?), and we can solve for y in

terms of x to get
1+ c2 4 22
= C —
Y=\ " @y

for streamlines in D. For large values of x, this streamline approaches the asymptote y = ¢ and
approximates a horizontal flow, as shown in Figure 10.52.

Figure 10.52: Flow around a segment

Exercises for Section 10.7 (Selected answers or hints are on page 455.)

1. Consider the ideal fluid flow for the complex potential F(z) = A(z + 1), where 4 is a
positive real number.

% on the unit circle is given

(a) Show that the velocity vector at the point (1,6), z = re!
by V(1,0) = A(1 — cos 20 — isin 26).

(b) Show that the velocity vector V(1,6) is tangent to the unit circle |z| = 1 at all points
except —1 and +1.

Hint: Show that V - P = 0, where P = cosf + isinf.

(c) Show that the speed at the point (1,6) on the unit circle is given by [V| = 24| sin 6|
and that the speed attains the maximum of 2A at the points +i and is zero at the
points +1. Where is the pressure the greatest?
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. Show that the complex potential F(z) = ze ™" + % determines the ideal fluid flow
around the unit circle |z| = 1, where the velocity at points distant from the origin is given
approximately by V ~ e’®; that is, the direction of the flow for large values of z is inclined
at an angle o with the = axis, as shown in Figure 10.53.

. Consider the ideal fluid flow in the channel bounded by the hyperbolas zy = 1 and zy = 4
in the first quadrant, where the complex potential is given by F(z) = 322 and A is a
positive real number.

(a) Find the speed at each point, and find the point on the boundary at which the speed
attains a minimum value.

(b) Where is the pressure greatest?

. Show that the stream function is given by 1(r, #) = Ar3sin 30 for an ideal fluid flow around

the angular region 0 < 6 < % indicated in Figure 10.54. Sketch several streamlines of the

flow. Hint: Use the conformal mapping w = 23.

Figure 10.53: For Exercise 2 Figure 10.54: For Exercise 4

5. Consider the ideal fluid flow, where the complex potential is

0 0
F(z) = Az2 = Ars (cos?)2 + isin 32) , for 0<6 <27

(a) Find the stream function ¢(r, 0).
(b) Sketch streamlines of the flow in the region 0 < 6 < %’T indicated in Figure 10.55.

6. Consider the complex potential F(z) = A(z% + Z%)

(a) Let A > 0. Show that F(z) determines an ideal fluid flow around the domain
r>1,0 <6 < 7 indicated in Figure 10.56, which shows the flow around a circle in

the first quadrant. Hint: Use the conformal mapping w = 22.

(b) Show that the speed at the point z = ¢ on the quarter-circle r = 1, 0 < 6 < 5 is
given by V = 4A|sin 26)|.

(¢) Determine the stream function for the flow and sketch several streamlines.

7. Show that F(z) = sinz is the complex potential for the ideal fluid flow inside the semi-

infinite strip —5 < = < §, y > 0 indicated in Figure 10.57. Find the stream function.
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1

Figure 10.55: For Exercise 5b Figure 10.56: For Exercise 6a

«

Figure 10.57: For Exercise 7 Figure 10.58: For Exercise 8

(SIS
(SIE

8. Let w = S(2) = £[z 4 (22 — 4)%] denote the branch of the inverse of z = w + 1 that is
a one-to-one mapping of the z plane slit along the segment —2 < z < 2, y = 0 onto the
domain |w| > 1. Use the complex potential F(w) = we™**+ Le'® in the w plane to show

that the complex potential Fy(z) = zcosa — i(z% — 4)% sin @ determines the ideal fluid
flow around the segment —2 < x < 2, y = 0, where the velocity at points distant from
the origin is given by V x e'®, as shown in Figure 10.58.

9. Consider the complex potential F(z) = —iArcsin(z)

(a) Show that F'(z) determines the ideal fluid flow through the aperture from —1 to +1,
as indicated in Figure 10.59.

(b) Show that the streamline ¢ (xz,y) = ¢ for the flow is a portion of the hyperbola
2 v
siigc ~ e = L

10.8 The Joukowski Airfoil

The Russian scientist N. E. Joukowski studied the function
1
J(z) = —.
(2) =2+ p;
He showed that the image of a circle passing through z; = 1 and containing the point zo = —1

is mapped onto a curve shaped like the cross section of an airplane wing. We call this curve
the Joukowski airfoil. If the streamlines for a flow around the circle are known, then their
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Figure 10.59: For Exercise 9a

images under the mapping w = J(z) will be streamlines for a flow around the Joukowski airfoil,
as shown in Figure 10.60.

Y v
i w=J(z) A
—_—
1\
pn=-1z=1 -1 1
\\ /l\ . = a
= Y
/

Figure 10.60: Image of a fluid flow under w = J(z) = z + %

The mapping w = J(z) is two-to-one, because J(z) = J(1), for z # 0. The region |z| > 1
is mapped one-to-one onto the w plane slit along the portion of the real axis —2 < u < 2.

To visualize this mapping, we investigate the implicit form, which we obtain by using the
substitutions

1 22-2z+1  (2-1)?

w—2=z—-2+4-= , and
z z z
1 2492241 1)2
w+2:z+2+i:z+z+ :(z—i-).
z z z

Forming the quotient of these two quantities results in the relationship
w—2 [(z-1 2
w+2 \z+1/)°

The inverse of T(w) = % is S3(z) = 222 If we use the notation 91(z) = ;% and

So(z) = 22, then we can express J(z) as the composition of Sy, S2, and S3:

w=J(z)=S; (sg(sl(z))). (10.36)
We can easily show that w = J(z) = z—i—% maps the four points 21 = —i, 20 = 1, z3 = 4, and
z4 = —1 onto w1 = 0, we = 2, wg = 0, and wy = —2, respectively. However, the composition
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functions in Equation (10.36) must be considered in order to visualize the geometry involved.
First, the bilinear transformation Z = S;(z) maps the region |z| > 1 onto the right half-plane
Re(Z) > 0, and the points z; = —i, 20 = 1, 23 = i, and z4 = —1 are mapped onto Z; = —i, Zy =
0, Z3 = i, and Z4 = ico, respectively. Second, the function W = S5(Z) maps the right half
plane onto the W plane slit along its negative real axis, and the points Z; = —1i, Z3 =0, Z3 =1,
and Z4 = 100, are mapped onto W1 = —1, Ws = 0, W3 = —1,and W, = —o0, respectively. Then
the bilinear transformation w = S3(WW) maps the latter region onto the w plane slit along the
portion of the real axis —2 < u < 2, and the points W, = -1, Wo =0, W3 = —1,and W4 = —¢
are mapped onto w; = 0, wy = 2, wz = 0, and wy = —2, respectively. These three compositions
are shown in Figure 10.61.

w=Jz) v
y A
A
Z3F
24 i \\ 2 W3
—e————>» x B S Np— p—— s /]
\ / Wy wi W)
21
\
/
Z=38¢(z) = SYW
W =2Sx2) v TW (W)
Y, _ v
y 4 =1 _— A
Z;
W
Z > X W4:— —————— &~ - — — — = > U
4 -~ W, W,
¢ Z
Y Y

Figure 10.61: The composition mappings for J(z) = Ss3 <SQ (Sl(z))>

The circle Cy with center ¢y = ia on the imaginary axis passes through the points zo = 1
and z4 = —1 and has radius rg = v/1 + a2. With the restriction that 0 < a < 1, then this circle
intersects the x axis at the point 2o with angle ap = § — Arctan(a), with § < ap < 5. We
want to track the image of Cy in the Z, W, and w planes. First, the image of this circle Cy
under Z = Si(z) is the line Ly that passes through the origin and is inclined at the angle ayp.
Second, the function W = S5(Z) maps the line Ly onto the ray Ry inclined at the angle 2«y.
Finally, the transformation given by w = S3(W) maps the ray Ry onto the arc of the circle Ay
that passes through the points wo = 2 and ws = —2 and intersects the = axis at wo with angle
2a, where § < 2ap < m. The restriction on the angle ag, and hence 2ayg, is necessary in order
for the arc Ay to have a low profile. The arc Ay lies in the center of the Joukowski airfoil and
is shown in Figure 10.62.
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Figure 10.62: The images of the circles Cp and C under the mapping J(z) = S3 (Sg (Sl(z)))

If we let b be fixed, 0 < b < 1, then the larger circle Cy with center given by ¢; = —h+i(1+h)b
on the imaginary axis will pass through the points zo = 1 and z4 = —1 — 2h and have radius
r1 = (1+h)v1+ b2. The circle C; also intersects the x axis at the point 25 at the angle . The
image of circle Cy under Z = S1(z) is the circle K7, which is tangent to Lo at the origin. The
function W = S3(Z) maps the circle K; onto the cardioid H;. Finally, w = S3(WW) maps the
cardioid H; onto the Joukowski airfoil A; that passes through the point ws = 2 and surrounds
the point wy = —2, as shown in Figure 10.62. An observer traversing C counterclockwise will
traverse the image curves K1 and H; clockwise but will traverse A1 counterclockwise. Thus the
points z4, Z4, Wy, and w4 will always be to the observer’s left.

Now we are ready to visualize the flow around the Joukowski airfoil. We start with the
fluid flow around a circle (see Figure 10.51). This flow is adjusted with a linear transformation
z* = az + b so that it flows horizontally around the circle C7, as shown in Figure 10.63. Then

the mapping w = J(z*) creates a flow around the Joukowski airfoil, per Figure 10.64.

10.8.1 Flow with Circulation

The function F'(z) = sz+ £ + F-Log(z) , where s > 0 and k is real, is the complex potential for

a uniform horizontal flow past the unit circle |z| = 1, with circulation strength k& and velocity
k

at infinity Voo = s. For illustrative purposes, we let s = 1 and use the substitution a = 5-.
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A Flow around the circle.

Flow around the airfoil.

Figure 10.63: Flow around the circle Figure 10.64: Flow around the Joukowski airfoil

Now the complex potential has the form
1
F(z) = z+ — 4 ailog(z), (10.37)
z

and the corresponding velocity function is

Viz,y)=F/(z) =1-(2) —ai(z)"".
We can express the complex potential in F' = ¢ + i) form:

o1
F(z) =re” + =€ + ia(Inr + if)
r

= (r—|—1) cos —ab +1i |:<’I“— 1> sinG—i—alnT] .
r r

For the flow given by ¢ = ¢, where c¢ is a constant, we have
: 1T\ . .
Y(rcos@,rsinf) = (r— — |sinf + alnr = c. (Streamlines).
r

Setting r = 1 in this equation, we get 1(cosd,sinf) = 0 for all 6, so the unit circle is a natural
boundary curve for the flow.

Points at which the flow has zero velocity are called stagnation points. To find them we solve
F/ (z) = 0: For the function in Equation 10.37 we have 1 — Z% + ¢ = 0. Multiplying through
by 22 and rearranging terms gives 22 4+ aiz — 1 = 0. Now we invoke the quadratic equation to

obtain
—ai £ V4 — 22

z = 5 (Stagnation point(s)).

If 0 < |a] < 2, then there are two stagnation points on the unit circle |z| = 1. If a = 2, then
there is one stagnation point on the unit circle. If |a| > 2, then the stagnation point lies outside
the unit circle. We are mostly interested in the case with two stagnation points. When a = 0,
the two stagnation points are z = +1, which is the flow discussed in Example 10.25. The cases
a=1,a=+/3,a=2, and a = 2.2 are shown in Figure 10.65.

We are now ready to combine the preceding ideas. For illustrative purposes, we consider a
(' circle with center cg = —0.15 + 0.237 that passes through the points 29 =1 and 24 = —1.3
and has radius rg = 0.23@. We use the linear transformation Z = S(z) = —0.15+0.23i+ 1oz

to map the flow with circulation k¥ = —0.52p (or a = 0.26) around |z| = 1 onto the flow around
the circle C1, as shown in Figure 10.66.
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Figure 10.66: Flow around C} Figure 10.67: Flow around a Joukowski airfoil

Then we use the mapping w = J(Z) = Z+ % to map this flow around the Joukowski airfoil,
as shown in Figure 10.67 and compare it to the flows shown in Figures 10.63 and 10.64. If the
second transformation in the composition given by w = J(z) = Ss (SQ (Sl(z))) is modified to

be Sa(z) = 2192% then the image of the flow shown in Figure 10.66 will be the flow around the
modified airfoil shown in Figure 10.68. The advantage of this latter airfoil is that the sides of
its tailing edge form an angle of 0.157 radians, or 27°, which is more realistic than the angle of
0° of the traditional Joukowski airfoil.
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v
A Flow with circulation around
a modified airfoil.

Y

Figure 10.68: Flow with circulation around a modified Joukowski airfoil

Exercises for Section 10.8 (Selected answers or hints are on page 455.)

1. Find the inverse of the Joukowski transformation.

2. Consider the Joukowski transformation w = z + %

(a) Show that the circles C, = t{|z| = r : r > 1} are mapped onto the ellipses

u? v?

RS

(b) Show that the ray r > 0,6 = « is mapped onto a branch of the hyperbola

=1.

u? v?

- =1.
dcos?2a  4sin?a

. Let Cp be a circle that passes through the points 1 and —1 and has center ¢y = ia.

(a) Find the equation of the circle Cp.

(b) Show that the image of the circle Cp under w = ‘:& is a line Lo that passes through
the origin.

(c) Show that the line Lg is inclined at the angle ag = § — Arctan(a).

. Show that a line through the origin is mapped onto a ray by the mapping w = 22.

. Let Ry be a ray through the origin inclined at an angle 5p.

242z

T~ is an arc Ap of a circle that

(a) Show that the image of the ray Ry under w =
passes through 2 and —2.

(b) Show that the arc Ay is inclined at the angle fp.

. Show that a circle passing through the origin is mapped onto a cardioid by w = 22. Show
that the cusp in the cardioid forms an angle of 0°.

2422

T will

. Let H; be a cardioid whose cusp is at the origin. The image of H; under w =
be a Joukowski airfoil. Show that trailing edge forms an angle of 0°.

. Consider the modified Joukowski airfoil when W = S5(Z) = Z19% is used to map the Z
plane onto the W plane. Refer to Figure 10.69 and discuss why the angle of the trailing
edge of the modified Joukowski airfoil A; forms an angle of 0.157 radians.

Hint: The image of the circle Cy is the line Lg, then two rays Ry and Rgo, and then two
arcs Ap1 and Ao in the respective Z, W, and w planes. The image of the circle C is
the circle K7, then the “cardioid like” curve Hy, then the modified Joukowski airfoil A;.

354



w=J(z)

-1 T w=S(W)
\%
Z=8(z)
Y 601
Ly W=25(2)
44 |/ —— 40
H,
2 K, Ry,
-~
T T T T T X Royz\ T T T T T
2 4 6 8 10 20 40 60 80 100
,4()-
16 —60

Figure 10.69: For Exercise 8

10.9 The Schwarz-Christoffel Transformation

To proceed further, we must review the rotational effect of a conformal mapping w = f(z) at a
point zp. If the contour C has the parameterization z(t) = x(t) +iy(t), then a vector 7 tangent
to C at the point zg is

7 =2"(to) = 2/ (to) + iy (to)-
The image of C' is a contour K given by w = u(z(t), y(t)) + iv(z(t), y(t)), and a vector T
tangent to K at the point wy = f(20) is

T =w'(20) = f'(20)2"(t0).
If the angle of inclination of 7 is 8 = Arg(z)'(to), then the angle of inclination of T is
Arg(T) = Arg[f’(20)2"(t0)] = Arg(f'(0)) + 5.

Hence the angle of inclination of the tangent 7 to C at zg is rotated through the angle

Arg(f’(zo)) to obtain the angle of inclination of the tangent T to K at the point wy.

Many applications involving conformal mappings require the construction of a one-to-one
conformal mapping from the upper half-plane Im(z) > 0 onto a domain G in the w plane where
the boundary consists of straight-line segments. Let’s consider the case where G is the interior
of a polygon P with vertices wy, we, ..., w, specified in the positive sense (counterclockwise).
We want to find a function w = f(z) with the property

wi = f(xg) for k=1,2,....n—1, and (10.38)

wy, = f(oo) where x1 < a9 <+ <xp_1 < 00.
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Two German mathematicians Herman Amandus Schwarz (1843-1921) and Elwin Bruno
Christoffel (1929-1900) independently discovered a method for finding f, which we present as
Theorem 10.6.

Theorem 10.6 (Schwarz-Christoffel). Let P be a polygon in the w plane with vertices wy, wa, . .., wy,
and exterior angles oy, where —m < oy < w. There exists a one-to-one conformal mapping

w = f(z) from the upper half-plane Im(z) > 0 onto G that satisfies the boundary conditions in
Equations 10.38. The derivative f'(z) is

g Qo An—1

f'R)=Az—2) 7 (z—m) 7 - (z—ap_1)" 7 , (10.39)

and the function f can be expressed as an indefinite integral

a1 @2 An—1

f(z)=B+A/(z—:c1)ﬂ(z—xz)r--'(z—xn_l) = dz, (10.40)

where A and B are suitably chosen constants. Two of the points {x} may be chosen arbitrarily,
and the constants A and B determine the size and position of P.

Proof. The proof relies on finding how much the tangent
T; = 1402

(which always points to the right) at the point (x,0) must be rotated by the mapping w = f(z)
so that the line segment x;_1 < x < x; is mapped onto the edge of P that lies between the
points wj_1 = f(x;—1) and wj = f(z;). The amount of rotation is determined by Arg f'(x), so
Equation (10.39) specifies f'(z) in terms of the values x; and the amount of rotation «; that
is required at the vertex f(z;). O

If we let xg = —oo and z, = oo, then, for values of z that lie in the interval z;_1 < x < z;,
the amount of rotation is

Arg f'(z) = Arg(A) — % {alArg(:c — 1) + agArg(z — x2)

+-+ O‘nflArg(ZU - xnfl)}

Because Arg(x —xp) =0 for 1 < k < j, and Arg(z — ) = 7 for j < k < n—1, we can
write this equation as

Arg(f'(w)) = Arg(A) —aj —ajy1 — o — a1

The angle of inclination of the tangent vector T; to the polygon P at the point w = f(x)
for Tji—1 <T <y is
vj = Arg(A) —oy — gy — - —an-1

The angle of inclination of the tangent vector T to the polygon P at the point w = f(x),

for x; <o < xjy41,is
Yi+1 = Arg(A) — Qjp1 — Qg2 — - — Qp—1.
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The angle of inclination of the vector tangent to the polygon P jumps abruptly by the
amount «; as the point w = f(z) moves along the side w;_jw; through the vertex w; to the
side wml. Therefore the exterior angle to the polygon P at the vertex w; is given by the
angle a; and satisfies the inequality —m < a; < 7, for j =1, 2,...,n — 1. Since the sum of the
exterior angles of a polygon equals 27, we have a, =27 — a3 —as — -+ — ay,—1 and only n — 1
angles need to be specified. The case n =5 is illustrated in Figure 10.70.

v aﬁ T,
Wy
Y Wy
T ‘
wef) | S
—_— D{S
Wy
o
Se
0y
Wy W, Tl
T. ,L)
5 s
X u
X X2 X3 X4

Figure 10.70: A Schwarz-Christoffel mapping withn=5and g +ao+ -+ aqy > 7

If the case a1 + as + - - - + a1 < 7 occurs, then «,, > m, and the vertices wy, wo, ..., w,
cannot form a closed polygon. For this case, Equations (10.39) and (10.40) will determine a
mapping from the upper half plane Im(z) > 0 onto an infinite region in the w plane, where the
vertex wy, is at infinity. The case n = 5 is illustrated in Figure 10.71.

v

= 7

Figure 10.71: A Schwarz-Christoffel mapping withn=5and oy + ao+ -+ oy <7

Equation (10.40) gives a representation for f in terms of an indefinite integral. Note that
these integrals do not represent elementary functions unless the image is an infinite region.
Also, the integral will involve a multivalued function, and we must select a specific branch to
fit the boundary values specified in the problem. Table 10.2, which appears at the end of this
chapter, is useful for our purposes.

Example 10.26. Use the Schwarz-Christoffel formula to verify that the function w = f(z) =
Arcsinz maps the upper half-plane Im(z) > 0 onto the semi-infinite strip —§ <u < §, v >0
shown in Figure 10.72.

Solution:

™
_57

™

If we choose 1 = —1, 20 = 1, w1 = and wp = 7, then oy = § and as = 7, and Equation
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=35

Figure 10.72: The region of interest

(10.39) for f’(z) becomes

f'(z) = A(z + 1)7(”/2)/”(2 — 1)*(”/2)/7r ==
(22— 1)}
Then, using Table 10.2, the indefinite integral becomes
f(z) = i(A)Arcsin(z) + B.

™

Using the image values f(—1) = —% and f(1) = 5, we obtain the system

w T T K
-2 _A(—E) +B and 7 _A<z§> +B.
Solving gives B = 0 and A = —i. Hence, the required function is

f(z) = Arcsin(z).

Example 10.27. Verify that w = f(z) = (2% — 1)% maps the upper half-plane Im(z) > 0 onto
the upper half-plane Im(w) > 0 slit along the segment from 0 to i¢. (Use the principal square
root throughout.)

Solution:
If we choose 1 = —1,29 = 0,23 = 1, w1 = —d, w2 = 7, and w3 = d, then the formula

2 a3

g'(z) = Az + 1)_% (z_aT> (z—1)"=

will determine a mapping w = g(z) from the upper half-plane Im(z) > 0 onto the portion of
the upper half-plane Im(w) > 0 that lies outside the triangle with vertices +d, i as indicated
in Figure 10.73(a). If we let d — 0, then wy — 0, w3 — 0, a1 — §, @ — —7, and a3 — 7.
The limiting formula for the derivative g’(z) becomes

Fl2) = Az +1)72(2)(z = 1) 2,

which will determine a mapping w = f(z) from the upper half-plane Im(z) > 0 onto the upper
half-plane Im(w) > 0 slit from 0 to ¢ as indicated in Figure 10.73(b).

An easy computation reveals that f(z) is given by

f(z):A/(Zdz:A(ZQ—l)é—l—B,

22—1)%

and the boundary values f(+1) =0 and f(0) =i lead to the solution
f2) = (2 = 1)z,
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Figure 10.73: The regions of interest

Example 10.28. Show that the function

w=f(z) = ;Arcsin(z) + iArcsin <z 4 —2Fz>

maps the upper half-plane Im(z) > 0 onto the right angle channel in the first quadrant, which

is bounded by the coordinate axes and the rays x > 1, y =1 and y > 1, x = 1, as depicted in
Figure 10.74(Db).

w3:1+i w3:1+z

(b
Figure 10.74: The regions of interest

Solution:

If we choose 1 = —1,29 = 0,23 = 1, w1 = 0, w2 = d, and w3 = 1 + 7, then the formula
g(2) =M+ 7 (F) -7

will determine a mapping w = g(z) of the upper half-plane onto the domain that is indicated
in Figure 10.74(a). With oy = 7, we let d — oo, then ap — 7 and a3 — — 7, and the limiting
formula for the derivative ¢g’(z) becomes

f(z) = Ai(z + 1)-(%/2)/7r(2)—(7r)/7r(z _ 1)—(—7r/2)/7r

1(z—-1
G
Z(z+1)

z—1
2(22—1)%
z—1
z(l—zz)%

(SIS TR

:Al

=A

I
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where A = —i Ay, which will determine a mapping w = f(z) from the upper half plane onto the
channel as indicated in Figure 10.74b. Using Table 11.2, we obtain

/Hd/()d]

1
=A [Arcsin(z) + iArcsin ()] + B.
z

flz) =A

If we use the principal branch of the inverse sine function, then the boundary values f(—1) =0
and f(1) =1+ lead to the system

T T T .
A<_§—z§>+B_O, and A<§+z§)+B—1+Z,

1+i

which we can solve to obtain A = % and B = 5. Hence the required solution is

w=f(z) = lArcsin(z) + %Arcsin <1> + 1+ Z.

T z 2

Exercises for Section 10.9 (Selected answers or hints are on page 455.)

1. Let a and K be real constants with 0 < K < 2. Use the Schwarz-Christoffel formula to
show that the function w = f(z) = (¢ — a)® maps the upper half-plane Im(z) > 0 onto
the sector 0 < argyw < K7 shown in Figure 10.75.

v

\Kn
w1=07 "

Figure 10.75: For Exercise 1

2. Let a be a real constant. Use the Schwarz-Christoffel formula to show that the function
w = f(z) = Log(z — a) maps the upper half-plane Im(z) > 0 onto the infinite strip
0 < v < 7 shown in Figure 10.76.
Hint: Set x1 = a — 1x9 = a, w1 = iw, andws = —d. Then let d — oco.

Figure 10.76: For Exercise 2

For the remaining exercises, construct the derivative f’(z) and use the Schwarz-Christoffel
formula, Equation 10.40, and techniques of integration to determine the required conformal

mapping w = f(z).

360



3. Show that w = f(z) = 1(2? — 1)% +1Log [z + (22 - 1)% — ¢ maps the upper half-plane
onto the domain indicated in Figure 10.77.
Hint: Set x1 = —1,29 = 1,w1 = 0, and wy = —i.

Figure 10.77: For Exercise 3

4. Show that w = f(z) = %(22 — 1)% + %Aresin% maps the upper half-plane onto the domain
indicated in Figure 10.78.
Hint: Set x1 = wy = —1, 29 =0, x3 = w3 = 1, and wy = —id. Then let d — oco.

Figure 10.78: For Exercise 4

2
0 onto the infinite strip 0 < v < 7 slit along the ray u < 0,v = 7, per Figure 10.79.
Hint: Set x1 = —1, 29 = 0, 23 = 1, w1 = im —d, ,wy = T, and w3 = —d. Then let
d — o0.

5. Show that w = f(z) = LLog(2>—1) = Log [(22 - 1)%] maps the upper half-plane Im(z) >

d . v
Wl__ +1T \

|w,= im/2

wy=—d

Figure 10.79: For Exercise 5

6. Show that w = f(z) = —2z(1 — 22)% — 2 Arcsin(z) maps the upper half-plane onto the
domain indicated in Figure 10.80.
Hint: Set x1 = —1, 20 =1, w1 =1, and wy = —1.

7. Show that w = f(z) = z + Log(z) maps the upper half-plane Im(z) > 0 onto the upper
half-plane Im(w) > 0 slit along the ray v < —1, v = 7, as shown in Figure 10.81. Hint:
Set 1 = —1, 29 =0, w1 = —1 4+ ¢w, and wy = —d. Then Let d — oo.

] maps the upper half-plane onto

Nl Bl

8. Show that w = f(2) = im + 2(z + 1)% + Log [1—<+1>
1+(2+1)

the domain indicated in Figure 10.82.
Hint: Set x1 = —1, x0 =0, wy = iw, and wy = —d. Then let d — oo.
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Figure 10.82: For Exercise 8

9. Show that w = f(z) = (z — 1)¢ {M] : maps the upper half-plane Im(z) > 0 onto the

11—«

upper half-plane Im(w) > 0 slit along the segment from 0 to €™, per Figure 10.83.
Hint: Show that f'(z) = A [ =] ")z — 1)L,

14

elaﬂi

\an

Figure 10.83: For Exercise 9

u

1 1
10. Show that w = f(z) = 4(z + 1)i + log [(Z—H)zf_l] +ilog [Z_(Z—H)zf] maps the upper half-
(z+1)T+1 it+(2+1)1
plane onto the domain indicated in Figure 10.84. Hint: Set z1 = —1, zo0 = 0, wy = i,
and wy = —d. Then let d — oo. Use the change of variable z + 1 = s* in the resulting
integral.

11. Show that w = f(z) = —gz% (z —3) maps the upper half-plane onto the domain indicated
in Figure 10.85. Hint: Set x1 =0, o =1, w1 = —d, and wy = i and let d — 0.

1—2%)1
triangle with angles 7, 7, and 7.

1
12. Show that w = f(z) = / (ﬁ dz maps the upper half-plane Im(z) > 0 onto a right
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Figure 10.84: For Exercise 10

<

Figure 10.85: For Exercise 11

1
13. Show that w = f(z) = / ﬁ dz maps the upper half-plane onto an equilateral
1—2%)3
triangle.

1
14. Show that w = f(z) = / (j dz maps the upper half-plane onto a square.

z—23)2
1
15. Show that w = f(z) = 2(z + 1)% — Log [W] maps the upper half-plane Im(z) > 0
+(z+1)2

onto the domain indicated in Figure 10.86.
Hint: Set x1 = —1, 20 =0, 23 = 1, w; = 0, wy = d, and w3 = 2v/2 — 2In(v/2 — 1) + i7.
Then let d — oo.

w.

3‘%
O > U

0 w,=d

Wl 2

Figure 10.86: For Exercise 15

10.10 Image of a Fluid Flow

We have already examined several two-dimensional fluid flows and have shown that the image
of a flow under a conformal transformation is a flow. The conformal mapping w = f(z) =
u(z,y)+iv(z,y), which we obtained by using the Schwarz-Christoffel formula, allows us to find

the streamlines for flows in domains in the w plane that are bounded by straight-line segments.
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The first technique involves finding the image of a fluid flowing horizontally from left to
right across the upper half-plane Im(z) > 0. The image of the streamline —oo < t < 00, y = ¢
is a streamline given by the parametric equations

u=u(t,c) and u=w(tc), for —oo<t<oo

and is oriented in the positive sense (counterclockwise). The streamline u = u(t,0), v = (¢,0)
is considered to be a boundary wall for a containing vessel for the fluid flow.

Example 10.29. Consider the conformal mapping

w:f(z)zl( 2—1)%—i-lLog [z—i—(zQ—l)% ,
T T
which we obtained by using the Schwarz-Christoffel formula. It maps the upper half-plane
Im(z) > 0 onto the domain in the w plane that lies above the boundary curve consisting of the
rays u < 0, v =1and u > 0, v = 0 and the segment v = 0, —1 < v < 0. Furthermore, the
image of horizontal streamlines in the z plane are curves in the w plane given by the parametric
equation

1
w= f(t+ic) = —(t* — 1 +i2ct)?

1
+ —Log [t+ic+ t* —c*—1 +z’20t)% ,
T

for —oo < t < co. The new flow is that of a step in the bed of a deep stream and is illustrated
in Figure 10.87(a). The function w = f(z) is also defined for values of z in the lower half-plane,
and the images of horizontal streamlines that lie above or below the x axis are mapped onto
streamlines that flow past a long rectangular obstacle, which is illustrated in Figure 10.87(b).

=0

0

(a) Flow over a step. (b) Flow around a blunt object.

Figure 10.87: Streamline mappings

Exercises for Section 10.10 (Selected answers or hints are on page 456.)

For Exercises 1-4, use the Schwarz-Christoffel formula to find a conformal mapping w = f(z)
that will map the flow in the upper half-plane Im(z) > 0 onto the flows indicated.

1. Use Figure 10.88 to find the flow over the vertical segment from 0 to i.
2. Use Figure 10.89 to find the flow around an infinitely long rectangular barrier.

3. Use Figure 10.90 to find the flow around

364



0

Figure 10.88: For Exercise 1

Figure 10.89: For Exercise 2

)

(a) Flow around an inclined segment.

A

0

=\

(b) Flow around a V-shape.

Figure 10.90: For Exercise 3

(a) one inclined segment in the upper half-plane.

(b) two inclined segments forming a “V” in the plane.

4. Use Figure 10.91 to find the flow over a dam.
5. For flow around an infinitely long rectangular barrier with a pointed “nose,” find

(a) the flow up an inclined step, as shown in Figure 10.92(a).
(b) the flow around a pointed object, as shown in Figure 10.92(b).
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Flow over a dam.

Figure 10.91: For Exercise 4

-1

(a) Flow up an inclined step.

|=¢

(b) Flow around a pointed object.

Figure 10.92: For Exercise 5

10.11 Sources and Sinks

If the two-dimensional motion of an ideal fluid consists of an outward radial flow from a point
and is symmetrical in all directions, then the point is called a simple source. A source at
the origin can be considered as a line perpendicular to the z plane along which fluid is being
emitted. If the rate of emission of volume of fluid per unit length is 27m, then the origin is
said to be a source of strength m, the complex potential for the flow is

F(z) =mlogz,

and the velocity V at the point (z,y) is given by

Vi(z,y) = F/(2) =

NI“ 3

For fluid flows, a sink is a negative source and is a point of inward radial flow at which the fluid
is considered to be absorbed or annihilated. Figure 10.93 illustrates these concepts.
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(a) A source at the origin. (b) A sink at the origin.

Figure 10.93: Sources and sinks for an ideal fluid

10.11.1 Source: A Charged Line

In the case of electrostatics, a source will correspond to a uniformly charged line perpendicular
to the z plane at the point zg. We will show that if the line L is located at zy = 0 and carries
a charge density of 2 coulombs per unit length, then the magnitude of the electrical field is
|E(z,y)| = —=L Hence, E is given by

: (10.41)

and the complex potential is

F(z) = —qlogz, and E(z,y)=—F/(2).

A sink for electrostatics is a negatively charged line perpendicular to the z plane. The electric
field for electrostatic problems corresponds to the velocity field for fluid flow problems, except
that their corresponding potentials differ by a sign change.

To establish Equation (10.41), we start with Coulomb’s law, which states that two particles
with charges q and @) exert a force on one another with magnitude 07?2@, where r is the distance
between particles and C' is a constant that depends on the scientific units. For simplicity, we
assume that C' =1 and the test particle at the point z has charge @) = 1.

qAh

The contribution AE; induced by the element of charge 5~ along the segment of length
Ah situated at a height h above the plane has magnitude |AE;| given by
(3)Ah
AEq| = .
A r2 4+ h?

It has the same magnitude as AEy induced by the element qATh located a distance —h below
the plane. From the vertical symmetry involved their sum, AEy + AEs, lies parallel to the
plane along the ray from the origin, as shown in Figure 10.94.

By the principal of superposition, we add all contributions from the elements of charge
along L to obtain E = >  AEj. By vertical symmetry, E lies parallel to the complex plane
along the ray from the origin through the point z. Hence the magnitude of E is the sum of all
components |AE| cost that are parallel to the complex plane, where ¢ is the angle between AE
and the plane. Letting Ah — 0 in this summation process produces the definite integral

>  (4)cost
B = [ aBcostan = [~ B
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(0,0, h) ~q/2 Ah

(0,0, ) \'q/z Ah

Figure 10.94: Contributions to E from the elements of charge qATh situated at (0,0, £h), above
and below the z-plane.

Next, we use the change of variable h = rtant and dh = rsec?tdt and the trigonometric
2 2
identity sec?t = % to obtain the equivalent integral:

> (9)cost o
]E(m,y)|:/2 (22)cos r+ / costdt =
- 2

Multiplying this magnitude £ by the unit vector ﬁ establishes Formula (10.41). If ¢ > 0,
then the field is directed away from zy = 0 and, if ¢ < 0, then it is directed toward zp = 0. An
electrical field located at zy # 0 is given by

9(z—2) 4
|z — 202 z-7%

E(z,y) =
and the corresponding complex potential is

F(2) = —qlog(z — 20).

Example 10.30 (Source and sink of equal strength). Let a source and sink of unit strength be
located at the points +1 and —1, respectively. The complex potential for a fluid flowing from
the source at +1 to the sink at —1 is

-1
F(z) =log(z — 1) —log(z 4+ 1) = log < " 1)
The velocity potential and stream function are, respectively

¢(z,y) =In 1

' and Y(x,y) = arg <z;1> .

To solve for the streamline ¢ (x,y) = ¢ we start with

c = ar Q = ar 1:2+y2—1+i2y = arctan 273/
TG T T e i )T 2?2 +y?—1)"

and obtain the equation (tanc)(z? 4+ y* — 1) = 2y. A straightforward calculation shows that
points on the streamline must satisfy the equation

22 + (y — cot¢)? = 1 + cot?c,
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(a) Source and sink of equal strength.

(b) Two sources of equal strength.

Figure 10.95: Fields depicting electrical strength

which is the equation of a circle with center at (0, cot ¢) that passes through the points (£1,0).
Several streamlines are indicated in Figure 10.95(a).

Example 10.31 (Two sources of equal strength). Let two sources of unit strength be located
at the points +1. The resulting complex potential for a fluid flow is

F(z) =log(z — 1) +log(z + 1) = log(z* — 1).
The velocity potential and stream function are, respectively
d(z,y) =In|z%> — 1| and o(z,y) = arg(z? — 1),

To solve for the streamline v (z,y) = ¢ we start with

2zy

2 2 2 .

= -1) = —y°—1412 = arct -
c=arg(z ) =arg(z” —y i2xy) = arctan <$2 % 1>,

and obtain the equation z? 4+ 2xy cot ¢ — y? = 1. If we express this equation in the form
(- ytans) (v +ycot 5) =1
r—ytan—) (x cot = | = or
Y 5 yeoty 5

( c . C) ( . c c> < . c> < c> sine
— —ysin — in— + —) = (sin = —) =
:Ucos2 ys 5 TS 3 ycos2 S 5 0082 5

and use the rotation of axes

¥ = x cos (—E> + ysin (—E> and * = —zsin (—E) + y cos <—E>




then the streamlines must satisfy the equation z*y* = % and are rectangular hyperbolas

with centers at the origin that pass through the points £1. Figure 10.95(b) depicts several
streamlines.

Let an ideal fluid flow in a domain in the z plane be effected by a source located at the point
zp. Then the flow at points z, which lie in a small neighborhood of the point zg, is approximated
by that of a source with the complex potential

log(z — zp) + constant.

If w = S(z) is a conformal mapping and wy = S(29), then S(z) has a nonzero derivative at 2y,
and

w—wy = (z— ZO)[SI(ZO) +n(2)],

where 7(z) — 0 as z — zp. Taking logarithms yields
log(w — wo) = log(z — 20) + Log[S"(20) +1(2)]-

Because S'(zg) # 0, the term Log[S’(z9) + n(z)] approaches the constant value Log[S’(zy)] as
z — zp. Also, because log(z — zp) is the complex potential for a source located at the point zp,
the image of a source under a conformal mapping is a source.

We can use the technique of conformal mapping to determine the fluid flow in a domain D
in the z plane that is produced by sources and sinks. If we can construct a conformal mapping
w = S(z) so that the image of sources, sinks, and boundary curves for the flow in D are mapped
onto sources, sinks, and boundary curves in a domain GG where the complex potential is known
to be Fi(w), then the complex potential in D is given by Fy(z) = F1(S5(2)).

Example 10.32. Suppose that the lines z = +7 are considered as walls of a containing vessel
for a fluid flow produced by a single source of unit strength located at the origin. The conformal
mapping w = S(z) = sinz maps the infinite strip bounded by the lines 2 = +7 onto the w
plane slit along the boundary rays « < —1,v = 0 and v > 1, v = 0, and the image of the
source at zg = 0 is a source located at wg = 0. The complex potential

Fi(w) =logw

determines a fluid flow in the w plane past the boundary curvesu < —1, v =0andu > 1, v =0,
which lie along streamlines of the flow. Therefore the complex potential for the fluid flow in
the infinite strip in the z plane is

F5(z) = log(sin z).

Several streamlines for the flow are illustrated in Figure 10.96.

Example 10.33. Suppose that the lines z = 7 are considered as walls of a containing vessel
for the fluid flow produced by a single source of unit strength located at the point 213 = § and
a sink of unit strength located at the point zp = —F. The conformal mapping w = S(z) = sin 2
maps the infinite strip bounded by the lines z = &7 onto the w plane slit along the boundary
rays K1 :u < =1, v=0and Ky : u > 1, v = 0. The image of the source at z; is a source at

wi = 1, and the image of the sink at zo is a sink at wy = —1. The potential
w—1
F =1 z -
1(w) & <w + 1>
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Figure 10.96: A source in the center of a strip

determines a fluid flow in the w plane past the boundary curves K7 and K5, which lie along
streamlines of the flow. Therefore the complex potential for the fluid flow in the infinite strip

in the z plane is
sinz —1
F =1 — .
2(2) = log (sinz—l—l)

Several streamlines for the flow are illustrated in Figure 10.97.

(SIE]
(S1E]

Figure 10.97: A source and a sink on the edges of a strip

We can use the technique of transformation of a source to determine the effluence from a
channel extending from infinity. In this case, we construct a conformal mapping w = S(z) from
the upper half-plane Im(z) > 0 so that the single source located at zp = 0 is mapped to the
point wg at infinity that lies along the channel. The streamlines emanating from zg = 0 in the
upper half-plane are mapped onto streamlines issuing from the channel.

Example 10.34. Consider the conformal mapping

w=_8(z)= g(z2 - 1)% + gAlrcsin (1) ,
0 T z
which maps the upper half-plane Im(z) > 0 onto the domain consisting of the upper half-plane
Im(w) > 0 joined to the channel —1 < u < 1, v < 0. The point zp = 0 is mapped onto the
point wg = —i00 along the channel. Images of the rays r > 0, § = «a are streamlines issuing
from the channel as indicated in Figure 10.98.
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-1 1
Figure 10.98: Effluence from a channel into a half-plane

Exercises for Section 10.11 (Selected answers or hints are on page 456.)

1. Let the coordinate axes be walls of a containing vessel for a fluid flow in the first quadrant
that is produced by a source of unit strength located at z; = 1 and a sink of unit strength

located at z2 = i. Show that F'(z) = log (Z;—:&) is the complex potential for the flow

shown in Figure 10.99.

2. Let the coordinate axes be walls of a containing vessel for a fluid flow in the first quadrant
that is produced by two sources of equal strength located at the points z; = 1 and zo = 3.
Find the complex potential F'(z) for the flow in Figure 10.100

1

Figure 10.99: For Exercise 1 Figure 10.100: For Exercise 2

3. Let the lines x = 0 and x = § form the walls of a containing vessel for a fluid flow in the
infinite strip 0 < x < § that is produced by a single source located at the point 29 = 0.
Find the complex potential for the flow in Figure 10.101.

4. Let therays =0,y > 0 and x = 7y > 0 and the segment y = 0, 0 < & < 7 form the
walls of a containing vessel for a fluid flow in the semi-infinite strip 0 < x < m, y > 0 that
is produced by two sources of equal strength located at the points z; = 0 and 2o = 7.
Find the complex potential for the flow shown in Figure 10.102

Hint: Use the fact that sin(§ 4 2) = sin(§ — 2).
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Figure 10.101: For Exercise 3 Figure 10.102: For Exercise 4

5. Let the y axis be considered a wall of a containing vessel for a fluid flow in the right half
plane Re(z) > 0 that is produced by a single source located at the point zp = 1. Find the
complex potential for the flow shown in Figure 10.103.

6. The complex potential F(z) = 1 determines an electrostatic field that is referred to as a

~z
dipole.

(a) Show that F(z) = lin% w, and that a dipole is the limiting case of a source
a—r

and sink.

(b) Show that the lines of flux of a dipole are circles that pass through the origin, as
shown in Figure 10.104.

\

Figure 10.103: For Exercise 5 Figure 10.104: For Exercise 6b

7. Use a Schwarz-Christoffel transformation to find a conformal mapping w = S(z) that will
map the flow in the upper half-plane onto the flow from a channel into a quadrant, as
indicated in Figure 10.105.

8. Use a Schwarz-Christoffel transformation to find a conformal mapping w = S(z) that
will map the flow in the upper half-plane onto the flow from a channel into a sector, as
indicated in Figure 10.106.
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Figure 10.105: For Exercise 7 Figure 10.106: For Exercise 8

9. Use a Schwarz-Christoffel transformation to find a conformal mapping w = S(z) that will
map the flow in the upper half-plane onto the flow in a right-angled channel indicated in
Figure 10.107.

10. Use a Schwarz-Christoffel transformation to find a conformal mapping w = S(z) that will
map the flow in the upper half-plane onto the flow from a channel back into a quadrant,
as indicated in Figure 10.108, where wg = 2v/2 — 21In(v/2 — 1) + 4.

1+i

Wo

Figure 10.107: For Exercise 9 Figure 10.108: For Exercise 10

11. Consider the complex potential F'(z) = w given implicitly by z = w + €.

(a) Show that F'(z) = w determines the ideal fluid flow through an open channel bounded
by the rays y =7, —co <z < —1, and y= —m, —0co <z < —1 into the plane.

(b) Show that the streamline ¥ (x,y) = c of the flow is given by the parametric equations
r=t+e cose, and y=c+e'sine, for —oo<t< oo,

as shown in Figure 10.109.
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Figure 10.109: For Exercise 11b

Table of Integrals

Value
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/(1 - zz)% dz | i [z(z2 - 1)% +log(z + (22 — 1)%)}

Table 10.2: Indefinite Integrals
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Chapter 11

Fourier Series and the Laplace
Transform

11.1 Fourier Series

In this chapter we show how Fourier series, the Fourier transform, and the Laplace transform are
related to the study of complex analysis. We develop the Fourier series representation of a real-
valued function U(t) of the real variable t. Complex Fourier series and Fourier transforms are
then discussed. Finally, we develop the Laplace transform and the complex variable technique
for finding its inverse. This chapter focuses on applying these ideas to solving problems involving
real-valued functions, so many of the theorems throughout are stated without proof.

Let U(t) be a real-valued function that is periodic with period 27, that is,
U(t+2m)=U(t) forallt.

One such function is s = U(t) = sin(t — Z) + 0.7 cos(2t — 7 — 1) + 1.7, and its graph is obtained
by repeating the portion of the graph in any interval of length 27, as shown in Figure 11.1.

s
s=U(1)

—2'7c —‘}t TC 2'75 3'71: 4n
Figure 11.1: A function U with period 27

Familiar examples of real functions that have period 27 are sinnt and cosnt, where n is an
integer. This raises the question whether any periodic function can be represented by a sum
of terms involving a,, cosnt and b, sin nt, where a,, and b, are real constants. As we shall soon
see, the answer to this question is often yes.

Definition 11.1 (Piecewise Continuous). The function U is piecewise continuous on the closed
interval [a,b] if there exists values to,t1, ...ty witha =ty <ty < --- <ty = b such that U is
continuous in each of the open intervals ty—1 <t < tx(k =1,2,...n) and has left- and right-hand
limits at the values ty for k=0,1,... n.
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We use the symbols U(a™) and U(a™) for the left- and right-hand limits, respectively, of
a function U(t) as t approaches the point a. The graph of a piecewise continuous function is
illustrated in Figure 11.2.

%(t—%)Q—i—% when 1 <t < 2,
Ut) = 5—(t—2)? when2<t<3,
T 148 when 3 < ¢ < 4,
S—(t-5)> whend <t<6.
R
) s=U(1)
1
0 T T T T T —> 1
1 2 3 4 5 6

Figure 11.2: A piecewise continuous function U over the interval [1, 6]

The left- and right-hand limits at tg = 2, t; = 3, and to = 4 are easy to determine:

Att=2, U(@27)= é and U(2T) = 5.
Att=3, U@B7)=35 and U(3") =1
Att=4, U@A)=2 and U@A") =%

Definition 11.2 (Fourier Series). If U(t) is periodic with period 2w and is piecewise continuous
on [—m, 7| then the Fourier series S(t) for U(t) is

oo
= ?0 z_: ap cosnt + by, sin jt), (11.1)

where the coefficients a,, and b, are given by the so-called Euler’s Formulas:

1 ™
an = — U(t)cosntdt for n=0,1,... (11.2)

™ —T

and e
bn:/ U(t)sinntdt for n=1,2,... (11.3)

™ —T

2
for convenience so that ag could be obtained from the general formula in Equation (11.2)

by setting 5 = 0. The reasons for this will be explained shortly. The next result discusses
convergence of the Fourier series.

The factor % in the constant term % on the right side of Equation (11.1) has been introduced

Theorem 11.1 (Fourier Expansion). Assume that S(t) is the Fourier series for U(t). If U'(t)
is piecewise continuous on [—m, 7|, then S(t) is convergent for all t € [—m,w| where U(t) is
continuous. If t = a is a point of discontinuity of U, then

U@ )+U(a™)
2 Y

S(a) =
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where U(a™) and U(a™) denote the left- and right-hand limits, respectively. With this under-
standing, we have the Fourier expansion:

a | :
U(t) = 5 1 Z(an cosnt + by, sinnt). (11.4)

n=1

Example 11.1. Show that the function U(t) = & for ¢ € (—, ), extended periodically by the
equation U(t + 2m) = U(t), has the Fourier series expansion
oo
-1 n+1
U(t) = Z =0 sinnt.

n
n=1

Solution:

Using Euler’s Formulas 11.2 and integration by parts, we obtain

1 [™t L dt tsinnt n cosnt
anp = — —cosntdt =
"o )2 21 2mn?
and then using Formula (11.3) we get

1 /™t . —tcosnt sinnt
by, = — ismntdt: +

T ) . 2mn 27n?

™

=0 for n=1,2,...,

—Tr

s

—T
—cosnm (—1)7F!

= = for n=1,2,....
n n

The coefficient ag is computed by the calculation

1 [mt t2
= — —dt = —
@0 7r/ 2 4

™

s

I
e

Substituting the coefficients a; and b; in Equation (11.1) produces the required solution. The
graphs of U(t) and the first three partial sums 91(t) = sint, So(t) = sint — $sin2¢, and
S3(t) = sint — %sin 2t + ésin 3t are shown in Figure 11.3.

)

A s=U(1)

- -
s N
\/// 2 i
p)

_T ]
2

SIE

Frol

\

Figure 11.3: U(t) = }, and approximations S (t), Sa(t), and S(t)

We now state some general properties of Fourier series that are useful for calculating the
coefficients. The proofs are left for the reader.

Theorem 11.2. If U(t) and V (t) have Fourier series representations, then their sum W(t) =
U(t) +V(t) has a Fourier series representation, and the Fourier coefficients of W are obtained
by adding the corresponding coefficients of U and V.
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Theorem 11.3 (Fourier Cosine Series). Assume that U(x) is an even function. If U(t) has
period 2w, and U(t) and U’ (t) are piecewise continuous, then the Fourier series for U(t) involves
only the cosine terms, i.e., b, =0 for all n:

o
U(t) = % + Zancosnt,
n=1
where

ap = / U(t)cosntdt, for n=0,1,....
T Jo

Theorem 11.4 (Fourier Sine Series). Assume that U(t) is an odd function. If U(t) has period

27 and if U(t) and U'(z) are piecewise continuous, then the Fourier series for U(t) involves

only sine terms, i.e., ap, =0 for all n:
o
U(t) = Z by, sin nt,
n=1

where o p
bn:/ U(t)sinntdt for n=1,2....
T Jo

Theorem 11.5 (Termwise Integration). If U(t) has a Fourier series representation given in
Equation 11.4, then the integral of U(t) has a Fourier series representation which can be obtained
by termuwise integration of the Fourier Series of U(t), that is,

t 00 an + ao(_l)n+1 bn
U =3 innt — - cosnt
/0 (1) < - sinnt — —- cosn ) ,

n=1

oo _1\n+1
where we have used the ezpansion ag(%) = 3 % sinnt from Example 11.1.
n=1

Theorem 11.6 (Termwise Differentiation). If U’(t) has a Fourier series representation, and
U(t) is given by Equation (11.4), then
oo
U'(t) = Z(nbn cosnt — nay, sin jn).
n=1
Example 11.2. Show that the function U(t) = |t| for t € (==, 7), extended periodically the
equation U(t 4 2m) = U(¢), has the Fourier series representation

U =1t =75 - j;nz::l (27111)2 cos[(2n — 1)1].

Solution:

The function U(¢) is an even function, hence we can use Theorem 11.3 to conclude that b, =0

for all n, and
2 (7 2tsinnt  2cosnt
ap = — tcosntdt = +
™ Jo

™

™ mn?

2 — —1)" —
_ ceosnm 2:2( ) 2 for n=1,2,....
™n?2 ™2

0

The coefficient ag is computed by the calculation:
™
= T.

9 ™ t2
a():/ tdt = —
™ Jo 7TO

Using the a,, and Theorem 11.3 produces the required solution.
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11.1.1 Proof of Euler’s Formulas

The following intuitive proof will justify the Euler formulas given in Equations (11.2) and (11.3)
To determine ag we integrate both U(t) and the Fourier series representation in Equation (11.1)
from —7 to m, which results in

[uoa-[

Next, we perform integration term by term, and we obtain

/U(t)dtzazo 1dt+2an/ cosntdt—i—an/ sinnt dt.
n=1 - n=1

o
2

o0
+ Z(an cos nt + by, sin nt)] dt.
n=1

- - — — -7

The value of the first integral on the right side of this equation is 27 and all the other integrals
are zero. Hence we obtain the desired formula for ag:

a6 = 1/W ) dt.

Q0 —T

To determine a,,, we let m > 1 denote a fixed integer and multiply both U(¢) and the Fourier
series representation in Equation (11.1) by the term cos mt, and then we integrate and obtain

/ U(t)cosmtdt:a;/ cos mt dt (11.5)

v
(9] - 00
+Zaj/ cosmtcosntdt—i—an/ cos mtsinnt dt.
n=1 -

n=1 -

The value of the first term on the right side of Equation (11.5) is easily seen to be zero:

"o (11.6)

—T

™

a
20 cosmtdt =
—TT

ag sinmt
2m

The value of the term involving cos mt cos jt is found by using the trigonometric identity:
1
cosmt cosnt = 5 ( cos[(m + n)t] + cos[(m — n)t])

Calculation reveals that if m # n (and m > 0), then

an /_7; cos mt cosnt dt = %n [/_7; cos[(m +n)t] dt + /_7; cos[(m — n)t]dt} (11.7)

=0.

When m = n, the value of the integral becomes:

™
am/ cos’> mt dt = wayy,. (11.8)

—T

The value of the term on the right side of Equation (11.5) involving the integrand cos mt sin nt
is found by using the trigonometric identity

cosmtsinnt = %(sin [(m + n)t] + sin [(m — n)ﬂ);

380



and for all values of m and n, we obtain

™ b ™
bn/ cosmtsinnt dt = [/ sin[(m + n)t] dt

—T

2
/ sin[(m — n)] dt] (11.9)
= 0.

Therefore, we can use the results of Equations (11.6)—(11.9) in Equation (11.5) to obtain

™

U(t)cosmtdt = wa,, for m=0,1,2,...,

—T

and Equation (11.2) is established. An exercise asks you to establish Euler’s Formula (11.3)
for the coefficients {b,}. A complete discussion of the details of the proof of Theorem 11.1 can
be found in some advanced texts. See for instance, John W. Dettman, Chapter 8 in Applied
Complex Variables, The Macmillan Company, New York, 1965.

Exercises for Section 11.1 (Selected answers or hints are on page 457.)

For Exercises 1-2 and 6-11, find the Fourier series representation.

1 for 0<t<
1. U®t) = o ™ See Figure 11.4.
-1 for —mw<t<O.
T—t f 0<t<m.
2. V(t) =12 or u=teT See Figure 11.5.
g+t for —m<t<O.
s A
+ s=U(t) b f#
! 2 s= V1)
_z -z r
-7 2 2 2
< | . >t -< ) L > ¢
‘ p/ I —T T
2
_x]
v 2y
Figure 11.4: Graph of U(t) for Exercise 1 Figure 11.5: Graph of V(t) for Exercise 2

3. For Exercises 1 and 2, verify that U(t) = —V'(t) by termwise differentiation of the Fourier
series representation for V (¢).

4. For Exercise 1, set t = § and conclude that 7 2 2] 1 .

8

5. For Exercise 2, set t = 0 and conclude that %2 =
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-1 for §<t<m,
6. U(t)=¢ 1 for —F<t<T,
-1 for —7T<t<—g.
m—t for §<t<m,
7. U(t)=qt for —F<t<T,
—m—t for —7w<t<-—3.
N
N sz
=z P
2 2

Figure 11.6: Graph of U(t) for Exercise 6

8. U(t), as defined in Figure 11.8.

for

See Figure 11.6.

See Figure 11.7.

4

SIE}

s =U(t)

—T

FIN

/2 b

S

V

Figure 11.7: Graph of U(t) for Exercise 7

5 <t<m,
9. U(t)=4q0 for —-Z<t<Z, See Figure 11.9.
-1 for —7m<t<F
s
2 s=U1) A s=U1
]-
iy
n 3
ST E— —rt
g b
- T T =1
Figure 11.8: Graph of U(t) for Exercise 8

10. U(t), as defined in Figure 11.10.

11. U(t), as defined in Figure 11.11.

12. Establish Euler’s Formula (11.3) for the coefficients {b,}.
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Ny -
a

Figure 11.10: Graph of U(t) for Exercise 10  Figure 11.11: Graph of U(¢) for Exercise 11

11.2 The Dirichlet Problem for the Unit Disk

The Dirichlet problem for the unit disk D : |z] < 1 is to find a real-valued function u(z,y) that
is harmonic in the unit disk D and that takes on the boundary values

u(cos@,sinf) =U(f), for —nm<f<nm (11.10)
at points z = (cos#,sinf) on the unit circle, as shown in Figure 11.12.
y

A

i U(t) = u(cos t, sin 1)

A
—_

\

=

u(x, y)

\

Figure 11.12: The Dirichlet problem for the unit disk |z| < 1.

Theorem 11.7 (Dirichet Solution). If U(t) has period 27, and has the Fourier series repre-
sentation

U(t) = % + Z(an cosnt + by, sinnt),

n=1

then the solution u to the Dirichlet problem in D is

u(rcosf,rsinf) = % + Z(anr" cosnB + b,r" sinnb), (11.11)

n=1

where x + iy = re' denotes a complex number in the closed disk |z| < 1.

We will prove this theorem shortly, but note meanwhile that it is easy to see that the series
representation in Equation (11.11) for u takes on the boundary values given in Equation (11.10)
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at points on the unit circle |z] = 1. Since each term 7" cosnf and 7" sinnf in series given in
Equation (11.11) is harmonic, it is reasonable to conclude that the infinite series representing
u will also be harmonic.

Before proving Theorem 11.7 we establish a result that gives an integral representation for
a function u(zx,y) that is harmonic in a domain containing the closed unit disk. The result is
the analog to Poisson’s integral formula for the upper half plane.

Theorem 11.8 (Poisson Integral Formula for the Unit Disk). Let u(x,y) be a function that is
harmonic in a simply connected domain that contains the closed unit disk |z| < 1. If u(x,y)
takes on the boundary values

u(cosf,sinf) =U(0) for —mw<O<m,

then u has the integral representation

, 1 [ (1-r2)U(t)
u(rcos@,rsinf) = Py /_7r T 7% — 97 cos(t —0) dt (11.12)

that is valid for |z| < 1.
Proof of Theorem 11.8. Since u(x,y) is harmonic in the simply connected domain, there exists

a conjugate harmonic function v(x,y) such that f(z) = u(z,y) + iv(x,y) is analytic. Let C
denote the contour consisting of the unit circle; then Cauchy’s integral formula

f(2) :;m/gfff)z dg (11.13)

expresses the value of f(z) at any point z inside C' in terms of the values of f(£) at points £
that lie on the circle C. If we set 2* = (2)~! then 2* lies outside the unit circle C' and the

Cauchy-Goursat theorem gives
1 f(&)
0=— dg. 11.14
27 /C E—z* ¢ ( )
If we subtract Equation (11.14) from Equation (11.13), then use the parameterization ¢ = e®,
dé = ie' dt and the substitutions z = re?, z* = Le? we get

1 ™ eit eit it
) =5 | (eit = w) F(e™) dt.

—T r

The expression inside the parentheses on the right side of this equation can be written as

eit oit 1 rei(t=0)

cif 1 — reil0=—1) T i)
1—7r2

= 11.15
1+7r2—2rcos(t —6)’ ( )

L (A=) f(e)
fz) = 2 /_W 1472 —2rcos(t —60) dt.

1

it — peif it _ I

and it follows that

Since u(z,y) is the real part of f(2) and U(t) is the real part of f(e'), we can equate the real
parts in the latter equation to obtain Equation (11.12), completing the proof Theorem 11.8. [J
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We now turn our attention to the proof Theorem 11.7.

Proof of Theorem 11.7. The real-valued function

1— 72
1472 —2rcos(t—6)

P(r,t —0) =
is known as the Poisson kernel. Expanding the left side of Equation (11.15) in a geometric
series gives

1 rei(t=0)
- + -
1 —reil0=t) 1 — peilt=0)

0o
_ Z r"e in(0—t) + Z 7,nein(t79)
n=1

=1+ Z P [em0=t) 4 ein(t=0)) — 1 4 9 Z r" cos[n(0 — t)]

n=1 n=1

P(r,t—0) =

(e.o]
=1+2 Z " (cos n# cos nt + sin nf sin nt)

n=1

o0 o0
=1 —|—QZr"cosnﬁcosnt—|—22r”sinn93innt.

n=1 n=1

We now use the above result in Equation (11.12) to obtain

u(rcosf,rsinf) / P(r,t —0)U(t) dt

_ L U()dt—|—1/ Zr"cosn&cosntU(t)dt

2 T

1
0 tU(t)dt
+7r/7rzr sinnf cosnt U(t) dt

1 ™
=5 U(t)dt+ Z — cosnb cosnt U (t) dt

+ Z % sin nH/ sinnt U(t) dt
n=1 i

oo o
= % + Z anr"™ cosnb + Z b, r" sinnd.

n=1 n=1

where {a,} and {b,} are the Fourier series coefficients for U(¢). This observation establishes
the representation for u(r cos#,rsin ) in Equation (11.11). O

Example 11.3. Find the function u(x,y) that is harmonic in the unit disk |z| < 1 and takes
on the boundary values

u(cosf,sinf) =U(0) = =, for —7m<O<m.
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Solution:

Using Example 10.1, we begin with the Fourier series for U(6):

(_1 n+1

U(t) = i =0 sinnt.
n=1

n

Using formula 11.11 for the solution of the Dirichlet problem, we obtain

> (—1)nt1
u(rcosf,rsinf) = Z (

n=1

r™ sin nd.

Note that that the above series representation for u(rcosé,rsinf) takes on the prescribed
boundary values at points where U(#) is continuous. The boundary function U(6) is discontin-
uous at z = —1, which corresponds to # = +; and U(#) was not prescribed at these points.

Graphs of the approximations Uz(t) and uz(x,y) = uy(rcos@,rsin@), which involve the first
seven terms in equations are shown in Figure 11.13.

(S1E]

FIN

—T

<L

NIN
a

<L

s=U(1)

Figure 11.13: Functions Ur(t) and uz(r cos@,rsin @) for Example 11.3

Exercises for Section 11.2 (Selected answers or hints are on page 457.)

For problems 1-6, find the solution to the given Dirichlet problem in the unit disk D by using

the Fourier series representations for the boundary functions that were derived in the examples
and exercises of Section 11.1.

1. U(0) = 1 for 0<@<m,
' -1 for —w<#<0.

5—0 for 0<0<m,
5+0 for —7m<0<O0.

-1 for §<O<m,
—7<9<W
—1 for —7<0<-3.

—7—60 for —

(See Figure 11.14)



NN

y
1%
e

e

m—0 for 5 <0<,
N s s s
= bl fOI' —§§0<§,
T+60 for —7w<0< -3,
S
\
7 s=U(t)
T T T
- _z z
2 / 2

for §<O<m,
for — 3 <0<3,
for —m<O<-35
for §<60<m,
for 0<60<73,
for —35<60<0,
for —m<0<-3.
for § <0<,
for 0<6<3,
for -3 <0<0,
for —m<0< -5

(See Figure 11.16)
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Ne=Z22
S22
7

Z

Figure 11.16: Approximations for U7(6) and ur(r cos @, rsin ) in Exercise 6

9. Write a report on the Dirichlet problem and include some applications.

10. Look up the article on the Poisson integral formula and discuss what you found.

11.3 Vibrations in Mechanical Systems

Consider a spring that resists compression as well as extension, that is suspended vertically
from a fixed support, and a body of mass m that is attached at the lower end of the spring. We
make the assumption that the mass m is much larger than the mass of the spring so that we can
neglect the mass of the spring. If there is no motion then the system is in static equilibrium, as
illustrated in Figure 11.17. If the mass is pulled down further and released, then it will undergo

an oscillatory motion.

4
A
Fy=-ks, F, = ks —k U(1)
_____ .() e g LA
F]=mg s =U(t)
\ Lo L G E
F =mg
A
(a) System in static equilibrium. (b) System in motion.

Figure 11.17: The spring mass system

Suppose there is no friction to slow down the motion of the mass, then we say that the
system is undamped. We will determine the motion of this mechanical system by considering
the forces acting on the mass during the motion. This will lead to a differential equation relating
the displacement as a function of time. The most obvious force is that of gravitational attraction
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acting on the mass m and is given by
Fy = mg,

where g is the acceleration of gravity. The next force to be considered is the spring force acting
on the mass and is directed upward if the spring is stretched and downward if it is compressed.
It obeys Hooke’s law

F2 = kS,
where s is the amount the spring is stretched when s > 0 and is the amount it is compressed

when s < 0.

When the system is in static equilibrium and the spring is stretched by the amount s,
the resultant of the spring force and the gravitational force is zero, which is expressed by the
equation

mg — ksg = 0.

Let s = U(t) denote the displacement from static equilibrium with the positive s direction
pointed downward as indicated in Figure 10.17(b).The spring force can be written as

Fy = —k[SQ + U(t)] = —ksy — kU(t),
and the resultant force Fp is
FR:Fl—i-Fg:mg—kso—kU(t):—kU(t). (11.16)

The differential equation for motion is obtained by using Newton’s second law, which states
that the resultant of the forces acting on the mass at any instant satisfies

Fr = ma. (11.17)

The distance from equilibrium at time ¢ is measured by U(t), so the acceleration a is given by
a=U"(t). Equations (11.16) and (11.17) then give

Fr=—kU(t) =mU"(t).

Therefore, the undamped mechanical system is governed by the linear differential equation
mU " (t) + kU(t) = 0.
The general solution to undamped system is known to be

k
U(t) = Acoswt + Bsinwt, where w =4/—.
m

11.3.1 Damped System

If we consider frictional forces that slow down the motion of the mass, then we say that the
system is damped. This is visualized by connecting a dashpot to the mass, as indicated in
Figure 11.18. For small velocities it is assumed that the frictional force F3 is proportional to
the velocity, that is,

F3 = —CU’(t).

The damping constant ¢ must be positive, for if U’(t) > 0, then the mass is moving down-
ward and hence F3 must point upward, which requires that Fj is negative. The result of the
three forces acting on the mass is given by

Fy+ Py + Fy = —kU(t) — cU"(t) = mU " (t) = Fp,
so the damped mechanical system is governed by the differential equation

mU"(t) +cU'(t) + kU(t) = 0.
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Spring

Mass

¢ - Dashpot

Figure 11.18: The spring mass dashpot system

11.3.2 Forced Vibrations

The vibration discussed earlier are called free vibrations because all the forces that affect the
motion of the system are internal to the system. We extend our analysis to cover the case in
which an external force Fy = F(t) acts on the mass (see Figure 11.19). Such a force might
occur from vibrations of the support to which the top of the spring is attached, or from the
effect of a magnetic field on a mass made of iron. As before, we sum the forces Fi, F5, F3, and
F and set this equal to the resultant force Fr and obtain

Fi+Fy+ F3+ Fy=Fp= —KU(t)—CU/(t)+F(t) :mU”(t).

F, = —ks o~ kU(1)

F,=F) T Fy=—cU(1)
_______ 6}7777777—______ —————
External force. i Damping force.
-
F, =mg \

Figure 11.19: The dashpot system with an external force

Thus, the forced motion of the mechanical system satisfies the nonhomogeneous linear dif-

ferential equation
mU"(t) +cU'(t) + kU (t) = F(t). (11.18)

The function F'(t) is called the input or driving force and the solution U(t) is called the output
or response. Of particular interest are periodic inputs F(¢) that can be represented by Fourier
series.

For damped mechanical systems that are driven by a periodic input F'(t), the general solution
involves a transient part that vanishes as t — 400, and a steady state part that is periodic. The
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transient part of the solution Up(t) is found by solving the homogeneous differential equation
mUy, ”(t) + cUp, /(t) + kUh(t) =0.

This homogeneous equation has the characteristic equation mA? + cA + k = 0, and it’s roots
are \ = —ctVc2—4mk
2m

consider.

. The coefficients m, ¢, and k are all positive, and there are three cases to

Case 1. If ¢> — 4mk > 0, the roots are real and distinct, and since \/c2 — 4mk < ¢, it follows
that the roots A1 and Ao are negative real numbers. Thus, for this case, we have

lim Up(t) =

lim
t——+o0 t——+o0

(AjeMt + Age?t) = 0.
Case 2. If ¢ — 4mk = 0,the roots are real and equal, then \1 = Ao = X, where X is a negative
real number. Again, for this case we find that
. T At Aty _
tBeroo Un(t) = t£+moo(Ale + Aze™) = 0.
Case 3. If ¢ —4mk < 0, the roots are complex, then A\ = —a =+ Bi , where o and B are positive

real numbers, and it follows that

lim Up(t) = ti}gloo(Alefat cos Bt + Aze”* sin 8t) = 0.

t—+00

In all three cases, we see that the homogeneous solution Uy(t) decays to 0 as t — 4o0.
The steady state solution U,(t) can be obtained by representing U,(t) by its Fourier series
and substituting U,"(t), U,'(t) , and Up(t) into the nonhomogeneous differential equation
and solving the resulting system for the Fourier coefficients of U,(t). The general solution to
Equation (11.18) is then given by

U(t) = Un(t) + Up(t).
Example 11.4. Find the general solution to U " (t)+2U'(t) +U(t) = F(t), where F(t) is given
by the Fourier series F'(t) = > m cos[(2n — 1)t].
n=1

Solution:

First we solve Uy " (t) + 2Uy'(t) + Up(t) = 0 for the transient solution. The characteristic
equation is A% + 2\ + 1 = 0, which has a double root A = —1. Hence

Uh(t) = Ale_t + A2t€_t.

The steady state solution is obtained by assuming that Up(t) has the Fourier series representa-
tion

oo oo
Up(t) = % + Z ay, cosnt + Z by, sinnt,
n=1 n=1

and that Uy’ (t) and Uy " (t) can be obtained by termwise differentiation:

oo o0
2U,'(t) = 2 Z nby, cosnt — 2 Z na,sinnt, and
n=1 n=1
o0 o0
U,"(t) = — Z n2a,, cos nt — Z n2b,, sin nt.
n=1 n=1
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Substituting these expansions into the differential equation results in

o
—{—Z 1—n an—l—an]cosnt—l—Z —Qnan—l-(l_n?)bn] sin nt.

n=1 n=1

_ %
2
Equating the coeflicients with the given series for F'(t), we find that % = 0, and that

1

= h is odd
(1—n2)an+2nbn—{82 whet 18 0dd,

' —2na, + (1 —=n?)b, =0 forall n.
when n is even,

Solving this linear system for a, and b, yields

17712 2n
an:{ng(l_i_ng)g for n Odd, bn:{TLQ(]-_"_TLQ)Q for n Odd,

0 for n even, 0 for n even.

The general solution is

U(t) = Aje " + Agte ™ + Z @n _11)2[(12+ (2;[3_ 172 cos[(2n — 1)t]
2(2n —1
+Z Gn— 1201 + (QT)L— 172 sm[(2n— 1)t].

Exercises for Section 11.3 (Selected answers or hints are on page 457.)

For the exercises in this section solve for U(t) given the following Fourier series for F(t).

n+1

(a) F(t) = 3, U

n=1

sin(nt), where F(t) = £ for —m <t <.
=5, for S <t<m,
sinty cos(nt), where F(t) = ¢ +5, for -5 <t<]3,
s
4

(b) F(t) = Y.

n=1

, for —mw<t< -7

) 4sin( 75"

sin(nt), shown in Figure 11.20.

(d) F(t) = 2n2 cos(nt), shown in Figure 11.21.

U"(t) +2U'(t) +2U(t) = F(t).
2. U"(t)+3U'(t) +2U(t) = F(¢t).
U"(t) +4U'(t) + 4U(t) = F(t).
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_\ s=F(t)
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s=F(t)
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Figure 11.20: Graph of U(t) for the exercises Figure 11.21: Graph of F'(t) for the exercises

11.4 The Fourier Transform

Let U(t) be a real-valued function with period 27 which is piecewise continuous such that U’(t)
also exists and is piecewise continuous. Then U (t) has the complex Fourier series representation

o

E cne™,  where

n=—0oo

1 (" ,
Cn = — Ut)e ™ dt for all n.
27 J_,

U(t)

The coefficients {c,t} are complex numbers. Previously, we expressed U(t) as a real trigono-
metric series:
o0
ap .
=5 z:l an cosnt + by, sinnt). (11.19)
Hence, a relationship between the coefficients is

ap =c¢p+c_, for n=0,12

and
b =i(cp —c—yp) for mn=12,...,

These relations are easy to establish. We start by writing

oo o
U(t)=co+ Z cne™ + Z c_pe it
n=1 n=1

(11.20)

oo oo
:co—l—ch(cosnt—i—isinnt Z

(cosnt — isinnt)
n=1

n=1

oo
=co+ Z[(cn + c_p) cosnt + i(cp, — c—p) sinnt].
n=1

Comparing Equation (11.20) with Equation (11.19), we see that ag = 2¢q, a, = ¢, + ¢—p, and
bn = i(cn — c—p).

If U(t) and U'(t) are piecewise continuous and have period 2L, then U(t) has the complex
Fourier series representation

o0

Z cneL",  where (11.21)
n=-—o00

U(t)
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1 L

= — U(t)e*iﬂTm dt for all n. (11.22)
oL ),

Cn

We have seen how periodic functions are represented by trigonometric series. Many practical
problems involve nonperiodic functions. A representation analogous to Fourier series for a
nonperiodic function U (t) is obtained by considering the Fourier series of U(t) for —L <t < L
and then taking the limit as L — oco. The result is known as the Fourier transform of U (t).

Start with a nonperiodic function U(¢) and consider the periodic function Uy (t) with period
2L, where

Ur(t) =U(t) for —L<t<L, and
Up(t) = Up(t +2L) for all ¢,

Then Uy (t) has the complex Fourier series representation

Uty = > cadT. (11.23)

n=—oo

We introduce some terminology to discuss the terms in Equation (11.23), first
™m
Wn = s called the frequency. (11.24)

If ¢ denotes time, then the units for w, are radians per unit time. The set of all possible
frequencies is called the frequency spectrum, i.e.,

{ 31 27 —7m w 27 37w }

L L L'LL L
It is important to note that as L increases, the spectrum becomes finer and approaches a
continuous spectrum of frequencies. It is reasonable to expect that the summation in the
Fourier series for Ur(t) will give rise to an integral over [—oco.0o]. This is stated in the following
important theorem.

Theorem 11.9 (Fourier Transform). Let U(t) and U'(t) be piecewise continuous, and

/OO U(#)] dt < M,

—0o0
for some positive constant M. The Fourier transform F(w) of U(t) is defined as

F(w) ! /OO U(t)e ™ dt. (11.25)

:% .

At points of continuity, U(t) has the integral representation

Ut) = /OO F(w)e™ dw.

—0o0

Uan)+U(ah)

and at a point t = a of discontinuity of U, the integral converges to 5

Note: It is common to express the fact that U is transformed into F' by using the operator
notation



Proof of Theorem 11.9. Set Aw, = wyy1 — w, = T and ﬁ = %Awn. These quantities are
used in conjunction with Equations (11.21), (11.22), (11.23) and the frequency in (11.24) to
obtain

o0

1 [E , ,
ULt)= > [2L / LU(t)e_“”"tdt} et (11.26)
_OO 1 L iwnt i wWnt
= n:Z_OO [% /_L Ul(t)e dt] et Aw,.

If we define F7,(w) by
1 [t ;
F — —twt
7 (w) o /L U(t)e ™" dt,

then Equation (11.26) can be written as

o0

UL(t)= > Frlwn)e™ Awy. (11.27)

n=—oo

As L gets large, Fr(w,) approaches F'(w,) and Aw, tends to zero. Thus the limit on the
right-hand side of Equation (11.27) can be viewed as an integral. This substantiates the Fourier
integral representation

U(t) = /OO F(w)e™tdw.

o0

A more rigorous proof of this fact can be found in advanced texts. O

The following table depicts some important properties of the Fourier transform.

Linearity F(aUi(t) + bUs(t)) = aF(Uy(t)) + bF (Us(t));
Symmetry  IEF(U(t)) = F(w), then F(F(t)) = AU(—w); |
Timescaling  F(U(t) = LA |
Timeshifting  F(U(t—to) = e v F(w); |
 Frequency shifting ~ F(e- ™0 (1)) = Flw —wo); |
Time differentiation  F(U/(t)) = iwF(w); |
| Frequency differentiation 2@ —F(—ayrv(r)); |
| Moment Theorem I M, = [*°_ £"U(t) dt, then (—i)" M, = 2xF™)(0). |

Table 11.1: Important Properties of the Fourier Transform
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Example 11.5. Show that F(e_‘ﬂ) = !

m(1+w?2) "
Solution:

Using formula 11.25 we obtain

e}
F(w) ! / e~ et gy

T or

1 /0 , 1 [ ,
- e(1—7,u))t dt + 2/ e(—l—zw)t dt
™ Jo
t=0 1

T o oo
1 . N e
_ : 6(lfzw)t + : 6(flfzw)t )
27(1 — iw) e 2m(—1—dw) =0
1 1
= — + :
2n(1 —dw)  27(1 +dw)
B 1
(1 +w?)’

Example 11.6. Show that F(ﬁ) = %e“w‘.

Solution:

Using the result of Example 11.5 and the symmetry property and the symmetry property, we

obtain
pl—t YLl owi_ L
m(1+t2) 27 2

By the linearity property, with each term is multiplied by 7, we get
1 1
F = —¢ Il
<1 ¥ t2> 2°¢

Exercises for Section 11.4 (Selected answers or hints are on page 458.)

1. Find §(U(t)) for each of the following:

1 for |t <1,
(a) U(t) =
0 for |[t|>1.

1—t| for [t|] <1,
(b) U(t) =
0 for |t| > 1.
sint for |t|<m7 N
2. Let U(t) = - Show that Z(U(t)) = tsinmw_
et U) { 0 for |t|>m. ow tha 3( ()) T(1—w?)

3. Use the symmetry and linearity properties and the result of Exercise 1a to show that

g<sint>_ 3 for |uw| <1,
t 0 for |w|>1.

w2

+2
4. Let U(t) = e~ =. Show that F(U(t)) = \/%76_7.

Hint: Use the integral definition and combine the terms in the exponent, then complete
702
the square and use the fact that ffzo e 2 dt =+/2m.
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5. Use the time scaling property and the example in the text to show that

§(e) = w(aQ‘C—ﬂ w?)’

6. Use the symmetry and linearity properties and the result of Exercise 2 to show that

S(isinm&)_ s for  fw| <
1—t2 0 for |w|>m.

7. Use the time differentiation property and the result of Exercise 4 to show that

w2

2 _—iwe‘T
3(“ )‘ N

8. Use the symmetry and linearity properties and the results of Exercise 1b to show that
. 1—
P sin? £ _ 47|Tw| for |w| <1,
t2 0 for |w|>1.

9. Write a report on the Fourier transform. Discuss some of the ideas you found in the
literature that are not mentioned in the text.

11.5 The Laplace Transform

11.5.1 From Fourier Transforms to Laplace Transforms

We have seen that certain real-valued functions f(t) have a Fourier transform and that the
integral

g(w) = /Oo f(t)e ™t at

—iwt

defines the complex function g(w) of the real variable w. If we multiply the integrand f(t)e
by e, we create a complex function G(o + iw) of the complex variable o + iw:

G(o +iw) = / ft)e tetat = / F(t)e~ @t

The function G (o +iw) is called the two-sided Laplace transform of f(¢), and it exists when
the Fourier transform of the function f(¢)e™ % exists. From the Fourier transform theory, we
can state that a sufficient condition for G(o + iw) to exist is that

oo
/ |f(t)|e 7t dt < oo
— 00

exists. For a given function f(t), this integral is finite for values of o that lie in some interval
a < ob.

The two-sided Laplace transform uses the lower limit of integration, that is, t = —oo, and
hence requires a knowledge of the past history of the function f(t), i.e., ¢ < 0. For most physical
applications, one is interested in the behavior of a system only for ¢ > 0. Mathematically
speaking, the initial conditions f(0), f'(0), f”(0),..., are a consequence of the past history of
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the system and are often all that is necessary to know. For this reason, it is useful to define
the one-sided Laplace transform of f(t), which is commonly referred to simply as the Laplace
transform of f(¢), which is also defined as an integral:

L(ft)=F(s)= /OOO f(t)e st dt, where s=o0 +iw. (11.28)

If the defining integral 11.28 for the Laplace transform exists for sy = ¢ + iw, then values
of o with o > g imply that e~ < ¢77°!, and thus

/OO | F(8)] et dt < /oo | F(8)] e~ dt < oo,
0 0

and it follows that F'(s) exists for s = o + iw. Therefore, the Laplace transform L£(f(t)) is
defined for all points s in the right half-plane Re(s) > oy.

Another way to view the relationship between the Fourier transform and the Laplace trans-
form is to consider the function U(t) given by

Ut) = f() for t>0,
1l 0 for t<o.

Then the Fourier transform theory shows us that
1 oo [ oo . .
U(t) = / / Ul(t)e ™" dt] e dw,
27r —00 LY —O0
and since the integrand U (¢) is zero for t < 0, this equation can be written as

ft) = ;ﬁ/oo _/OOO f(t)e‘thdt} et dw.

—0o0

Use the change of variable s = ¢ + iw and dw = %, where o > oy is held fixed, then the new
limits of integration are from s = ¢ — iw to s = ¢ + iw. The resulting equation is

o—+100 [e'e)
f(t):;w/' [/0 f(t)e“dt} et ds.

Therefore, the Laplace transform is
o
L(f(t) =F(s) = / f(t)e stdt, where s=o0 +iw,
0
and the inverse Laplace transform is

o+1i00
LY(F(s)) = flt = - / F(s)e™ ds. (11.29)

27 —100

11.5.2 Properties of the Laplace Transform

Although a function f(t) may be defined for all values of ¢, its Laplace transform is not influenced
by values of f(t), where ¢t < 0. The Laplace transform of f(¢) is actually defined for the function

U(t) given by
t) f t>0
sy [F0 o ez
0 for t<O.



A sufficient condition for the existence of the Laplace transform is that |f(¢)| does not grow too
rapidly as t — +00. We say that the function f is of exponential order if there exists real
constants M > 0 and K, such that

|£(t)] < Meft holds for all ¢ > 0.

All functions in this chapter are assumed to be of exponential order. The next theorem shows
that their Laplace transform F(o 4 i7) exists for values of s in a domain that includes the right
half-plane Re(s) > K.

Theorem 11.10 (Existence of the Laplace Transform). If f is of exponential order, then its
Laplace transform L(f(t)) = F(s) is given by

oo
F(s) =/ ft)e™dt, where s=o0+iw.
0
The defining integral for F' exists at points s = o + 47 in the right half plane o > K.
Proof. Using s = o + iT we see that F(s) can be expressed as
o o
F(s) = / f(t)e 7 cosTtdt — z/ f(t)e 7 sin Tt dt.
0 0

Then for values of 0 > K, we have

[ 10 cosrtlar < v [ -
0 0

/ |f(t)]e " sinTt] dt < M/ (K=ot gy
0 0

M
o —
M

o —

IN

and

g

IA

i

=

which imply that the integrals defining the real and imaginary parts of F' exist for values of
Re(s) > K. O

Note: The domain of definition of the defining integral for the Laplace transform £(f(t))
seems to be restricted to a half plane. However, the resulting formula F'(s) might have a domain
much larger than this half plane. Later we will show that F(s) is an analytic function of the
complex variable s. For most applications involving Laplace transforms that we will study,
the Laplace transforms are rational functions that have the form %, where P and @) are

polynomials, and some other important ones will have the form eagl(l()s)_

Theorem 11.11 (Linearity of the Laplace Transform). Let f and g have Laplace transforms
F and G, respectively. If a and b are constants, then

L(af(t)+bg(t)) = aF(s) + bG(s).
Proof. Let K be chosen so that both F' and G are defined for Re(s) > K, then
£af(t) +bg(®) = [ laf(6) + bo(e)e " di

0
:a/o ft)e dt—i—b/o g(t)e >t dt
= aF(s) + bG(s).
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Theorem 11.12 (Uniqueness of the Laplace Transform). Let fand g have Laplace transforms
F and G, respectively. If F(s) = G(s), then f(t) = g(t).

Proof. If o is sufficiently large, then the integral representation, Equation (11.29), for the inverse
Laplace transform can be used to obtain

o+100 s+1i00
F6) = £V(F(s) = — / F(s)e ds — —— G(s)e ds

27 21

= [,_li(G(s)) = g(t).

—100 §—100

Example 11.7. Show that the Laplace transform of the step function given by

1 for 0<t<e 1—e
t) = - Tois L(f(t) = ——.
®) {0 for e<t ® (f( )) S

Solution:
Using the integral definition for £(f(t)), we obtain

L(f1) = /OOO f(t)e " dt

- / estd + / e=st(0) dt
0 c

_ t=c
—e st

S lt=0
1 _ e—CS
P

Example 11.8. Show that £(e?) = -1, where a is a real constant.

Solution:

We will actually show that the integral defining £(e®) is equal to the formula F(s) = ﬁ for
values of s with Re(s) > a, and the extension to other values of s is inferred by our knowledge
about the domain of a rational function. Using straightforward integration techniques we find
that

E(eat) — / eatefst dt
0
R
= lim ela=9)t gy
ela—s)R 1

= lim + .
R—foo a— 8 s—a

Let s = 0 4+ i7 be held fixed, or where ¢ > a. Then since a — ¢ is a negative real number we

have Rlim e(@=)E — () and this result can be used in the latter equation to obtain the desired
—+00

conclusion.

The property of linearity can be used to find new Laplace transforms from known ones.
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Example 11.9. Show that L(sinhat) = %—.

Solution:

—at

%e“t — se~ %, we obtain

1
2

L(sinhat) = %L(e“t) - %E(e‘“t) = % < ! ) - % ( : > =2 .

s—a s+a —a?’

Since sinh at =

The technique of integration by parts is also helpful in finding new Laplace transforms.

Example 11.10. Show that £(t) = .

Solution:

Using integration by parts we obtain

For values of s in the right half plane Re(s) > 0, an argument similar to that in Example 11.8
shows that the last limit approaches zero. This observation establishes the result.

Example 11.11. Show that £(cosbt) =

_s
s24b2°
Solution:

A direct approach using the definition is tedious. Let us assume that the complex constants
+ib are permitted and hence following the Laplace transforms exist:

1

L(e®) = and L(e”™) = P—

s —ib’
Using the linearity of the Laplace transform we obtain
1 1 1 1 S

ERVIRTE VRTINS Sk S S S
£(cosbt)—2£(e )+2£(e )_QS—ib+23+ib_32+bQ'

Inverting the Laplace transform is usually accomplished with the aid of a table of known
Laplace transforms and the technique of partial fraction expansion.

Example 11.12. Find c—l(ggig).

Solution:

Using linearity and lines 6 and 7 of Table 11.2, we obtain

35s+6 s 3
-1 — 3,1 -1 _ .
L <s2+9)_3£ (52+9>+2£ <82+9>—30083t—|—2sm3t.

Table 11.2 gives the Laplace transforms of some well-known functions, and Table 11.3 high-
lights some important properties of Laplace transforms.
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1(t) F(s) = [ f(t)e" dt
1|1 1

o lm o
3. | Uu(t) wnit step function <= |
Aot =R
,5, i ,t n,eilt ,,,,,,,,,,,,, @igl!”f o]
6. Joosbt . T
A |simbt e S
8 |e¥eosht TR
9. |etsinbt e A
10. | teosbt ce
.| tsinbt ez
12. | coshat p — —

B et e, T

Integral E(f(f f(r)dr) = ng)
Multiplication by ¢ L(tf(t) =—F'(s) |
Divisionby ¢ cy = [*Foyde
s axis Shifting  L(ef() = F(s—a) |
taxis Shifting  L(Ul())f(t—a) = e F(s) for a>0 |
Convolution L(h(t)) = F(s)G(s) where h(t) = [! f(t—r)g(r)dr |

Table 11.3: Properties of the Laplace Transform

Exercises for Section 11.5 (Selected answers or hints are on page 459.)

1. Show that £(1) = % by using the integral definition for the Laplace transform. Assume
that Re(s) > 0.

2. Show that L£(t?) = S% by using the integral definition for the Laplace transform. Assume
that Re(s) > 0.

3. Find L(f(t)) for each of the following.
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t for0<t<e,

0 otherwise.

{1 for 1 <t <2,

(a) U(t)
(b) Ut) 0 otherwise.
(©) U(t) e for0<t<1,

0 otherwise.

Ult

Ult

Ut

(d) Ut) = sint for 0 <t <,
B 0 otherwise.

4. Use the linearity of Laplace transform and Table 11.2 to find:

(a) L(3t? — 4t +5)
(b) L(2cos4t)

(c) L(e*3).

(d) L(6e" + 3sinbt).
() £((t+1)")

(f) L(cosh2t)

(a) £71(82-i1-25)'
(b) L7(5— )
(c) 571<1+§Z—5)
(@) £7H(E).
(e) L7 (%)
) £7'(G)

6. Write a report on how complex analysis is used in the study of Laplace transforms. Include
ideas and examples that are not mentioned in the text.

11.6 Laplace Transforms of Derivatives and Integrals

Theorem 11.13 (Differentiation of f(t)). Let f(t) and f'(t) be continuous for t > 0, and of
exponential order. Then,

LS'(6) = sF(s) = [(0), where F(s) = L( f(1)).

Proof. Let K be chosen large enough so that both f(¢) and f’(t) are of exponential order K.
If Re(s) > K, then £( f'(t)) is given by

L(1'(1) = /O T et

Next, using integration by parts, we can write the equation this as

L)) = lim [f(t)e ] ‘z

R—+o00

R oo
+s / f(t)et dt.
0 0
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Now, f(t) is of exponential order K, and Re(s) > K. It follows that lim f(R)e™*% =0, so

R—+o00

L(f'(t) =—F(0)+ s/ooo f(t)e st dt = sF(s) — f(0).

An easy consequence of Theorem 11.13 is the following, which we state without proof.

Corollary 11.1. If f(t), f'(t), and f"(t) are of exponential order, then
L(f"(t)) = s*f(s) — sf(0) — f'(0).

Example 11.13. Show that £(cos?t) = %.
Solution:
Let f(t) = cos® t then f(0) = 1 and f'(t) = —2sintcost = —sin2t. Using the fact that

L(—sin2t) = 2+4, Theorem 11.13 implies that

2

i L(f'(t)) = sL(cos*t) — 1.

from which it follows that £(cos?t) = — 5(522 ) + % = 55322124)'

Theorem 11.14. (Integration of f(t)] Let f(t) be continuous for t > 0, and of exponential
order. Further, let F(s) be its Laplace transform, then

E(/(ff(f)df) :Fis).

Proof. Let g(t fo 7)dr, then ¢'(t) = f(t) and g(0) = 0. If we can show that g is of
exponential order then Theorem 11.13 implies that

L(f@)=L(d1) =sL(g(t) —0=sL (/0 f(r) d7'> .

Since f(t) is of exponential order, there are positive values M and K so that

¢ t
M
1 < / f(r)dr < M/ K7 dr = Mkt _ 1y < oKt
0 0 K
Therefore, g is of exponential order. O

Example 11.14. Show that £(¢?) = 8% and L(#3) = S%.

Solution:
Using Theorem 11.14 and the fact that £(2t) = s% we obtain

L) =L (/Ot 27’d7’) = —£(2t) ;22 =3

Now we can use the first result £(?) = s% to establish the second one:

t 1 16 6
3\ — 2 = — 2 = - = —
Lt )-E(/O 37 dT) = L) =_5=7
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One of the main uses of the Laplace transform is its role in the solution of differential equa-
tions. The utility of the Laplace transform lies in the fact that the transform of the derivative
f'(t) corresponds to multiplication of the transform F(s) by s and then the subtraction of
f(0). This permits us to replace the calculus operation of differentiation with simple algebraic
operations on transforms.

This idea is used to develop a method for solving linear differential equations with constant
coefficients. Consider the initial value problem

y"(t) +ay'(t) + by(t) = f(t)

with initial conditions y(0) = yo and y'(0) = dy. The linearity property of the Laplace transform
can be used to obtain the equation

L(y" @) +al(y’ () +bL(y(t)) = L(f(t)).
Let Y(s) = L(y(t)) and F(s) = L(f(t)). Now apply Theorem 11.13 and Corollary 11.1 to get
L(y'(1) =sY(s) —y(0) and L(y"(t)) = Y (s) — sy(0) —y'(0).
We can rewrite the last equation in the form
s%Y (s) + asY (s) +bY (s) = F(s) + sy(0) +5'(0) + ay(0). (11.30)

The Laplace transform Y(s) of the solution y(t) can be shown to be

F(s) + sy(0) + y'(0) + ay(0)

Y =
(5) s2+as+b

(11.31)

For many physical problems involving mechanical systems and electric circuits, the trans-
form F(s) is known, and the inverse of Y (s) can easily be computed. This process is referred to
as the operational calculus and has the advantage of changing problems in differential equations
into problems in algebra. Then the solution obtained will satisfy the specific initial conditions.

Example 11.15. Solve the initial value problem

y"(t)+y(t)=0 with y(0)=2 and y’(0)=3.

Solution:

Since the right-hand side of the differential equation is f(¢t) = 0 we have F'(s) = 0. The initial
conditions yield £(y"(t)) = s*Y (s)—2s—3 and Equation (11.30) becomes s*Y (s)+Y (s) = 2s+3.
Solving we get Y(s) = igfl” and the solution y(t) is assisted by using Table 11.2 and the
computation

2 3 1
y(t) =L (s;gIl) =2L7! <s2j— 1) +3£71 <82+ 1) = 2cost + 3sint.

Example 11.16. Solve the initial value problem

y"(t)+y'(t) —2y(t) =0 with y(0)=1 and y'(0)=4.

Solution:
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In the spirit of Example 11.15, we use the initial conditions and Equation (11.31) becomes

s+4+1 5+5
Y(s) = = .
$24+s5—-2 (s—1)(s+2)
Using partial fraction expansion Y (s) = 2 — % and the solution y(t) is
=LYy — 9pt _ g2t
y(t) = L7(Y(s)) = 3—1 5+2 cc

Exercises for Section 11.6 (Selected answers or hints are on page 459.)

1. Derive L(sint) from L(cost).
2. Derive L(cosht) from L(sinht).
3. Find L(sin?t).
4. Show that L(te!) = (3—11)2' Hint: Let f(t) = te! and f'(t) = te! + et
5. Find £ (k)
6. Find £~ (s(52+4)>
7. Show that £ (il ) =t =1+
8. Show that £7! (@) =1t —sint.
Solve the initial value problem in the following exercises.
9. y"(t) +9y(t) = 0, with y(0) = 2 and y'(0) = 9.
10. y”(t) +y(t) = 1, with y(0) = 0 and y'(0) = 2.
11. y"(t) + 4y(t) = —8, with y(0) = 0 and y'(0) = 2.
12. y'(t) + y(t) = 1, with y(0) = 2.
13. y'(t) — y(t) = —2, with y(0) = 3.
14. y”(t) — 4y(t) = 0, with y(0) = 1 and y'(0) = 2.
15. y”(t) —y(t) = 1, with y(0) = 0 and y’(0) = 2.
16. y'(t) + 2y(t) = 3et, with y(0) = 2.
17. y"(t) + y'(t) — 2y(t) = 0, with y(0) =2 and y'(0) = —1.
18. y"(t) —y'(t) — 2y(t) = 0, with y(0) = 2 and y'(0) = 1.
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11.7 Shifting Theorems and the Step Function

We have seen how the Laplace transform can be used to solve linear differential equations.
Familiar functions that arise in solutions to differential equations are e* cosbt and e® sin bt.
The first shifting theorem will show how their transforms are related to those of cosbt and
sin bt by shifting the variable s in F'(s). A companion result, called the second shifting theorem,
will show how the transform of f(t — a) can be obtained by multiplying F'(s) by e~*5. Loosely
speaking, these results show that multiplication of f(t) by e% corresponds to shifting F/(s — a),
and shifting f(¢ — a) corresponds to multiplication of the transform F'(s) by e®*.

Theorem 11.15 (Shifting the Variable “s”). If F(s) is the Laplace transform of f(t), then
L(e“f(t)) = F(s—a).

Proof. Using the integral definition £(f(t)) = F(s) = [;° f(t)e "' dt, we see that

L(e“f(t)) = / h e f(t)e tdt = /0 h f()e G~ gt = F(s —a).

0

Definition 11.3 (Unit Step Function). For a > 0 the unit step function Uy(t) is

U (t) = {O for t<a.

1 for t>a.

Figure 11.22 depicts the graph of U,(t).

y
A
y=U, (1)

> 1

Figure 11.22: Graph of the unit step function y = U,(t) in Definition 11.3
Theorem 11.16 (Shifting the Variable “t”). If F(s) is the Laplace transform of f(t) and a > 0,

then
E(Ua(t)f(t - (1)) = e_asF(S)v

where f(t) and Uy(t)(t — a) are illustrated in Figure 11.23.

Proof. Using the definition of Laplace transform, we write

e F(s) = e~ /0 F(r)e T dr = /0 F(r)e=s@+) g7,

Using the change of variable t = a 4+ 7 and dt = dr, we obtain
e ¥F(s) = / f(t—a)e st dt.
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Since Ugy(t) f(t —a) =0 for t < a, and U,(t) f(t —a) = f(t —a) for t > a, we can write the last
equation as

=9 F(s) = /0 T ULt - a)e " dt = LUt - a)).

y=Af1) y=U, (1) f(t-a)

[ ;,

Figure 11.23: Comparison of the functions f(¢) and U,(t)f(t — a)

Example 11.17. Show that L(t"e™) = (S_Z)!n+1~

Solution:
Let f(t) = t™, then F(s) = L(t") = S,ﬁ!l. Applying Theorem 11.15, we obtain the desired
result:

n!

L(t"e™) = F(s —a) = oo

Example 11.18. Show that L(U.(t)) = ¢

Solution:
Set f(t) =1, then F(s) = £(1) = 2. Now apply Theorem 11.16 and get

e—CS

L(U) = LU (1) = L(U(t) 1) = e L(1) =

S

Example 11.19. Find £(f(t)) if f(t) is given in Figure 11.24.

bl
T y=£1)

0 Y : : : : 7 0 !
-1 1 2 3 4 5 6

Figure 11.24: The function y = f(¢) of Example 11.19

Solution:

We can represent f(t) in terms of step functions:

f(t) =1- Ul(t) + UQ(t) — U3(t) + U4(t) — U5(t).
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Using the result of Example 10.18 and linearity, we obtain

1 e=S 6—25 6—33 6—45 6_58

L) =+

S S S S S S

Example 11.20. Use Laplace transforms to solve the initial value problem

y"(t) +y(t) = Un(t) with y(0)=0 and y'(0)=0.

Solution:

As usual, let Y (s) denote the Laplace transform of y(¢). Then we get

e—ﬂ'S

s°Y(s) + Y (s) =

S

Solving for Y(s), we obtain

1 6—7'('8 e—ﬂSS
Y(s)=e ™ = — .
(s) =e s(s2+1) s 241

We now use Theorem 11.16 and the facts that % and 52‘11 are the transforms of 1 and cost,
respectively. The solution y(t) computes as follows:

y(t) = £ (e_m> _g (e_ms> — UL () = Un(t) cos(t — ),

S s2+1

which can be written in the more familiar form:

0 for t<m,
y(t) = {

1—cost for t>m.

Exercises for Section 11.7 (Selected answers or hints are on page 459.)

[u—y

. Find L(e! — tet).

2. Find L(e~* sin 3t).

3. Show that £(e cosbt) = T
4. Show that £(e sinbt) = %

5. Find £L71(F(s)) for the following:

(a) F(s) = #tirs-
(b) F(s) = zhers-
(©) Fls) = =5
(d) F(s) = 32%;9521025'
6. Find L(f(t)) for the following:

(a) f(t) = Ua(t)(t —2)*.
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y =1

—_—

Figure 11.25: The graph y = f(t) (for Problem 6e)

y
A y=f1)
14

T T T T T T > 1

-1 1 2 3 4 5

Figure 11.26: The graph y = f(t) (for Problem 6f)

(t) = Ur(t)e'".

(t) = Usy(t) sin(t — 3m).

(t) = 2U1(t) = Ua(t) — Us(?)

et f(t) be the function given in Figure 11.25.

(c

(b)
)
(d)
)
)

(e
(f) Let f(t) be the function given in Figure 11.26.
Hint: The function is the integral of the one in Exercise 13.

7. Find £} (42,
8. Find £ (1= ™),

9. Solve the initial value problem for each of the following:

(a) y"(t) + 2y’ (t) + 2y(t) = 0, with y(0) = —1 and y'(0) =

(b) y"(t) +4y’(t) + 5y(t) = 0, with y(0) = 1 and y’(0) = —

(c) 2y"(t) +2y'(t) + y(t) = 0, with y(0) = 0 and y'(0) =

(d) y"(t) — 2y’ (t) + y(t) = 2¢!, with y(0) = 0 and y'(0) = 0.

(e) y"(t) + 2y’ (t) + y(t) = 6te™t, with y(0) = 0 and y’(0) = 0.

(£) y"(t) +2y'(t) + y(t) = 2U1(t)e' !, with y(0) = 0 and y’(0) = 0.
(8) y"(t) +y(t) = Uz ja(t), with y(0) = 0 and y'(0) = 1.

11.8 Multiplication and Division by ¢

Sometimes the solutions to nonhomogeneous linear differential equations with constant coef-
ficients involve the functions tcosbt, tsinbt, or t"e as part of the solution. We now show
how the Laplace transforms of ¢ f(¢) and @ are related to the Laplace transform of f(¢). The

transform of ¢ f(¢) will be obtained via differentiation and the transform of @ will be obtained
via integration. To be precise, we state the following theorems.
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Theorem 11.17 (Multiplication by “t”). If F(s) is the Laplace transform of f(t), then
L(F (1) = —F'(5).

Proof. By definition we have F(s) = [;° f(t)e”*"dt. Leibniz’s rule for partial differentiation
under the integral sign permits us to erte

= ;S /OO f(t)e stdt
/ 83 e dt
- /0 (—tf(t)e"] dt

= —/Oo tf(t)e stdt
0
=—L(tf(t)).

O

Theorem 11.18 (Division by t). Let both f(t) and @ have Laplace transforms and let F(s)
denote the transform of f(t). If li%1+ @ exists,
t—

c <fff)> _ /SOOF(a)da

Proof. Since F(o) = [~ f(t)e~7" dt, we integrate F(o) from s to oo:

/OO o)do = / [/ f(t)e dt} do.

The order of integration in equation in the double integral is reversed:
/OO F(o da—/ [/ f(t) Utda]dt
= / [)e_"t UOO] dt

fsft)e_St dt

) O<f()>
t

O
Example 11.21. Show that L(t cosbt) = Sy
Solution:
Let f(t) = cosbt, then F(s) = L(cosbt) = 335. Hence, we can differentiate F'(s) to obtain

the desired result:

2+ b2 — 252 s? —b?
L(tcosbt) = —F'(s) = — (2 + b2)2 - (s2+b2)
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Example 11.22. Show that E(%“t) = arctan 1.

Solution:
Let f(t) = sint and F(s) = ﬁ Since limF s — 1, we can integrate F(s) to obtain the
t—0
desired result: _
sint *  do 1|77 1
L|— )= ———— = —arctan — = arctan —.
t s 041 O |pes s

Some types of differential equations involve the terms ty’(t) or ty”(t). Laplace transforms
can be used to find the solution if we use the additional substitutions

L(ty'(t)) = —sY'(s) = Y(s), and (11.32)
L(ty" (1)) = —s°Y'(s) — 25Y(s) + y(0). (11.33)
Example 11.23. Use Laplace transforms to solve the initial value problem

ty”(t) —ty'(t) —y(t) =0 with y(0) =0.

Solution:

Let Y(s) denote the Laplace transform of y(t), then using the substitutions 11.32 and 11.33
results in
—52Y"(s) = 2sY(s) + 0+ sY'(s) + Y(s) = Y(s) = 0. (11.34)

This equation involves Y /(s) and can be written as a first-order linear differential equation:

2

Y/(s) + <5_1> Y(s) = 0. (11.35)

The integrating factor p for the differential equation is

2
p = exp </ p— dS) — 621n(5—1) — (5 _ 1)2

Multiplying Equation (11.35) by p produces

(s =1)%Y'(s) +2(s — 1)Y(s) = di [(s—1)*Y(s)] = 0.

S

Now we integrate the equation d%[(s — 1)?Y(s)] = 0 with respect to s and the results is

(s — 1)2Y(s) = C, where C is the constant of integration. Hence the solution to Equation
(11.34) is

_¢

(s —1)*

The inverse of the transform Y'(s) in equation is the desired solution

Y(s) =

y(t) = Cte'.

Exercises for Section 11.8 (Selected answers or hints are on page 460.)

1. Find the Laplace transform for each of the following:
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(a) L(te ).
(b) L(t%e*)

(c) L(tsin3t).
(d) L(t?cos2t).
(e) L(tsinht).
(f) L(t?cosht).

2. Show that £(¢72) = In ;5.

$2
241"

3. Show that £(1=L) = In
4. Find L(tsinbt).
5. Find L(te cosbt).

6. Find £ (In £=;).

7. Find £7'(In 3%5).

8. Solve the initial value problem for each of the following:

(a) y"(t) +2y'(t) + y(t) = 2, with y(0) = 0 and y'(0) = 1
(b) y"(t) + y(t) = 2sint, with y(0) =0 and y'(0) = —1

(©) 1y(t) — ty'(¢) — y(#) = 0, with y(0) = 0.

() t9"(5) + (¢ — Dy'(t) — 24(t) = 0, with (0) =0

(e) ty”(t) +ty'(t) — y(t) = 0, with y(0) = 0.

(f) ty"(t)+ (t — 1)y'(t) + y(t) = 0, with y(0) = 0.

9. Solve the Laguerre equation ty " (t) + (1 — t)y'(t) + y(t) = 0, with y(0) = 1.

10. Solve the Laguerre equation ty”(t) + (1 — t)y’(t) + 2y(¢) = 0, with y(0) = 1.

11.9 Inverting the Laplace Transform

So far, most of the applications involving the Laplace transform involve a transform (or part of
a transform) that is expressed by

P(s)
Q(s)
where P and @ are polynomials that have no common factors. The inverse of Y(s) is found by
using its partial fraction representation and referring to Table 11.2. We now show how the theory
of complex variables can be used to systematically find the partial fraction representation. The
first result is an extension of Lemma 8.1 to n linear factors. The proof is left for the reader.

Y(s) = (11.36)

Theorem 11.19 (Nonrepeated Linear Factors). Let P(s) be a polynomial of degree at most
n—1. If Q(s) has degree n, and has distinct complez roots ay, as, ..., a,, then Equation (11.36)
has the representation

Y(s) = Pls) = i Res[Y, ai] (11.37)

(s—a1)(s—a2) - (s—ap) — s—ap




Theorem 11.20 (A Repeated Linear Factor). If P(s) and Q(s) are polynomials of degree p
and v, respectively, and p < v+n and Q(a) # 0, then Equation (11.36) has the representation

P A )
Y= e~ G .

where R is the sum of all partial fractions that do not involve factors of the form (s — a)’.
Furthermore, the coefficients Ay can be computed with the formula

1 ) d"F [ P(s) B
A= gy I [ds”—k <Q(s)>] for k=1,2,...,n. (11.39)

Proof. We employ the method of residues. First, multiplying both sides of Equation (11.38) by
(s —a)™ gives
P(s)
Q(s)

We can differentiate both sides of this equation n — k times to obtain

@k (PG Ny () A
dsn—k<Q<s>>‘;Aﬂ<k—j>!( P G RO =)

=2 Ajls — )"+ R(s)(s )"
j=1

In this equation, take the limit as s — a. It is left as an exercise for the reader to fill in the
steps to obtain

d"k ([ P(s)
= (n — k)!Ag.
i e () = 91
which establishes Equation (11.39). O
Example 11.24. Let Y (s) = s( 45;“1 Find £71(Y (s)).

Solution:
From Equations (11.37) and (11.38) we can write

83—48—1 _ A3 n A2 A1 Bl
s(s—1)3  (s—1)3  (s—1)2 s—-1 s

The coefficient B; is found by the calculation

B —4s+1
= Res[Y, 0] = hn(l)(sl; =—1.
S— S —

The coefficients A, Ao, and A3 are found by using Theorem 11.20. In this case a = 1 and

ngg = 743“ so we get

3 _
Az = hm (P(S)> = lim 8475“ = 2.
Q(s)
1 d

B . P(s) L 1y
AQ‘leﬁds(Q(s))_lﬂ(Qs_s?)_
1. d*> [(P(s) 1. 2
Al—zii‘%dg<Q<s))—zlfi<2+s3)—2‘




Hence, the partial fraction representation is

—2 1 2 1
Y(s) = _ =
() (3—1)3+(3—1)2+s—1 s

and the inverse is
y(t) = —t%e' +te' + 2¢' — 1.

Theorem 11.21 (Irreducible Quadratic Factors). Let P and @ be polynomials with real coef-
ficients such that the degree of P is at most 1 larger than the degree of Q). If T does not have
a factor of the form (s — a)? + b%, then

P(s) P(s) _ 2A(s —a) — 2Bb

Yis) = Qls) (s —a)®>+ bQ} T(s) (s —a)?+b? + Als), where
AtiB = m. (11.40)

Proof. Since P, Q, and @’ have real coefficients, it follows that

P(a—ib) = P(a+ib) and Q'(a—ib) = Q'(a+ ib).

The polynomial @ has simple zeros at s = a & ib, this implies that Q’(a & ib) # 0. Therefore,
we obtain

o s — (a £ 1b) _ P(a+ib)
Res|Y,a + ib] = S_lgrjcib <Q(s) — 0= ib)P(8)> = QL) (11.41)

from which it is easy to see that
Res[Y, a — ib] = Res[Y, a — ib]. (11.42)

If we set A+ iB = Res|Y,a + ib] and use Theorem 11.19 and Equations (11.40), (11.41), and
(11.42), then we find that

A+iB A—iB

Y =
(5) s—a—1t s—a+1b

+ R(s).

The first two terms on the right side of this equation are now combined to obtain

(A+iB)(s —a+1ib) + (A—iB)(s — a —ib) _ 2A(s —a) —2Bb

(s —a)? + b2 (s —a)2+0v% ’
which completes the proof of the theorem. O
Example 11.25. Let Y (s) = M%. Find £71(Y (s)).

Solution:

Here we have P(s) = 5s and Q(s) = s* + 13s% + 36, and the roots of Q(s) occur at 0 4 2i and
0 £+ 3i. Computing the residues gives

o oP@) s@2) 1
ResYo 20 = 5@i) ~ a@ip —2620) 20 ™

L P@) _ 53) 1
ReslY 30 = rai) ~ 4GP — 269~ 2
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We find that Ay +iB; = 3 + 0i and Ay +iBy = —3 + 04, which correspond to aj +ib; = 0+ 2i
and ao + tbg = 0 + 31, respectively. Thus we obtain

2(%)(5—0>—(2)(0)(2)+2(—%)(s—0)—(2)(0>(3): s s
s2+4+4 s2+9 244 s249’

Y(s) =
and the desired solution is

LY (s)=ct ( 2i4> — Lt ( 219) = cos 2t — cos 3t.
s s

Example 11.26. Find £7}(Y (s)) if Y (s) = 35—+

Solution:
The partial fraction expression for Y'(s) has the form
D Ch Cs 2A(s —0) —2B(1)

Y(S):§+5+1+(s+1)2Jr (s —0)2 + 12

Since the linear factor s is nonrepeated, we have

2 +3s2—s+1
D= Y =1li =1.
ReslY'(s), 0] = lim ==y 1y

Since the factor s 4+ 1 is repeated, we have

C1 = Res[Y (s), —1]
d <83+352—s+1>

= lim

s——1 % 8(82 + 1)

. —3st+4s3 -1
= lim ———————

s——1  s%(s+1)2

Cy = Res[(s+ 1)Y(s), —1]
. 2 4+3s2—s+1
= lim
s——1  s(s2+1)
= -2

The term s2 + 1 is an irreducible quadratic, with roots i, so that

34352 —s+1 1—2
+1 eS[ 71] slig 8(8+1)2(8+2) 9

and we obtain A = % and B = —%. Therefore,
1 =2 —2 24(s —0) —2(-H)(1
Y(S):*—F + 2+ 2( ) 5 ( 22)()
s s+1 (s+1) (s—0)2+1
12 2 s+l
s s+l (s+1)2 0 s2417

Now we use Table 11.2 to get

y(t) =1—2e"" —2te™" 4 cost +sint.
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Example 11.27. Use Laplace transforms to solve the system

y'(t) =y(t) —=(t), with y(0)=1
z'(t) = 5y(t) — 3z(t) with 2(0)=2.

Solution:

Let Y(s) and X (s) denote the Laplace transforms of y(t) and z(t), respectively. If we take the
transforms of the two differential equations and get

sY(s) —1=Y(s) — X(s),
sX(s) —2=5Y(s) —3X(s),

which can be written as

(s —1)Y(s)+ X(s) =1.
5Y(s) — (s +3)X(s) = —2.

Cramer’s rule can be used to solve for Y (s) and X (s):

1 1 ’
-2 —-s5-3 —5—3+2 s+1
Y - - =
(s) s—1 1 (s—1)(-s—3)—5 (s+1)2+1
) —-s—3
s—1 1
X(s) = 5 =2 —25+2-5 2(s+1)+1
s —1 1 | (s=1)(-s=3)—5 (s+1)2+1
5 —s5—3

The desired solution is obtained by computing the inverse transforms:

y(t) = e ' cost,
z(t) = e *(2cost +sint).

According to Equation (11.29) of Section 11.5, the inverse Laplace transform is given by

the integral formula
1 oo+i00
=L (FE) = 5 [ F(s)et s
2mi 00—100

where o( is any suitably chosen large positive constant. This improper integral is a contour
integral taken along the vertical line s = ¢ 4 i7 in the complex s = o + i7 plane. We shall
show how the residue theory in Chapter 8 is used to evaluate it. Cases where the integrand has
either infinitely many poles or has branch points is left for the reader to research in advanced
texts. We state the following more elementary result.

Theorem 11.22 (Inverse Laplace Transform). Let F(s) = Pg, where P(s) and Q(s) are

polynomials of degree m and n, respectively, and n > m. The inverse Laplace transformation
F(s), denoted by f(t), is given by

f(t) =L (F(s)) =) Res[F(s)e™, s, (11.43)

where the sum is taken over all of the residues of the complex function F(s)e®t at its poles sy.
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Proof. Let o¢ be chosen so that all the poles of F(s)e® lie to the left of the vertical line
s = o9 + i7. Let I'r denote the contour consisting of the vertical line segment between the
points oo & iR and the left semicircle Cg : s = oo + Re'?, where 5 <0< 3”, as illustrated in
Figure 11.27. A slight modification of the proof of Jordan’s lemma shows that

st
ds =
R—H—oo / Q =0

The residue theorem and above limit imply that

ﬁil(F(s)) Rﬁ\Jroo 271'2/ Qs Std _ZRGS skl

A

o)+ iR
I,
G
%
€ > O

6,—iR

Y 0

Figure 11.27: The contour I'g.

Theorem 11.23 (Heaviside Expansion Theorem). Let P(s) and Q(s) be polynomials of de-
gree m and n, respectively, where n > m. If Q(s) has n distinct simple zeros at the points

§1,82,...,8n, then % is the Laplace transform of the function f(t) given by

(PO Pl
0=t <Q<s>>‘;c2'(sk> | (1144

Proof. If P(s) and Q(s) are polynomials and sj is a simple zero of Q(s), then

- P
Res[F(s)eSt,s | = lim 5~ Sk (k) skt

25 Q(s) — Q(sp) Qi)

This outcome allows us to write the residues in Equation (11.43) in the more convenient form
given in Equation (11.44). O

P(s)e® =

Example 11.28. Find the inverse Laplace transform of the function

4s+ 3
$3+2s2 4542

F(s) =
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Solution:

Here we have P(s) = 4s + 3 and Q(s) = (s + 2)(s? + 1), so that Q has simple zeros located at
the points s = —2, so = i, and s3 = —i. Using Q’'(s) = 3s? 4 4s + 1, calculation reveals that

P(-2 _ P(ki ; , . .
Q,((_2)) = 12_8;?1 = —1 and Q/((:‘:Zi)) = fgiﬁ = % Fi. Applying formula 11.44, we see that f(t) is
given by

P(=2) oy PO) | P
Q'(-2) Q' (1) Q'(—1)
1 ) 1 )
— _6—275 + (5 _ i)ezt + (5 + i)e_Zt
it —it it —it
_o €M Hte e’ —e
= _ 2
S LR
= —e 2 4 cost + 2sint.

ft) =

Exercises for Section 11.9 (Selected answers or hints are on page 460.)

1. Use partial fractions to find the inverse Laplace transform of

(a) Y(s) = 55

(b) Y(s) = 233—522—45—6‘
(©) Y(s) = {aiisy-
(d) Y(s) = =pgfe=®.
(e) Y(s) = 25t
() Y(s) = wiisrs:

2. Use a contour integral to find the inverse Laplace transform of

(a) Y(s) = 2.

(5) = =)y

=
>~.<

3. Use the Heaviside Expansion Theorem to find the inverse Laplace transform of

(a) Y(s) = =50t
(b) ¥ (s) = o
— 34357541
(€) Y(s) = =5
3 2
(d) Y(s) = =570,
4. Find the inverse Laplace transform of Y'(s) = i;ﬁ%.

5. Solve the following initial value problems.

(a) y”(t) + y(t) = 3sin 2¢, with y(0) = 0, and y'(0) = 3.
(b) y”(t) +2y'(t) + 5y(t) = 4e~t, with y(0) = 1 and y'(0) = 1.
(¢) y"(t) + 2y'(t) + 2y(t) = 2, with y(0) =1 and y’(0) = 1.
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(d) y”(t) + 4y(t) = 5et, with y(0) = 2 and y'(0) = 1.
(e) y"(t)+ 2y’ (t) + y(t) = t, with y(0) = —1 and y'(0) = 0.
(f) y"(t) +3y'(t) + 2y(t) = 2t + 5, with y(0) =1 and y'(0) = 1.
6. Solve the following systems of differential equations
(a) x'(t) = 10y(t) — bx(t), y'(t) = y(t) — z(t), with 2(0) = 3 and y(0) = 1.
(b) x'(t) = 2y(t) — 3z(t), y'(t) = 2y(t) — 2z(t), with 2(0) = 1 and y(0) = —1.
(c) x'(t) = 2z(t) + 3y(t), y'(t) = 2z(t) + y(t), with 2(0) = 2 and y(0) = 3.
(d) z'(t) = 4y(t) — 3z(t), y'(t) = y(t) — x(¢), with 2(0) = —1 and y(0) = 0.
(e) z'(t) = 4y(t) — 3x(t) + 5, y'(t) = y(t) — x(t) + 1, with 2(0) = 0 and y(0) =
(f) '(t) = 8y(t) — 3z(t) + 2, y'(t) = y(t) — x(t) — 1, with z(0) = 4 and y(0) =

11.10 Convolution

Let F(s) and G(s) denote the transforms of f(¢) and g(t), respectively. Then the inverse of the
product F(s)G(s) is given by the function h(t) = (f * ¢g)(t) and is called the convolution of
f(t) and g(t) and can be regarded as a generalized product of f(t) and g(¢). Convolutions are
helpful in solving integral equations.

Theorem 11.24 (Convolution Theorem). Let F'(s) and G(s) denote the Laplace transforms
of f(t) and g(t), respectively. Then the product given by H(s) = F(s)G(s) is the Laplace
transformation of the convolution of f and g. It is denoted by h(t) = (f * g)(t), and has the
integral representation

h(t) = (f = g)(t /f g(t—7)dr, or (11.45)
W(t) = (g% F)(t) = /0 o(r) f(t — 7 dr. (11.46)

Proof. The following proof is given for the special case when s is a real number. The general
case is covered in advanced texts. Using the dummy variables o and 7 and the integrals defining
the transforms, we can express their product as

_ [ /0  fo)e da} [ /O = g(r)e dr] .

The product of integrals in this equation can be written as an iterated integral:

F(s)G(s) = /O h { /0 b f(o)e s+ da} g(7) dr.

Hold 7 fixed, and use the change of variables t = 0 + 7 and dt = do. Then the inner integral
in the equation can be rewritten to obtain

F(S)G(s):/ooo [/Toof(t—T)e_Stdt} dr—/ U £t — )g(r)e"tdt| dr.

The region of integration for this last iterated integral is the wedge-shaped region in the (t,7)
plane shown in Figure 11.28.
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> 1

Figure 11.28: The region of integration in the convolution theorem

The order of integration in the integral can be reversed to get:

F(s)G(s) = /0 h [ /0 t Ft—1)g(r)e dT} dt.

This equation can be written as

F(s)G(s) = /OOO M:f(t — Pg(r) dr] et gt

~o (| (- m)glr) ).

which establishes Equation (11.46). Since we can interchange the role of the functions f(¢) and
g(t), Equation (11.45) follows immediately. O

Table 11.4 summarizes some important convolution properties.

Commutativity fxg=gxf
| Distributivity Fr(g+h)=frg+fxh |
| Associativity (fxg)xh=fx(gxh) |
| Zero fx0=0 ]

Table 11.4: Convolution Properties

Example 11.29. Show that £7! (ﬁ) = tsint.

Solution:

_ 1
Let F(S) = 2y
tion theorem we get

G(s) = ﬁ, f(t) = sint, g(t) = 2cost, respectively. Applying the convolu-
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t
= / 2sin(t — 7) cos T dr
0

t
—/ [2sint cos® T — 2 cos tsin T cos 7] dT
0

T=t

= [sint(T + sin7cosT) — cost sin? 7] .
T=

= tsint + sin’ t cost — costsin® ¢

=tsint.

Example 11.30. Use the convolution theorem to solve the integral equation
t
f(t) =2cost — / (t—7)f(7)dr.
0

Solution:
Letting F(s) = £(f(t)) and using L(t) = S% in the convolution theorem we obtain

25 Lps).

Fls) = 0
(5) s24+1 52

Solving for F'(s) we get

253 2s 2s
F = = —_
&)= E - 21

and the solution is
f(t) =2cost —tsint.

Engineers and physicists sometimes consider forces that produce large effects that are ap-
plied over a very short time interval. The force acting at the time an earthquake starts is an
example. This leads to the idea of a unit impulse function §(t). Consider a small positive
constant a. The function d,(t) is defined by

0q(t) =1 @

0 otherwise.

{1 for 0<t<a,

The unit impulse function is obtained by letting the interval width go to zero, i.e.,

5(t) = lim 04(2).

a—0

Figure 11.29 shows the graph of d,(¢) for a = 10, 40, and 100. Although §(¢) is called the
Dirac delta function, it is not an ordinary function. To be precise it is a distribution, and the
theory of distributions permits manipulations of (¢) as though it were a function. For our
work, we will treat §(¢) as a function and investigate its properties.
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y=6,()
100 100 100 - 09
801 80 { 80 -
601 60 60
y=46,()
40
40 40 40
y=9,(1)

20 10 20 20

I‘l I‘ t |‘ t

0.1 0.1 0.1

Figure 11.29: Graphs of y = §,(¢) for a = 10, 40, and 100

Example 11.31. Show that £(6(t)) = 1.

Solution:

By definition, the Laplace transform of d,(t) is

£(6a()) = /0 Sa(t)e" dt = / Lostgy o L=

a
0 a sa
Letting a — 0 in equation, and using L’Hopital’s rule, we obtain

L(5()) = lim £(8a(t)) = lim " = iy 27507 g,

a—0 a—0 sa a—0 S

We now turn our attention to the unit impulse function. First, consider the function f,(t)
obtained by integrating d,(t) :

. 0 for t<0,
() :/ bu(r)dr =t for 0<t<a,
0 1 for a<t.

Then it is easy to see that Up(t) = hH(l) fa(t) (see Figure 11.30).
a—

y y
A y =11 \ y=U, (1)
1 14

[ T > T —> 1

1 2 1

Figure 11.30: The integral of §,(t) is f4(t), which becomes Uy(T), which becomes Up(t) when
a—0

The response of a system to the unit impulse function is illustrated in the next example.
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Example 11.32. Solve the initial value problem

y"(t) +4y’(t) + 13y(t) = 36(t) with y(0)=0 and y’'(07)=0.

Solution:
Taking transforms results in (s + 4s + 13)Y (s) = 3£((t)) = 3, so that

3 3
Y(s) = _
)= S 3 Gropes

so the solution is
y(t) = e 2 sin 3t.

Note: The condition y’(07) = 0 is not satisfied by the “solution” y(t). Recall that all
solutions using the Laplace transform are to be considered zero for values of t < 0. Hence the
graph of y(t) is given in Figure 11.31. We see that y,’ (¢) has a jump discontinuity of magnitude
+3 at the origin. This happens because either y(¢) or y'(¢) must have a jump discontinuity at
the origin whenever the Dirac delta function occurs as part of the input or driving function.

y
A
044 y=x(1)

0.2

Figure 11.31: The solution y = y(t) to Example 11.32

We now illustrate how the convolution method can be used to solve initial value problems.

Example 11.33 (IVP Convolution Method). Show initial value problem
ay”(t) +by'(t) + cy(t) = g(t), with y(0) =yo and y'(0) =u

has the unique solution
y(t) = u(t) + (h* g)(t),

where u(t) is the solution to the homogeneous equation
au”(t) +bu'(t) + cu(t) =0, with wu(0)=yo and ' (0)=y;,

and h(t) is the function whose Laplace transform given by H(s) = m.

Solution:

The particular solution is found by solving the equation
av”(t) +bv'(t) + cv(t) = g(t), with v(0)=0 and »'(0)=0.
Taking the Laplace transform of both sides of this equation produces

as®V(s) + bsV(s) +cV(s) = G(s).
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Solving for V' (s) in the latter equation yields V(s) = mG(s). If we set H(s) = m,

then V' (s) = H(s)G(s), and the particular solution is given by the convolution

v(t) = (h*g)(t).

The general solution is y(t) = u(t) +v(t) = u(t) + (h*g)(t). To verify that the initial conditions
are met we compute

y(0) = u(0) +v(0) = yo +i0 = yo, and
y'(0) =u'(0) +v'(0) =y + 0 = y1.

Example 11.34. Use the convolution method to solve the IVP
y"(t) +y(t) =tant, with y(0)=1 and y’'(0)=2.

Solution:

First solve u”(t) + u(t) = 0 with «(0) = 1 and «/(0) = 2. Taking the Laplace transform yields
s2U(s) — s — 2+ U(s) = 0. Solving for U(s) gives U(s) = %, and it follows that
u(t) = cost + 2sint.

Second, observe that H(s) = 2+1 and h(t) = sint, so that

v(t) = (hx*g)(t) = /0 sin(t — s) tan(s) ds

s=t
= [cos(t) In 13_0% — sin(t — s)] -
cost
= t)1 in(?).
cos(t) In [T sint + sin(t)
Therefore, the solution is
cost
t) = u(t t) = t+ 3sint t)1 .
y(t) = u(t) + v(t) = cost + 3sint + cos(t) N eint

Exercises for Section 11.10 (Selected answers or hints are on page 461.)

1. Find the indicated convolution for each of the following;:

txt.

(a)

(b)

(c) el xe?
)

(d) sint x sin 2¢.

t xsint.

2. Use convolution to find £7!(F(s)) for each of the following:

(a) F(s) = 1=y
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10.

11.

12.

13.

14.

. Find £71(

(d) Fs) = s

. Prove the distributive law for convolution: f (g +h) = f*xg+ f *g.

. Use the convolution theorem and mathematical induction to show that

< ar) = o

. Find £71(<%).

2+1)

. Use the convolution theorem to solve the initial value problem:

y"(t) +y(t) = 2sint, with y(0)=0 and y'(0)=0.

. Use the convolution theorem to show that the solution to the initial value problem

y"(t) + w?y(t) = f(t), with y(0) =0 and y'(0) = 0 is

1t :
= W/o f(r)sinfw(t — 7)) dr.

. Find £ (fg e " cos(t —7) dT).

Find £ (fot(t —7)%€" dT).

Let F(s) = L(f(t)). Use convolution to show that

£ (F((;)) = /Otf(f) dr

Use the convolution theorem to solve the following integral equations.

(a) f )+4f0t—7'f( T)dr = 2.
(b) f(t) = €' + [y e f(r)dr

(c) f(t)=2t+ fo sin(t — T)f(’]’) dr.
(d) 6f(t) =263 + [ (t — 1) f(7)dr.

Solve the initial value problem for each of the following:

(a) y"(t) — 2y’ (t) + 5y(t) = 26(¢), with y(0) =0 and y'(0) = 0.
(b) y"(t) +2y'(t) + y(t) = 6(t), with y(0) = 0 and y'(0) = 0.
(c) y"(t) +4y'(t) + 3y(t) = 24(t), with y(0) = 0 and y'(0) = 0.
(d) y"(t) +4y’(t) + 3y(t) = 26(t — 1), with y(0) = 0 and y'(0) =

Use the IVP convolution method to solve the following initial value problems.

(a) y"(t) —2y'(t) + 5y(t) = 8exp(—t), with y(0) = 1 and y'(0) = 2.
(b) y"(t) + 2y’ (t) + y(t) = t*, with y(0) = 1 and y'(0) = 2.

(c) y"(t) +4y'(t) + 3y(t) = 24t%e~, with y(0) = 1 and y'(0) = 2.
(d) y”(t) + 4y’ (t) + 3y(t) = 2te”!, with y(0) = 1 and y'(0) = 2.
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Answers to Selected Exercises

Section 1.1. The Origin of Complex Numbers

(Exercise questions are on page 8)

1.

3a.

5a.

5c.

Mimic the argument the text gives in showing 2 + v/—1 = v/2 + /—121.

The roots are 1 = —%, To = —%, T3 = %
Use Formula (1.3) to get z = /18 + 26y/—1 + /18 — 264/—1. Assume, as Bombelli did

that this expression can be put in the form (u+vv/—1) + (u — vy/—1), where u and v are
integers. Next, imitate the logic in the text that leads to Equations (1.4), (1.5), and (1.6)
to get u(u? — 3v?) + iv(3u? — v?) = 18 + 26i. The only factors of 18 are 1, 2, 3, 6, 9, and
18, so you can deduce (explain your reasoning) that u = 3 and v = 1 solve this system.
Thus, one solution to 2% — 30z — 36 = 0 is = 6. Divide 23 — 30z — 36 by = — 6 and solve
the resulting quadratic to get the remaining solutions: x = —3 4 /3.

Proceed as with part a. The solutions are x = 8, x = —4 4 21/3.

Section 1.2. The Algebra of Complex Numbers

(Exercise questions are on page 15)

1a.
1c.
le.
1g.
1i.

3.

Ha.

5c.

27 = (2)7 = ()T = .

0.

2+ 2i.

3.

¥+ 5

Let z = x + iy be an arbitrary complex number. Then 2z = (z + iy)(z — iy) = 2% + y?,

which is obviously a real number.

Since z; is a root of the polynomial P, P(z;) = 0. Use Properties (1.12) through (1.14)
of Theorem 1.1 to show that P (z1) = P(z1), which implies P (z1) = 0. Next show that if
P (z1) = 0, then P (z1) = 0, confirming that z7 is also a root of P.

Find a polynomial for part a, another for part b, and multiply them together.

. Use the (ordered pair) definition for multiplication to verify that if z = (z,y) is any

complex number, then (z,y)(1,0) = (z,y).
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9a.

9b.

11.

13.

15.

We would want to find a number ¢ = (a, b) such that for any z = (x,y) we have zx( = z.
Obviously, if ¢ = (1,1), then according to the definition of * we would have z x { =
(z,y) * (1,1) = (x,y) = z. Thus, the multiplicative identity in this case would have to be

¢=(1,1).

For any complex number w = (z,y) we would have (0,a * (z,y) = (0,a), which can’t
possibly equal (1,1).

Let z1 = (z1,41), 22 = (2,¥2), and z3 = (x3,y3) be arbitrary complex numbers. Then
21(22 + 23) = (@1, y1) [(@2, y2) + (23, ¥3)]

= (z1, 1) [(w2 + 23, Y2 + y3)]
= (z1(w2 + 23) — y1(y2 + y3), z1(y2 + y3) + (w2 + 23)11)

= (2172 — Y1Y2, T1Y2 + T2y1) + (173 — Y13, T1Y3 + T2y3)
= 2122 + 21%3.

Complete the missing steps in --- above by using algebraic properties of real numbers.
o — 2 E o — 7 5 ;
(2+3) =5 — 50, (T—-5i)"t =L + 2.

Mimic the argument given in the text for multiplication.

Section 1.3 The Geometry of Complex Numbers, Part I

(Exercise questions are on page 20)

la.

1c.

le.

3a.

3c.

v 10.

2%,

(x —1)% +y%

Inside, since |(3 + i) — i| = &, which is less than 2.

Outside, since |(2 + 3i) — i| = |2 + 2i| = /8, which is greater than 2.

. Let 21 = (z1,y1) and 29 = (z2,y2). Since neither z; nor 2z equals zero, they are perpendic-

ular iff their dot product is zero. But their dot product is (x1,y1) - (z2,y2) = x122 + Y192,
which is precisely Re(z122).

. Let z =2 +iy. Then

V2[z[ > [Re(z)| + Im(2)| iff V2|2 > |a| +|y|
it 202* > |27 + 202 [y] + v
iff 227 + 2 > |2%| + 2[a [y + [¢7]
iff 2?— 22|y +3> >0
iff  (|z — |y[)* >0,

which is clearly true. A proper argument will start with this last inequality and work
backwards to the appropriate conclusion.
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11.

13.

15.

17.

19.

21.

23.

25a.

25c.

. By the triangle inequality, |21 — 22| = |21 + (—22)| < |z1] + | — 22| = |21| + |22]-

Let z = (a,b). Then z = (a,-b), —z = (—a,—b), and —2z = (—a,b). The line segment
from z to Z is perpendicular to the line segment from z to —z since the vector from z to
zZis Z — z = (0,—2b). The vector from z to —z is (—2a,0), and the dot product of these
is clearly zero. A similar argument works for the other line segments. It is also easy to
show that the diagonals intersect at the origin, establishing symmetry there.

This is an equivalent form of the vector equation between the points z; = (z1,y1) and
z9 = (x2,y2). Explain!

By repeated application of Equation (1.25), we have
212023 = |(2122) 23] = |2122] |23] = |21 |22] 23]

lz—w?=(z-w)(z—w)=(z —w)(z—w) = |z|> - 2w — zw + |w|>.

11— zw]? = (1 - z2w)(1 — 2w) = (1 — 2w)(1 — 2w) = 1 — 2w — 2w + |22 |w|?. If |2| = 1,
|z — w|? reduces to 1 — zw — 2w + |w|?, and |1 — zw|? becomes 1 — zw — zw + |w|?. Thus
|z — w|? = |1 — Zw|?, and the conclusion follows. If |w| = 1 we get the same result.

By Inequality (1.24), we see that |z1| — |z2] < |21 — 22|. Also, |z2| — |z1] < |22 — 21| =
|z1 — 22|, so that |z1] — |z2] > —|z1 — 22|. Putting these two inequalities together gives
—|z1 — 22| < |z1| — |22] < |21 — 22|, from whence the conclusion follows.

Let z1 = (x1,y1) and 2z = (x2,y2). Then Re(z2122) = z122 + y1ye. Also, |z122] =
\/(:ElacQ + y1y2)? + (—x1y2 + woy1)?. If either 21 or 29 equals 0, then clearly Re(z123) =
|z1Z2|. If neither equals 0, the two quantities are equal precisely when —xz1ys + z2y; = 0.
This occurs when the points z; and zo lie on a straight line through the origin. Show the
details for this last statement.

n

> 2k

k=1

The inequality

n
< > |z is clearly true when n = 1. Suppose that, for some j > 1,
k=1

J

> %k

J
< > |zk|- Then, using the triangle inequality and our induction assumption,
k=1

k=1

j+1 j J J Vass
Yok = 20z | i S0 k|l <20 ekl |+ lzial = D0 [kl
k=1 k=1 k=1 k=1 k=1

By definition, an ellipse is the locus of points the sum of whose distances from two fixed
points is constant. Since |z — z;| gives the distance from the point z to the point zj, the
set {z: |z — 21| + |z — 22| = K} is precisely those points satisfying that definition.

Letting z; = 2i, and z9 = —2i, we compute K = |3+2i—2i|+|3+2i+2i| = 3+5 = 8. With
z = (z,9), the equation in Exercise 25a becomes /22 + (y — 2)2 + /22 + (y + 2)2 = 8.
Show the details that squaring both sides, simplifying, squaring again, and simplifying
again gives 422 + 3y? = 48. In standard form, 22 + %yZ =12.

Section 1.4 The Geometry of Complex Numbers, Part 11

(Exercise questions are on page 27)

la.

1c.

B

27
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le.
1g.
3a.
3c.
3e.
3g.
5a.
5c.
5e.
5g.
. When z = V3+1i; Arg(iz) = Arg(2) + %; Arg(—z) = Arg(z) —m; Arg(—iz) = Arg(z) — 3.

11.

13a.

15.

ol

ol

4(cos T +isinm) = 4e'™.

7(cos 5" +isin 5) = Te 3.
2(cosZ +ising) = %ei%.
5(cos @ +isin ) = 5¢, where 0 = Arctan(%).

i
4 +i4+/3.
V2 — V2.

—62.

. All z except z = 0 and the negative real numbers. Prove this assertion!

Let 6 € arg(1). Then 1 = re. Hence, z = 1e7% so —6 € arg(z), or 6 € —arg(z). Thus,

arg(%) C —arg(z). The proof that —arg(z) C arg(%) is similar.
Let 0 # z = x 4+ iy. Since 2z = 2 + y2 >0, Arg(zz) = 0.

From the figure it is clear that Arg(z — z9) = ¢, and |z — 29| = p. The exponential form
for z — 2y then gives the desired conclusion.

Section 1.5 The Algebra of Complex Numbers, Part 11

(Exercise questions are on page 34)

1a.
1c.

3.
5a.
5c.

5e.

11b.

—16 — i16v/3.

—64.

cos30 = cos®f — 3cosfsin?h, sin36 = 3cos? Hsinb — sin? 6.
V2cos(Z + 27) +i\/2sin(Z + 2£T) for k= 0,1,2.

244 and —2 +1.

2cos(Z + A7) +i2sin(% + &F) for k =0,1,2,3.

Since the coefficients are real, roots come in conjugates. Thus, z — ¢, and z + ¢ are
factors. Dividing the polynomial by z? + 1 yields a quadratic, which can be solved with
the quadratic formula (Theorem 1.5) to get 2 — i and 2 + 4 for the remaining solutions.

. 23426, —4i, —2/3+2i.

11a.

Verify that (1 —2)(1 4z + 2%+ +2") =1 —z""1

Let z = €. For the left hand side of part (a), use De Moivre’s formula. Keep z = et

i@

on the right hand side and multiply numerator and denominator by e *z. Simplify, and

then equate real parts of the left and right hand sides.
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13.

15.

th

Use Exercise (11a) and recall that if z; is an n" root of unity, then z;} = 1.

The four roots are £1 £ i (show the details). Use the roots as linear factors in conjugate
pairs to get 2* + 1 = (22 + 22 +2)(2% — 22 + 2).

Section 1.6 The Topology of Complex Numbers

(Exercise questions are on page 41)

la.
1c.
3a.
3c.
5a.
7a.

9b.

11.

13.

15a.

z(t)=t+it for 0 <t < 1.

Open: (i), (iv), (v), (vi), and (vii). Connected: (i)—(vi). Domains: (i), (iv), (v), and (vi).
Regions: (i)—(vi). Closed regions: (iii). Bounded: (iii), (v), and (vii).

Let R = max{|z1|,|22|, ..., |2zn|}. Clearly, S C Dr(0). Thus, S is bounded.

Let C : z(t) = (x(t),y(t)), a < ¢t < b be any curve joining —2 and 2. Then z(a) = —2,
and z(b) = 2. By the intermediate value Theorem, there is some t* € (a,b) such that
z(t*) = 0. But this means z(t*) = (0, y(t*)) is not in the set in question. Explain why!

We prove the contrapositive. Suppose zg is accumulation point of S, but that zy does
not belong to S. By definition of an accumulation point, every deleted neighborhood,
D?*(zp), contains at least one point of S. Therefore, every (non-deleted) neighborhood
D.(zp) also contains at least one point of S and at least one point not in S (namely, zp).
This condition implies that zg, which does not belong to S, is a boundary point of S.
(Show the details for this last assertion). Thus, the set S is not closed.

Section 2.1 Functions and Linear Mappings

(Exercise questions are on page 52)

la.

1c.

3a.

3c.

5a.

5c.

He.

Ta.

6+ i
2i.

u(z,y) = 23 — 3zy?; v(z,y) = 322y — >

_ ?—y? _ —2xy
u(z,y) = % Sy ey v(z,y) = Pz S e g
1.

1, ,;V3
—1.
0.

431



Tc.

Te.

9a.

11a.

13.

15a. w

15c. w

17.

ln\/§+i4,or 21112—1—24

Yes, because if f(z1) = f(z2) (where z; = r1e't and 2o = r9€¥2, and 6; and 6 are the
Arguments of z; and z9, respectively), then Inry 4+ 61 = Inre + if2. Equating real and
imaginary parts gives Inry = lnrg, so 11 = 7o (because the function In is one-to-one).
Also, 01 = i6s, so et = rqei?2 jle., 21 = 2.

If E(z) = %, then with rods at the points zg = 0, 1 — ¢, and 1 + 4, each carrying a

charge of 4 coulombs per unit length, the total charge at z will be % + - (%) + (%ri)'
Combining terms and solving (using the quadratic formula) for when the numerator equals
V2

zero (tedious, but good for you!), reveals the total charge to be zero when z = % + i3
Be sure to show the details of your calculations.

Clearly, f is onto, because if w € B, then by definition of B there exists a point z € A
such that f(z) = w. Suppose that f(z1) = f(z2) for some values z; and z2 in A. Then,
because A is a subset of D, z; and zo both belong to D. But f is one-to-one on D.
Therefore, z1 = z9.

The triangle with vertices —5 — 2¢, —6, and 3 + 2s.

342 7+9i
z) =43t + 3t

I
(

f

Let f(z = Az + B and ¢g(z) = Cz + E be two linear transformations. Then h(z) =
f(9(2)) = f(Cz+ E) = A(Cz+ E) 4+ B = ACz + (E + B), which is the required form for
a linear transformation.

z) = 524—%.

Section 2.2 The Mappings w = 2" and w = z»

(Exercise questions are on page 59)

la.

1c.

le.

1g.

3a.

Ta.

Tc.

Using Equations (2.9) we see that, if A = {(x,y) : y = 1}, then
FA) = {(u,0) cu=2a? 1, v =20} = {(u,0) s u="2% 1},

. . . 2
The region in the upper half plane Im(w) > 0 that lies between the parabolas u = 4 — ¥

2
andu:%—l.

The point (z, y) in the xy plane is mapped to the point (u,v) = (22 — y2, 2zy). For any
x, u—a:2—— Ifxflthenu—l——lfx—2thenu—4——2 Your only remaining

task is to ShOW that the strip {(z,y) : 1 < x < 2} is mapped between these two parabolas.

The infinite strip {(u,v) : 1 < v < 2}, which is the region in the uv plane between v =i
and v = 2¢. Show the details in a manner similar to the answer for part a.

The points that lie to the extreme right or left of the branches of the hyperbola 22 —y? = 4.

. : . 2
. The region in the w plane that lies to the right of the parabola u =4 — ¢

The set {re? : 7> 8 and 2F < 0 < 7},

The set {re? : 7 > 64 and 3T < ¢ < 27}.
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9.

11.

See also problem 2. The fallacy lies in the assumption implicit in the second equal-
ity that \/z1z0 = /z14/22 for all complex numbers z; and zo. Assuming the prin-

.Arg(zq29)

cipal square root is used, then /z1z9 = |2122|%€Z £
. Arg(zq) . Arg(zo)

V21N 22 = \z1|%eZ 5 |22]%e’ 5 precisely when Arg(z1z2) = Arg(z1) + Arg(ze)—

explain! The latter equality is plainly false when z; = 29 = —1. (Again, explain.) To give

a very thorough answer to this problem, you should state precisely when the last equality

is true, and prove your assertion.

This quantity will equal

The right half plane given by Re(z) > 0 is mapped onto the region in the right half plane
satisfying u? — v2 > 0 and lies to the right of u?> — v? = 0. This is the region between the
lines u = v and v = —v in the right half of the w plane. A similar analysis can be applied
to the case where b = 0.

Section 2.3 Limits and Continuity

(Exercise questions are on page 66)

1a.
lc.
le.

3.

5a.

Ta.
7c.

11a.

13.

15.
17.

19.

21a.

-3 + 5.

—43.

1— 3.

lim (e cosy + iz?y) = lim  (e®cosy + iz?y). Theorem 2.1 now implies the result
Z—=70 (z,y)—(z0,y0)

since the real and imaginary parts of the last expression have limits that imply the desired
conclusion. You should show the details for this, of course.

|22

lim 25 = lim 22 = lim z = 0.
z—0 * z—0 # z—0

1.

1.

. No. To see why, approach 0 along the real and imaginary axes respectively.

If z — —1 along the upper semicircle r =1, 0 < 6 < 7, then
lim f(2) = lim[cos(%) + isin(§)] = cos(%) + isin(g) = i.
z——1 0—m

The real part is continuous since lim xe¥ = lim xe¥ = xpe¥. A similar argument
2120 (xzy)*)(xoﬁyo)
shows the imaginary part is continuous. Theorem 2.1 then implies that function f is

continuous.
No. The limit does not exist. Show why.

Rewrite f as in Exercise 11, and mimic the argument for part a with an arbitrary negative
real number taking the role of —1.

Let ¢ > 0 be given. Since li_>m f(z) = 0, there is some number 0 such that f(z) €
2—20

D= (0) whenever z € Dj(z0). Show this implies that if z € Dj(0), then [f(2)g(z) — 0| =
|f(2)]19(2)| < e, so that f(z)g(z) € D.(0).

We have remarked that Example 2.16 shows that the function h(z) = Z is continuous for
all z. Since f is continuous for all z, we can apply Theorem 2.4 to the function f o h to
conclude that g(z) = f(h(z)) = f(z) is continuous for all z.
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23.

Make use of standard techniques. For example, to show that f + g is continuous, use
Theorem 2.2 applied to the sum of two functions.

Section 2.4 Branches of Functions

(Exercise questions are on page 71)

la.

1c.

3.

5a.

9a.

Section 2.5 The Reciprocal Transformation w = -

The sector p >0, 7/4 < ¢ < /2.
The sector p > 0, —7/4 < ¢ < /4.

Since for(z) = ra cosg 4 ir? sin g, where 27 < 6 < 47 (explain!), we see that the point
1

(7’% cos g, 72 sin 0) will lie in the lower half plane (again, explain). Thus, the range of

for(2) is {z: Im(2) <0, z # 0}.

ol

rg(z) . Arg(z) 3 . Arg(z)
3, s0 (fl(z))3 = (\zﬁel 3 ) = |z|e~ 3 = z. This shows that f; is

fi(z) = |2]5ei™

indeed a branch of the cube root function.

. The function fg (2) = r%ei%, where 0 # z = re?, and 1<0< %Tﬂ does the job. Explain

why, and find the range of this function, or of a different function that you concoct.

. Arg(z)+2nk

For k =0, 1, 2 we have fi(z) =€~ 3 as the three branches of the cube root with
domains Dy = {z : z # 0}. As in the text, slit each domain along the negative real axis,
and stack Dg, D1, and Dy directly above each other. Join the edge of Dy in the upper
half plane to the edge of D; in the lower half plane. Join the edge of D in the upper half
plane to the edge of Dy in the lower half plane. Finally, join the edge of D5 in the upper
half plane to the edge of Dy in the lower half plane. To really impress your teacher, make
a sketch or real 3D model of this surface!

1

(Exercise questions are on page 77)

1.

3.

5.

7.

9a.

11.

13.

15.

- 5 — L - 5.5

The circle C%( 21) = {w: Jw+ 31| = 3}
: 1y g 1_1

The circle Cé( g) =1lw:|lw+gl =g}

The circle Cﬁ(l—i):{w:|w—1+i|:\/§}.
. 6y _ . _ 61 _4

The circle C%(5)—{w.|w ==z}

Let € > 0 be given. Choose R = é Suppose |z| > R. Then & < % =&, S0

[2]
f(2) = 0] = 3] <&, e, f(2) € D:(0).
The exterior of the disk Dq(—%) = {(u,v) : u? + (v + %2 > 1}
The disk D 5(1 —i) = {(u,v) : (u—1)*+ (v +1)* < 2}.

The intersection of D%(%) = {(u,v) : (u— %)2 + 02 < %} and
Dy(~5) = {(u,v) s w’ + (v +5)* < 1}.
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17.

19.

21.

The map w = —1 4 2 (with inverse z = w%rl) has The map w = —1 + 2 (with inverse
z:u%rl)has
2 2 1—1
z—1l|<l¢=|—— - 1l|<l<=|—— - 1| <1 <= M—l <1
w41 u+iv+1 (u+1)%2 402

The last expression simplifies to 4u[(u 4+ 1)? + v?] > 0, which occurs iff © = Re(w) > 0.
Show the details!

Let & > 0 be given, Choose R = 2+ 1. Assume |z| > R=2+1. Then |z — 1| > |2[ -1 >
(2+41)— 1= 2. Therefore | 25| < ¢, so |2t} — 1| = |-2;| < e. To see how to get R, start
with |22 — 1| < ¢, and work backwards.

Broadly speaking, +0o are designations for limits in Calculus indicating quantities that get
arbitrarily positive or negative. There is no such measure in Complex Analysis. Further,
the point co can be given a meaningful definition on the Riemann Sphere. There is no
such analogy for +oo. Elaborate and give some other comparisons.

Section 3.1 Differentiable and Analytic Functions

(Exercise questions are on page 83)

1a.

1c.

3.

5b.

7Ta.
7c.

Te.

11.

13.

f'(z) =1522 — 82+ 7.
h'(z) = (,2.14))-752)2 for z # —2.
Parts (a), (b), (e), (f) are entire, and (c) is entire provided that g(z) # 0 for all z.

The result is clearly true when n = 1. Assume for some n > 1 that

n+1 n
P'(2) = a1 + 2a2z + -+ + nay,z""'. Consider Q(2) = 3 a2’ = 3 apz® + any12" L.
k=0 k=0

Since the derivative of the sum of two terms is the sum of the derivatives, we have

n
Q'(z) =4 <Z akzk> + 4 (ay412"*1). The induction assumption gives the result.

k=0
—44.
3.
—16.
. %z‘" = d%(zin) Apply the quotient rule: d%(zin) — i ((i)n)gldz ") Now simplify.
Evaluate lim =10 — jip 2220 — Jim 22 — Jim z = 0. Follow the hint for the rest.
z—0 z 2—0 % z—0 z—0

f(ziziil(zl) = iijs = ==L = 4. The minimum modulus of points on the line y =1 — z is
V2
2

moduli equal to

(prove this!). But f’(z) = 322, and the only solutions to the equation 3z = i have

V3 V2

3 5~ (prove this also).

(prove), which is less than
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Section 3.2 The Cauchy-Riemann Equations

(Exercise questions are on page 93)

la. u(z,y) = —y, v(z,y) = v +4; up = vy =0, uy = —v; = —1. The partials are
continuous everywhere, so f/(z) = uy, + iv, =i for all 2.

lc. up = vy = —2(y+1); wuy = —v, = —2z. The partials are continuous everywhere, so
1'(z) = ug +ivy = —=2(y + 1) + i2z for all 2.

le. f is differentiable only at z =i, and f"(i) = 0.

1g. u, = vy = 2z, uy = 2y, v, = 2y. The conditions necessary for Theorem (3.4) are satisfied
if and only if y = 0, and for z = (x,0), f'(z2) = 2z.

3.a=1and b=2.
5. f/(z) = f"(2) = " cosy + ie” siny by Theorem (3.4).

7a. u, = —eYsinx, vy = eYsinx, uy = eY cosx, and —v; = —e¥ cosw. The Cauchy-Riemann
equations hold if and only if both sinz = 0 and cosx = 0, which is impossible.

9a. u, = sinhxsiny = vy and uy = coshxsiny = —v,. The partials are continuous every-
where, so f is entire.

11a. f is differentiable only at points on the coordinate axes, so f is nowhere analytic.
11c. f is differentiable and analytic inside quadrants I and III.

13. The form of the definition is identical, but the meaning is more subtle in the complex
case. For starters, the limit must exist when z — zp from any direction in the complex
case. The real case is limited to two directions.

15. Since f = u + v is analytic, u and v must satisfy the Cauchy-Riemann equations. Since
f is not constant, this means the functions v and —v do not satisfy the Cauchy-Riemann
equations. Explain why this is the case, and then use Theorem (3.3) to conclude that
g = u — tv is not analytic.

Section 3.3 Harmonic Functions

(Exercise questions are on page 100)

la. u is harmonic for all values of (z,y).
3. c= —a.

5a. v(z,y) = 2% — 3z + c.

5¢. u(x,y) = —eYcosz + c.

7. By the chain rule, U,(z,y) = uz(z, —y), Uy(z,y) = —uy(z, —y); Upe(2,y) = uga(x, —y),
and Uyy(xa y) = Uyy(% _y) Hence7 Uzm(l', y) + Uyy(xa y) = uwx(-ra _y) + uyy(% _y) = 0

9. The function f = u + v must be analytic, hence so is f2 = u? — v? + i(2uv). The result
then follows by Theorem 3.8
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11.

13a.

15.

ug = —rv, implies ugg = —rv,9, and ug, = —1V; — v-. Also, vg = ru, implies vgg = U9,
and vg, = ruyy + u,. From these calculations we get
72”7“7" + rup + ugg = (TT}QT - TUT) + (TUT) + (_TUT‘G) =0.

_ 1 —v
f(z) = Tty ac2+y2 +1 Yo

The equipotentials are concentric circles with radii 1, 2, 3, and 4. The streamlines are
lines from the origin making an angle of %’r radians for k =0,1,...,7.

Section 4.1 Sequences and Series

(Exercise questions are on page 108)

la.
1c.

3.

11.

13.

15.

17.

0.

1.

Let € > 0 be given. Since lim z, = zy, there exists N, such that if n > N. then
n—oo

Zn € De(20), i-€., |z, — 20| < e. But since |z, — Zo| = |2, — 20|, we see that if n > N, then
Zn € Dc(%p).

. This is a “telescoping sum” and we have for the n'* partial sum S, 2 —|— —— (show

n+2
the details for this). Then nlggos lim (=1 + L) = nlbm (i + nQ_H) =i+0=1.

n—o00 N+

. No. In polar form we have lim (¢'7)" = lim ¢“i. These points oscillate around the

n—oo n—o0

eight roots of unity as Example 4.2 indicated.

. Since Z Zp, converges, hm S, = 8, where S is a complex number. But then hm Sn_1 =

n=1

S, s0 lim z, = lim (Sn — Sn,l) = lim S, — lim S,_1 =0.
n—00 n—00 n—o0 n—r00

o] (o]

S (a+ib)(zn +iyn) = . [(azy — byy) + i(bxy, + ay,)]. By Theorem 4.4, this expression

n=1 n=1

equals (au — bv) + i(bu + av) = (a +ib)(u + tv). Explain why in detail.

Duplicate the part of the Theorem that shows lim x, = u, but replace z,, with ¥, and u
n—oo

with v.

Following the hint, for € > 0 there exists numbers N, and M. such that n > N, implies
|z — 1] < §, and n > M, implies |z, — (2| < 5. Let L. = max{N,, M.}. It follows that
ifn> L, then |(1 — G| = |G — 20+ 20 — G| < |G — 2] + |20 — (2] < e

Let € > 0 and suppose hm zn = 0. This means there exists N, such that n > N, implies

zn € Dc(0), that is, |zn - 0\ < . But then ||z,| — 0] = |z, — 0| < &, so also we have
|zn| € D<(0). Therefore, lim |z,| = 0. The other direction is similar. Show the details.
n—o0

Section 4.2 Julia and Mandelbrot Sets

(Exercise questions are on page 117)

la.

If 2 = r(cos 0 + isin6) # 0, show N(z) = 5(r — 2)cosf + i1 (r + 1)sin6. The result now
follows—explain why!
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1c.

11.

13.

If zy # 0 is real then obviously 21 = N(z1) = 3(z0 — %) is real. Assume z, is real for

some n > 1. Then z,41 = N(z,) = %(zn — i) is also real, provided z, # 0.

. For f(z) = az + b, if our initial guess is zg, then z; = zp — “ZOTH’ = —g. But this is

the solution to the equation f(z) = 0, so our iteration either stops here or with 2 (if by
chance we had set zp = —2).

. The Julia set for f_5(z) = 22 — 2 is connected by Theorem 4.9 because the orbit of 0

under fy is {—2, 2, 2, 2, ...}, which is a bounded set.

Suppose ¢ € M, and let {2z} be the orbit of 0 under f.. By definition of M, there is some
real number N such that |z;| < N for all k. Let {wy} be the orbit of 0 under fz. Show by
induction that wy = Z; for all k. Once you have that, it is straight forward to conclude
that the set {wy} is bounded.

. There are many examples. The number —2, is in the Mandelbrot set, but its negative, 2,

is not. Find another example, and justify your assertion.

If we let ¢ = —3/3i, then |1 = VT—d¢| = |1 = V1+ V3i| = |1 = (V3 + 2i)| (show

the details for this conclusion). But this last quantity equals v/3 — v/6 (explain), which
is less than 1 (again, explain).

Since |f'(z0)| < 1, we can choose p such that |f’zp)| < p < 1. Using the same technique
as Theorem 4.10, show that if z € D} (29), then |f(z) — 20| < p|z — 20|. In other words,
|21 — 20| < p|z — 20|, where z; = f(z). An easy induction argument now gives that, for
all k, |z — 20| < p¥|z — 20|, where z is the k" iterate of zy. Since p < 1, this condition
implies klgrolo 2k = 2z0- Show the details.

Section 4.3 Geometric Series and Convergence Theorems

(Exercise questions are on page 122)

1.

5a.

5c.

11.

1
1

o = 1+ i (show the details), since |13 < 1 (show
2

X (14

By Theorem 4.12, ( ;r,f) =
n=0

this also).

. The series converges by the ratio test. Show the details.

Converges in D 4 (0).
2

Converges in Ds(i).

1Sn] = 115 — 51 > 155 = |1t = 12" |i5] — |15 |. Now use the fact that |z| > 1 to

get the desired conclusion.

. Mimic the argument most calculus texts give for real series, but replace |z| with |z|.

If f(2) = 3 2@, then f(z2) = 3 (22)@) = ¥ 22 = 3 @) = 5~ 22" The
n=0 n=0 n=0 n=0 n=1
conclusion follows from this. Explain in detail, especially the second equality for f(z2).
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Section 4.4 Power Series Functions

(Exercise questions are on page 128)

1.

3a.
3c.

3e.

3g.
3i.

9a.

11.

The series for f(z) converges absolutely if lim [“*||z —a| < 1. If lim || =0, the
n—oo n n—o0 n

series converges for all z. If lim |C"—“] = 00, the series converges only when z = «. If

1 —
lim Cn+1 ‘ =p.

n~>oo cn

lim \C"+1| is finite but not zero, then the series converges if |z — af <
n—oo

8

Wik W= oYw

[u—

. Show that lim sup|c%]% = ( lim sup|cn|%)2.
n—oo n—oo

o0

. The Theorem establishes f*)(2) = S n(n—1)---(n —k 4+ 1)ca(z — a)"* when k = 1.

o0
Assume the Theorem is true for some k > 1, and set g(z) = > by(z — a)”, where

bp = (n+k)(n+k—1)---(n+ 1)cper. In other words, g(z) = f*)(2) (confirm this).
Applying the case when k = 1 to the function g gives
g'(z) = fEF( an z—a)"

Zn Yn+E)(n+k—1)-(n+1Dean(z —a)" !
n=1

= > nn-1)-(n—k+1)(n—k)ep(z — o) *F
n=k+1

(confirm this also), which is what we needed to establish.

Since s" — " = (s" L4+ 5" 2t + 832 4o 4 st 2 1771 (s — t) (verify!), the conclusion
follows from division and the triangle inequality.

The series converges for all values of z by the ratio test.

Section 5.1 Elementary Functions

(Exercise questions are on page 135)

1.

o o
Recall that > ¢,2" is compact notation for ¢ + > ¢,2", and that 0! = 1. Then, by
n=0 n=1

definition, exp(0) = Z Lon=4+ Y Lon=1
n=1

. Let n be an integer, and set z = i2n7. Then "™ = cos(2n7)+isin(2n7) = 1. Conversely,

suppose e = e?T% = 1. Then e%e?¥ = e*(cosy + isiny) = 1 4 0i. This implies siny = 0.
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S5a.

5c.

9a.

11a.

13a.

13c.

15.

17.

Because e is always positive and e” cosy = 1, y = 2n7 for some integer n. This result
forces © = 0, so z = x + iy = 0+ i2nm, establishing Equation (5.3). Equation (5.4) comes
from observing that e*! = e*2 iff e**7%2 = 1, and then appealing to Equation (5.3).

Using properties of the exponential function, e* = —4 iff z = = + iy with y = (2n + 1)7
where n is an integer, and e* = 4. Thus, x = In4, and z = In4 + i(2n + 1)7, where n is
an integer.

z=1In2+i(—F + 2n7), where n is an integer.

. The conclusion follows immediately from Equation (5.4).

exp(s) = £ 4" = i (X H()") = i (i ) = (35 4).

n=0 k—oo \ n=0 n=0 k—o00 =0

because the conjugate is a continuous function (explain). This last quantity, of course,
equals exp(z).

8

o
n:

[e.e]
Method 1: lim <= = lim *=— = lim nzzjl%zn*l = 1. Justify the last equality.
Method 2: Using L'Hépital’s rule (Theorem 3.2), lim <% = lim & = 1.

z—0 * z—0

ie'?.
(a + ib)e(a-i-ib)z‘
> e = 3 (e¥)". This is a geometric series. Show that Im(z) > 0 implies |e**| =
n=0 n=0

e+ )| < 1, so that the series converges by Theorem 4.12.

Show that e® %" sin 27y is the imaginary part of exp(z?), and therefore harmonic by
Theorem 3.8.

Section 5.2 The Complex Logarithm

(Exercise questions are on page 142)

1a.
1c.
le.
1g.
3a.
3c.

5a.

5c.

2 4.

In2 + 37

In3 + i(1 4 2n)7w, where n is an integer.
In4 + (3 + 2n)m, where n is an integer.
(52)(1 =),

1+1i(—% 4 2n)m, where n is an integer.

Since Arg(1 +14) = 7, the function f(z) = log§(z — 1 — i) defined for z = re®? # 1 44,

where T < ¢ < 2T is analytic, and f/(z) = ——+— for those values of 2.

z—

We set f(z) = zLog(z), and deduce that f’(z) = 1 + Log(z) for z = re® # 0, where
—T<f<m.
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5e. Note that 22 — 2 +2 = 0 when 2 = &%ﬁ Also, Arg(li%ﬁ) = +Arctan(y/7) respectively.
For o = Arctan(y/7), the function w = f(z) = log,(2?> — z + 2) is differentiable for
z = re? £ %ﬁ, where a < 0 < a + 27. For a = —Arctan(v/7), the function w =
f(2) = log, (2% — z + 2) is differentiable for z = re' # %ﬁ, where a < 0 < o + 2.

: dw _ 1/ _ _22—1
Furthermore, in each case 77 = f'(2) = 55 5

for z in the respective domains.
7a. In(z? + y?) = 2Re(Log(z)), and Log(z) is analytic for Re(z) > 0.

9. According to Equation (5.20), f(z) = logg,(z + 2) yields
f(=5) =logg,(—1) =In| — 1| +i(7m) = Tmi.

11a. The function f(z) = logy(z + 2) does the job. Explain why.
11c. The function f(z) = log_%(z + 2) works. Explain why.
13. There are many possibilities, such as z; = 1, 29 = —1. Explain.

15. Any branch of the logarithm is defined as an inverse of the exponential. Since there is no
value z for which exp(z) = 0, there can be no branch of the logarithm that is defined at
the number 0.

Section 5.3 Complex Exponents

(Exercise questions are on page 147)

la. cos(In4) +isin(In4).
lc. cosl +isinl.

3. Note that 0 -log(z) = {0- : ¢ € log(z)}. This set amounts to the single element zero.
Thus, for z # 0, 2° = exp(0 - log 2) = exp(0) = 1.

5. 22,1 — 2252 = 2(1 + )" 1 —2(1 +4)"2 = 2(1 + )" 2[(1 +4) — 1]. This last expression
simplifies to 2i(1 +4)"~2. Now, z, = (1 + i)". Since Log is a one-to-one function, the
problem is solved by showing Log[(1 + 7)"] = Log[2i(1 + i)"2]. Use properties of the
logarithm to do this.

7. No. 10F% = 227 co5(h27rn) + ie?™ sin(b27n), where n is an integer.

9. The number ¢ must be real, and |i¢| = 1.

Section 5.4 Trigonometric and Hyperbolic Functions

(Exercise questions are on page 156)

1. d% cos z = d% [Z (—1)"(222:),} = > (—1)"%. Explain why the index n begins at 1
. . .

= n—=
in the last expression. The result follows from simplification and reindexing.

2coszsinx +i 2 cosh y sinh y
2(cos2 z cosh? y+sin? x sinh? y) 2(cos2 z cosh? y+sin? z sinh? y)
sin 2z and sinh 2y, respectively. Show that the denominator equals cos 2z + cosh 2y by

using the identities cos 2z = cos? 22 and cosh?y — sinh?y = 1.

3. tanz = . The numerators simplify to

T — sin

5a. This follows immediately from sin(z; + z2) = sin z; cos z3 + cos 21 sin 23.
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5c.

5e.

7a.
7c.
Te.
9a.
11.

13.

15a.

15c.
17.

This follows immediately from sinh z = sinh x cosy + ¢ cosh z siny, where we replace z =
x+iy with z =z + iy +in =z +i(y + ).

This follows immediately from sin z = sinx coshy + ¢ cos x sinh y, where we replace z =
T + 1y with iz = —y + ix.

—Z% cos(1), valid for z # 0.

2z sec 22 tan 22, valid for z # (k + %)77, where k is an integer.
z cosh z + sinh z, valid for all z.

Use the same methods as in Exercise 11a of Section 5.1.

By Identity (5.35), sinz = 0, if and only if sinx coshy + icoszsinhy = 0. Equate real
and imaginary parts to show this occurs iff x = kx, where k is an integer.

Combining 5.38 and 5.39, and letting z = x + iy, we get |sinz|? + |cosz|? = sin®x +
sinh?y + cos? x4 sinh? y = 14 2sinh?y. This quantity equals 1 iff y = 0 (when z is a real
number), and is greater than 1 otherwise.

Consider the real part of Identity (5.35), and appeal to Theorem 3.8.
Consider the imaginary part of sin(iz), and appeal to Theorem 3.8.

Z =10+ 10:.

Section 5.5 Inverse Trigonometric and Hyperbolic Functions

(Exercise questions are on page 161)

la.
lc.
le.
1g.

1i.
1k.

(% + 2n)m £ ¢In 2, where n is an integer.

(3 + 2n)7 £ iIn(3 + 2v/2), where n is an integer.

—(3 +n)m +1iln /3, where n is an integer.

i(3 + 2n)m, where n is an integer.

In(v2 +1) +i(3 + 2n)7 and In(v2 — 1) 4+ i(—3 + 2n)m, where n is an integer.

z(% + n)m, where n is an integer.

Section 6.1 Complex Integrals

(Exercise questions are on page 166)

la.

1c.

le.

3.

2 — 3.
1.
Fafoief )
: : 00—zt — 1 T a2t — 1 _1e=2T 4 1,-2(0)y —
Using Equation (6.8) we get [~ e *'dt Th_r)rgofo et dt Zlgrgo( + 3 )

1+ lim (—1e*T). Show that Re(z) > 0 implies this last limit equals zero.
T—oo *

. This follows from Equation (6.8), and the fact that if v and v are differentiable, then f is

differentiable, and 4 [l f(t) 2]
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Section 6.2 Contours and Contour Integrals

(Exercise questions are on page 178)

la.
Ja.
3b.
5a.
5b.
7a.
7c.
Te.
7g.
9a.
9b.
11.
13.
15.
17.

19.

Crizi(t)=2e",0<t<%; Co:zft)=—t+i(2-1)0<t <2

The approximation simplifies to —2v/2 + 2 ~ —0.828427.

2

-2
—321.

—8mi.

o
-1+ 3.

—2e.
exp(l+1i) — 1.

sin(1 + 7).

The absolute value of the integrand is y/z2 + (1 — 22) cos? 6". This expression simplifies to

Va2 sin? 6 + cos? 0" (show the details for this assertion). The maximum of this expression
occurs when z = 1. Now simplify and apply the ML inequality.

Section 6.3 The Cauchy-Goursat Theorem

(Exercise questions are on page 191)

1a.

1c.

5a.
5b.

Analytic everywhere except at z = :t%. We break the integral up using partial frac-

: z 1/4 1/4 TR
tions: fcfr(o) s dz = fcj(o) é dz + fcfr(o) % dz. Both +—5 lie inside C;(0), so

Corollary 6.1 gives [ Zl/%- dz + fo(o) V4 gz = 1(2mi) + 1(2mi) = mi.

__t Z_;'_L
i) V2 V2

Analytic everywhere except z = (n + )m, where n is an integer, so fo(o) f(z)dz =0,
since all non analytic points lie outside the circle C1(0).

. By the quadratic formula (see Theorem 1.5), 422 — 4z +5 = 0 when z = 1 + i (verify).

Since both these points lie outside C1(0), the function (422 — 42 +5)~! is analytic inside
C41(0), so fc+(0)(422 — 42+ 5)"tdz = 0 by the Cauchy-Goursat Theorem.
1

473,

2ms.
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7a.
7b.
7c.
9.
11.
13a.

13b.

Section 6.4 The Fundamental Theorems of Integration

(Exercise questions are on page 196)

1.

3.

5.

11.

13.

15.

17.

19.

3+ 3.
—e? 4 1.

)

7 -1
. _E+l§

. —1 —sinh1 4+ cosh 1.

Inv2-Z2+i(lnv2+ 2 —1).
Log(1 +4) — Log(2) + Log(2 + i) = —Inv2 + Inv/5 + Z(% + Arctan(%)).

Parametrize C' with z(t) = z1 + (22 — 21)t, 0 < t < 1. Then we see that [,1dz =
t=1
fol 2/(t)dt = fol(zg —21)dt = (29 — zl)t‘ =2 A

-1+

We know that an antiderivative of the function fg’+g¢gf’is fg by the product rule. Since
fg' and gf' are analytic (explain why!), Theorem 6.9 gives us

Jo lf(2)g"(2) + 9(2) f'(2)] dz = f(z)g(z)’Z:ZQ. The conclusion follows from this.

Section 6.5 Integral Representations

(Exercise questions are on page 201)

1.

3.

5.

11.

47y,
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13a.
13b.
15a.
15b.

17.

19.

i sinh 1.
1w sinh 1.
.

—.

0.

Let f(z) = (22 — 1), which is analytic everywhere. By Cauchy’s integral formulas,
Po(2) = gy f (2) = gy [2%'1 Jo %d{}. The conclusion follows from this. Show
the details.

Section 6.6 The Theorems of Morera and Liouville

(Exercise questions are on page 207)

la.
1c.

3.

5a.

5b.
Ta.

11.

(z4+14+)(z+1—-9)(z—141i)(z—1—1).
(z+i)(z—d)(z—2+1i)(z—2—1).

We know that the complex cosine is an entire function that is not a constant. By Liouville’s
Theorem, it is not bounded.

If @ (1)) < 42!7(:305)67r = 5. (Explain.)

If @W(0)] < 42!7(;%) 41 = 15. (Explain.)

If |f(z)| > m for all z in D, where m > 0, then the function % is analytic in D. Apply

the maximum modulus Theorem to the function % to get your result.

. Let f(z) = u(z) + iv(z), where v is a harmonic conjugate of u, so that f is analytic in

D. The function F(z) = exp (f(2)) is also analytic in D, so that |F| does not take on
a maximum in D by the maximum modulus Theorem. But |F(z)| = exp (u(z)) for all 2
(show why). This leads to the conclusion since u is a real valued function, and the real
valued function exp is an increasing function. Explain this last part in detail.

(By contraposition) If f does not have a zero, then % is analytic in D1 (0), so its maximum
occurs on the boundary. Since f is constant on the boundary, we conclude that both the
maximum and the minimum of f are the same, which means f is constant.

Section 7.1 Uniform Convergence

(Exercise questions are on page 214)

la.

1c.

By definition, f(—1) = = = % It appears from the graph that the value of the upper

function is approximately 1 (certainly larger than %), so the graph of S, must be above
the graph of f.
n—1
From the graph, we approximate S, (1) = 5. As S,(z) = Y z*, we deduce that n = 5.
k=0
Explain.
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3a.

Ta.

7b.

9a.

_ oo
We see that \k%zlﬂ < 1%2 for z € D1(0). By the Weierstrass M-test, the series »_ k—gzk
k=1

— o0
converges uniformly on D;(0) = {z : |z| < 1}, because the series ) % converges.
k=1

. The crucial step in the theorem is the statement, “Moreover, for all z € D,.(a) it is clear

that |cx(z — a)¥| = |cr||z — afF < |ep|rF.” If we allowed 7 = 1, we would not be able to

[e.e]
claim that > |ex|r¥ converges. Explain.
k=0
Let us say that {f,} and {g,} converge uniformly on 7" to f and g respectively. Let ¢ > 0
be given. The uniform convergence of {f,} means there exists an integer N, such that
n > N, implies |f,(2) — f(2)| < § for all z € T'. Likewise, there exists an integer M, such
that n > M. implies |gn(2) — g(z)| < § for all z € T'. If we set L. = Max{N;, M.}, then

for n> Le, |(Fa(2) +9a(2)) = (F(2) +9(2))| < 1ful2) = (2] +19a(2) —9(2)| < 5+5 ==
forall z € T.

For all n, let f,(x) =z, and g,(z) = %, for all x € T, where T is the real numbers. Then
fn(x) converges uniformly to x, and g, (x) converges uniformly to 0 (verify). However,
even though f,(z)gn(z) converges to 0 (explain), the convergence is not uniform (verify).
Can you come up with a different example?

For z € A, [n™?| = |exp|—(z + iy) Inn]| = | exp(—iy)|| exp(—zInn)| = n~". Since z € A,
we know Re(z) =z > 2, son™* < # Thus, with M,, = #, we see that ((z) converges
uniformly on A by the Weierstrass M-test.

Section 7.2 Taylor Series Representations

(Exercise questions are on page 221)

la.

1c.

3a.

Ta.

9a.

11.

sinh z = 20 % for all z.

n

Log(1+2)= > U on for all 2 € D1(0).
n=1

% = #ﬁl) =(z—1) [%} . Expand the expression in brackets by replacing z with

z—1 in the geometric series (valid, therefore, for |z — 1| < 1), then multiply by the (z —1)
term.

Cfr) === [1152] Expand the expression in brackets by replacing z with =% in
the geometric series (valid, therefore, for [2=%| < 1, or |z — i| < v/2). Explain.

By Taylor’s Theorem, £ = (3 + (=1)")". Therefore, L5 =8, so f(3)(0) = 48,

o0 o0
Observe that 1+ 2f(2) + 22f(2) = 14+ Y 2" + 3 ¢,2""2. Reindex and write this

n=0 n=0

o oo (o]
as 1+ > 12"+ > cp22" = 14+ 2+ > (¢n-1 + cn—2)z". Now use the relation
n=1 n=2 n=2

Cn = Cp—1 + Cp—2 for n > 2 to conclude 1 + 2f(2) + 2% f(z) = f(2), then solve for f(z).

The point z is on the circle Cp(«) with center a, so z # «. Also, zp is in the interior of
this circle, so again z # z.
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13.

15.

17a.

17c.

19a.

19b.

To verify Identity (7.15), let h(z) = Bf(2). Clearly h(:!(a) =&f :;(O‘) = Ba,. By Taylor’s
Theorem, h(z) = ff(z) = > Ban(z — @)™
n=0

Use the fact that f/(2) = [z — (=1 +4) + (=1 +4)]"! and expand f’(z) in powers of
[z — (=1 +14)]. Then apply Corollary 7.2.

By definition, f(—2) = —f(z), so using the chain rule, we see that f'(z) = L f(z) =
— L f(=2) = —f'(—2)(~1) = f'(—=). But this means that f’ is an even function.

If f is even, then by part b f’ is odd, so f/(0) = —f'(—0) = —f'(0). Of course, this
implies f'(0) = 0. Similarly, from part a f” is even, so f/(0) = 0. An induction argument
gives f (2»=1)(0) = 0 for all positive integers n. Show the details.

It is easy to show that f (™ (0) = n! for all positive integers n. Do so via mathematical
induction.

The point z = % is a removable singularity, since f may be redefined at % to be analytic.

State what f should equal at that point.

Section 7.3 Laurent Series Representations

(Exercise questions are on page 230)

1.

11.

13.
15a.

15b.

17.

S} 0

7z3iz4 e Z Zn_3 f0r0< |Z| < 1, ﬁ = — Z zﬂ% fOr |Z| > 1
n=0 n=1

S -1 n22n+1 2n—3

Z ()(Tl)'f for ’Z‘ > 0.

n=0

o —1)" .

> Gty 2T valid for |z| > 0.

n=0

o

Z I ’ valid for |z| > 0.

n:l

R (R Rl S z 22 for |2] < 4,

o0 4yn—1
4 —-2)2=3 nin)+2 for |z| > 4.

n=1

[e.@]
Log(:=5) = b"—a" valid for |z| > b. Explain.

nzm

n=1
cscz=1l4pzq ey
767360 :

This identity is obtained by straightforward substitution, and partial fraction decompo-
sition.

f(z) = i:: (2" 42T,

w\»—A
C.oh—t

0 . .
Since f(z) = . anz" is valid for |z| = 1 (explain), letting z = ¥ gives f(e?) =
n=—oo
> ane™ immediately. By Laurent’s Theorem, a, = 5 [ + ©) an(i)l dz for all integers
n=—oo 1

447



19.

n (explain). Parametrizing C; (0) with 2(6) = €' for 0 < ¢ < 27 gives the desired result.
Show the details.

o0
Since Y c—n(z —a)™™ converges for |z — a| > r, the ratio test guarantees that the series
n=1
converges absolutely for {z : |z — a] > s}, where s > r (show the details). Thus, if
o0

|z — a| = s, the series > |c_,|s™™ converges. Since |c_n(z — )" < |c_p|s™" for all
n=1

|z| > s, the Weierstrass M test gives us our conclusion. Explain.

Section 7.4 Singularities, Zeros, and Poles

(Exercise questions are on page 237)

1a.
1c.
le.
1g.
1i.
1.
2a.
2c.
2e.
2g.
2i.
2k.
Ja.
3c.
Je.
3g.
5.

Zeros of order 4 at +i.
Simple zeros at —1 + 3.
Simple zeros at +i and +3i.

Simple zeros at \/gii, ‘fiz , and =4.

Zeros of order 2 at li;J and —1.

\/5 V2’

Poles of order 3 at 44, and a pole of order 4 at 1.

Simple zeros a and = and a zero of order 4 at the origin.

Simple poles at ‘[ﬂ ‘[il , and +1.

Simple poles at ++/3i and %
Simple poles at z = nw forn = +1, £2,... .

Simple poles at z = nxw for n = £1, £2,..., and a pole of order 3 at the origin.
Simple poles at z = 2nw for n =0, £1, £2,....

Removable singularity at the origin.

Essential singularity at the origin.

Removable singularity at the origin, and a simple pole at —1.

Removable singularity at the origin.

By Theorem 7.11, f(z) = (2 — 20)Fh(z), where h is analytic at zg and h(z) # 0. We
compute

F'(2) = k(2 = 20)" " h(z) + (2 = 20)*h'(2)
= (2 — 20)" " ![kh(2) + (z — 20)h ()]
= (z—20)""9(2),

where g(z) = kh(z) 4+ (2 — z0)h/(2). Explain why g(29) # 0, why g is analytic at zg, and
why Theorem 7.11 now gives the conclusion.
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9.

11a.

. If it so happens that m = n, and the coeflicients in the Laurent expansions for f and g

about zp are negatives of each other, then f + g will have a Taylor series representation
at zp, making 2o a removable singularity (show the details for this). If m # n, then it is
easy to show that f + g still has a pole. State why, and what the order of the pole is.

Appeal to Theorem 7.12 and mimic the argument given in the solution to Problem 5.

Simple poles at z = # for n = 41, £2,..., and a nonisolated singularity at the origin.

Section 7.5 Applications of Taylor and Laurent Series

(Exercise questions are on page 242)

la.

1b.

1c.

3a.

3b.

. T 1y . 1 T 1 .
No. Otherwise 0 = nh_{glo f(5;) = f(nh_?gO 5-) = f(0). Onthe other hand, 1 = nh_{go [(5r7) =
f ( lim ﬁ) = f(0). Justify and explain.

n—o0

Yes. There is a simple function with this property. Find it.

No. Use Corollary 7.10 to show that for all z in some disk D,.(0) we have f(z) = 23, and
f(z) = —23, and explain why this is impossible.
Let z, = . Explain.

™

No, the function f is not analytic at zero (explain why), which is required by the corollary.

. For # # 0, lim | sin 1| < lim || = 0. This implies lim f(z) = 0 = f(0). For the complex
z—0 z—0 z—0

case, show that there is an essential singularity at 0 and use Theorem 7.17.

Section 8.1 Calculation of Residues

(Exercise questions are on page 250)

la.
lc.
le.
1g.
1i.
1k.
1m.
Ja.
3c.
Je.
3g.
5a.

Ta.

1.
1.
1.

0.
4.

T4+
-3 -

(1 — cos1)2mi.

127 sinh 1.

2mi
I,

_4mi
25 *

_ V3
24 -

449



9a. L — L.

z+1 z+2
12 3
9c. 2 2 + P
2 1 2
9e. -1 + m - W
11. By Theorem 8.2 we have Res[g, n] = lim(z — n)g(z), where n is any integer. Since
zZ—n
g(2) = nf(z)cotmz = Wf(z)zfs((;rj)), and because f, is analytic at n, we use L'Hopital’s
rule to get lim sii(:?z) = 1. Explain how this gives the result.
zZ—n

Section 8.2 Trigonometric Integrals

(Exercise questions are on page 255)

1. I
3. 2.
5. Z.
7. 22
9. .
11. 37
13. 3.
15. =2,

Section 8.3 Improper Integrals of Rational Functions

(Exercise questions are on page 259)

1. I
3. 0.
5. 12
7. %
9. 7.
11. Zr.
13. .
15. ;.
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Section 8.4 Improper Integrals of Trigonometric Functions

(Exercise questions are on page 262)

o0 cosz _ m o0 ginz _
1. [ S5 dr = 35, and e ooy dr = 0.

3. 5.
5. $(2a — 5)-

mcos 1
7. T8l

msinl
9, Tsinl,

cos 2
11, T2,

13. The inequality ’ Jew % dz’ < fog e *"Rdf < ¢ in Jordan’s lemma would not

be possible to get if we replaced exp(iz) by either the complex sine or cosine. Explain!

Section 8.5 Indented Contour Integrals

(Exercise questions are on page 267)

1. 0.

3.

gk

©
2 I

11. 7(1-12).
13. 7(1 —cos1).

15. .
17. 2¥3

Section 8.6 Integrands with Branch Points

(Exercise questions are on page 271)

1.

;l bl ﬁ‘ﬁ
N

3
5

ﬂ.3
7.5
9. iﬂan.

11c. No. The hypotheses of Theorem 8.7 are not satisfied. Explain why they are not.

13.

s
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15.
17.
19.
21.

/2
1+V3°

s
asinma”

.

VT
2V2°

Section 8.7 The Argument Principle and Rouché’s Theorem

(Exercise questions are on page 278)

1a.
1c.
3a.

5a.

Ta.

9.

1.
d.

Let f(z) = 15. Then |f(2) + g(2)| = |2° + 42| < 6 < |f(2)|. As f has no roots in D;(0),
neither does g by Rouché’s Theorem.

Let f(z) = —622. Then |f(2)+g(2)| = |2° +22+1|. Tt is easy to show that | f(2) +g(z)| <
|f(2)] for z € C1(0). Complete the details.

Let f(z) = 7. Then |f(2) + g(2)| < 6 < |f(2)|. Show the details and explain why this
gives the conclusion you want.

Let f(z) = 2". Then |f(z) + g(2)| = |h(2)] <1 =f(z)|. Complete the argument.

Section 9.1 Basic Properties of Conformal Mappings

(Exercise questions are on page 285)

1a.
1c.
le.

3.

11.

Afa+id)| = A= = —1

All z.
All z except z =0, —2.

All z except z = 0.
fr) =1, a=Arg(f'(1)) =0, [f'D =1

Ff)=5—4%, a=Ag(f'(1+0) =7 Q1 +1i) =

f(1) =—i, a=Arg(f'(i)) = -5, [f'(D] =1

f'(5+1i)=—isinhl, a — Arg(f'(-% +1)) =%, f'(3 +i) =sinh 1;
f'(=% +1i) =isinhl, a = Arg(f’(—g —|—z)) =3, f/(=5 +1i) =sinh1;
F(0) =1, a= Arg(f'(0)) =0, |f'(0)] = 1.

RN

= ovatd ) 0, hence f(z) is conformal at z = a + ib. The

1

4
lines 21(t) = a + (b+ t)i and, 23(t) = (a + t) + ib intersect orthogonally at the point
21(0) = 22(0) = a + ib, therefore, their image curves will intersect orthogonally at the
point a + b.

. |f/(a+ib)| = |cos(a + ib)| = V/cos? acosh? b+ sin® asinh? b # 0, hence f(z) is conformal

at z = a+1b. The lines z1(t) = a+ti and z3(t) = a+t intersect orthogonally at the point
21(0) = 22(0) = a. Therefore, their image curves will intersect orthogonally at the point
sin(a + ib).

First show that the mapping W = Z preserves the magnitude, but reverses the sense of
angles at Zp. Then consider the mapping w = f(z) as a composition.
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Section 9.2 Bilinear Transformations

(Exercise questions are on page 292)

1.
3
5.
7
9.
11.
13.

15.

17.

2= 5730} = bty = C=H0
. The disk |w| < 1.

The region |w| > 1.
cw=95(z)= _ff;i.

w=_95(z) = 11;_15

The disk |w| < 1.
The portion of the disk |w| < 1 that lies in the upper half-plane Im(w) > 0.

The region of that lies exterior to both the circles |w — 1| = 3 and |w — 3| = 3.

. az+1ib
The equation z = 7

has, at most, two dlstmct solutions.

can be written as cz? + (d —a)z — b = 0, and a quadratic equation

Section 9.3 Mappings Involving Elementary Functions

(Exercise questions are on page 298)

1.

3.
5.

11.

13.

15.

The portion of the disk |w| < 1 that lies in the first quadrant {(u,v) : u >0, v > 0}.
The horizontal strip {w : 0 < Im(w) < 1}.

The vertical strip {w : 0 < Re(w) < 1}.

. The region 1 < |w|.

. The horizontal strip {w : 0 < Im(w) < 7}.

The portion of the upper half-plane Im(w) > 0 that lies in the region |w| > 1.

Z=2+1l,w=2Z %, where the principal brance of the square root is used.

The unit disk |w| < 1.

Section 9.4 Mapping by Trigonometric Functions

(Exercise questions are on page 304)

1.
3.
5.

13.
15.

The portion of the disk |w| < 1 that lies in the second quadrant Re(w) < 0, Im(w) > 0.
The right branch of the hyperbola {(u,v) : u? —v? = 1}.

The region in the first quadrant {(u,v) : w > 0, v > 0} that lies inside the ellipse given
by {(u,v) : + = 1} and to the left of the hyperbola {(u,v) : u? — v = 3}.

CObh2 slnh2

. (a) 5, (b) —%”.
11.

The upper half-plane Im(w) > 0.
The semi-infinite strip {(u,v) : 0 <u <, v > 0}.

The upper half-plane Im(w) > 0.
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Section 10.2 The Dirichlet Problem

(Exercise questions are on page 314)

1 ¢(z,y) =15 —9y.

3 ¢(x,y) =5+ 25 In ]
5 ¢(a,y) =4 — TArg(z +3) + ZArg(z +1) — 2Arg(2 - 2), or
d(z,y) =4 — %Arctan(ng) 6Arctan(x+1) 3 Arctan(-L5).
7 ¢(z,y) = %Arctan(1 5 y2>
222
9 ¢(x7y) =5 Arg( (1+Z)) =5 i—OArCtaH(IQiyy).

11 ¢z, y) =3 — FAr g(l i 5) =3 — %Arctan(#),

Section 10.3 Poisson’s Integral Formula

(Exercise questions are on page 320)

1. ¢(z,y) = 5~ 1n [%] + =1 Arctan(-2;) — 2 Arctan(

Y
x+1

3. Both €Y cosx and e™Y cos z are harmonic in the upper half plane and satisfy the boundary
conditions. Also, lim e ¥Ycosx = 0. It can be show that the Poisson integral formula

Y—00

defines a bounded function in the upper half plane, therefore the desired solution is

¢(z,y) = e Ycosx.

e 2
5. Apply Leibniz’s rule ¢yp+¢y, = %ffooo U(t) {(88;2 + 5; )w_t)%yz
brackets in the integrand is

}dt. The term in

2 _ 2(3t2y—6try+3z2y—y> 2(—3t2y+6tzy—3a2 3
B Y y (3t?y—6try+3z2y—y°) ( y+6tey—32y+y") _ 1 Yence the

927 @717 T 32/ (z—t)*+y> — ((z=t)*+y°)? ((z—t)*+y°)°

integrand vanishes and ¢, (z,y) + ¢yy(2, y) = 0, which implies that ¢(z,y) is harmonic.

U(t)dt —oo U 1)dt
7-¢($y_yfoo(z(t) _yf (x+t :yf (zt))(zﬂ),

=27 (g(t)gj;; =27 —¢($ y)-

Section 10.5 Steady State Temperatures

(Exercise questions are on page 328)

1. For H(.’E,y, Z) = \/ﬁ, we get

2 2_ .2
Hm+Hyy+sz: S 25 5
(x2+4y2+22)2 (224y2422)2 (z 2+y2+z2)

2

_ 2 2_ .2 2,2
i w2t 2 Wi y+QZ =0, and for

h(z,y) = ——= e have Ay + hyy = —282=¥2_ | =42y _
(@9) = s e have hea by = L T T e
3. T =10+ YArct 20y ) — W Arctan (-2

- T(z,y) + S Arc an(x2_y2_1) 7 AAre an(w2_y2+1)'

5. T(z,y) = 100 + 2 Arctan(sin z + 1) — 12 Arctan(sin z — 1).
7. T(z,y) = 2% 1Inz|.

9. T(z,y) = 25 + 20Re(Arcsinz?).
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11. T(z,y) = 22Re(Arcsinl).

13. The isothermals are {(x,y) : T(z,y) = k}.The equation 100 — 20 arctan(l_gz_yQ) =k
can be manipulated to yield ¢ = tan 155(100 — k) = 1_$22y_y2 Wthh is better recognized as

the circle 2 + (y +¢)? = 1 + 2.

15. T'(z,y) =40 + 20 [Im(Arcsin(z))} .

Section 10.6 Two-Dimensional Electrostatics
(Exercise questions are on page 336)

1. ¢(z,y) = 100 + 1% In|¢|.

3. ¢(z,y) =150 — w%OJ?ZQ.

5. ¢(z,y) =50 + 28Re(Arcsinz).

7. (a) w=S5(z) = QZZJ::,)G, (b) ¢(z,y) =200 — 2% In 2;:36 .

Section 10.7 Two-Dimensional Fluid Flow

(Exercise questions are on page 346)

1. (a) V(r,0) = A(1 — 55) = A(1 —e=2) = A(1 — cos 20 — isin 26);
(¢c) z=1and z = —1.

3. (a) Speed = A|z|. The minimum speed is A|1 —i| = Av/2.
(b) The maximum pressure in the channel occurs at the point 1 + 3.

5a. U(r,0) = Ar? sin 329

Section 10.8 The Joukowski Airfoil

(Exercise questions are on page 354)
1. The condition z + % = w implies that 22 + 1 = zw. Rewrite as 22 — zw + 1 = 0, and then
use the quadratic formula.
3. (a) 22+ (y —a)? =1+ a?
(b) Use the inverse = + iy = d Z) jf; + 1(1 u2) 5> and substitute for z and y in part (a)

= 0, which yields the line v = lu

d(u—av) _
)2+ 2

to obtain the equation =
(c) the slope is Arctan(1) = Z — Arctan(a).

Section 10.9 The Schwarz-Christoffel Transformation
(Exercise questions are on page 360)
1'(z) = A(z - a)_ﬂ_wlwr = A(z — a)*~1. Integrate and get f(z) = %(z — a)¥, then choose
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11.

CF() = Alz+ 1)E(z - 1)E =

=

@b 1)2

z } Integrate with the boundary condi-
tions f(—1) = 0 and f(1) = —1 to get w = f(2) = 1

(22 = 1)7 + Log(z + (22— 1)7) | -

() =Az+1)72(z = 1)7, and w = f(z) = Log(z? — 1)%

f'(z) =A(z+1)'27! = A(1 + 1). Integrate to get f(z) = z + Log(z).

. Select z1 = —1=2 and @y = 23 = 1, then form f'(z) = A(z + 1=2)7%(2)(z — 1)*"L.

Computation then reveals that A = (1=2)®~! which is used to construct the desired
function w = f(2) = [A(z + 12)7%(2)(z — 1)* Lde = (2 — 1)*(1 + 22 )17

1'(z) = Az_%(z -1)= A(z% — z_%). Integrate and get f(z) = —%z %(z —3).

Section 10.10 Image of a Fluid Flow

(Exercise questions are on page 364)

1.

3.

5.

f'(z) = Az + 1)_%z(z - 1)_% = A—=—. Integrate with the boundary conditions

(z2-1)

F(=1) =0 and f(0) =i to get w = f(z) = (22 — 1)2.

w=f(z)=(z—1)* (1 + 1Oiza)1_a-

R G (s V&
w= f(z) = 1—1—/_1 gi d¢.
w=f(2) =
i+%[4(z—1)%z%—2Arctan(1—§)%+Log(1—(1—;)i) Log(1 + (1 — 1)1)].

Section 10.11 Sources and Sinks

(Exercise questions are on page 372)

1.

. w=2(z+1)% + Log <1 (z+1

Fi(w) = log(w+1) is the complex potential for a source at w; = 1 and sink at wy = —1.
The function w = S(z) = 22 maps 2z = 1 and 2z = i onto wy and ws, respectively.
Therefore, the composition Fy(z) = F1(S(z)) = Fi(2?) = log(%
potential.

3 +1) is the desired complex

. F(z) =log(sin z).

. F(2) =log(z% - 1).

w\»—‘ Nl

)+im

)
1+(2+41)

. w = L Arcsin(2) + L Arcsin(L) + 1.

2
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Section 11.1 Fourier Series

(Exercise questions are on page 381)

1. U®t) = ;*rnil L sinf(2n — 1)t].

3.V/(t)=4 3 Gy o cos[(2n — 1)) = -2 ; S sin[(2n — 1)t] = ~U(t).

5. 2=V(0)=2% (Qnil)Q cos(0) = 2 21 7(%;)2. Now solve for 21 7(%;)2.

sm[2(2n —1)t], where a,, = 0 for all n, and

9. U(t) = Z T 13111[(271—1)] % i

bay, =0 for all n.

11. U(t) = 2 Z_: L sin[(2n — 1)t] + 2 Z_:l m sin[2(2n — 1)t], where a,, = 0 for all n, and
for "

bay, =0 ralln

Section 11.2 The Dirichlet Problem for the Unit Disk

(Exercise questions are on page 386)

1. u(rcosf,rsinf) = 2 52~ sin[(2n — 1)4].

3. u(rcosf,rsind) =2 > (" 201 cos[(2n — 1)6].

o0
5. u(rcosf,rsinf) =37 + 2 3~ L1 cos[(2n — 1)6]

D> mr‘m_g cos[2(2n — 1)6].

(2n£1)2 7271 cos[(2n — 1)6)

S
Il
—

+4 3 mr‘m cos[2(2n — 1)6].
n=1

Section 11.3 Vibrations in Mechanical Systems

(Exercise questions are on page 392)

la. Up(t) = cre”'sin(t) + coe t cos(t),

p(t) = Z 4+n4 - cos(nt) + 2 Wsin(nt),

U(t) = cre tsin(t) + coet cos(t) + Z 2;;;): cos(nt) + Z Tzz) sin(nt).
n=1 n=1
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1c.

1c.

3a.

3c.

3c.

Un(t) = cretsin(t) + coe ™t cos(t),

> 8sin( "y X, 4sin(2 ) (2—n 2)

Up(t) = — 21 (4+ )) COS(TLt) + Z T% Sin(nt),

U(t) = cre tsin(t) + coe™ cos(t) + Z 2(+1)4 cos(nt) + Z )Z+n2 2) sin(nt).

Alternative Answer

- 8(—1)"
Up(t) = — nz_: (2n—1)(16n7—32n3124n%0—8n+5)x O ((2n —1)t)
o
4(=1)" (4n’—4n—1)
z_: 2n—1)2(16n1— S2 3R 70 8nF5)x il ((2n—1)t),

—t - o 8(—1)"
U(t) = cre”tsin(t) + caet cos(t) + 21 (an1)16n4732(n34224n2078n+5)7r coS ((2n — 1)t)
n=

= —1)"(4n2—4n—1)
; 2n—1)%( 16n4 32n9 12420~ 8n 4 5)x SI ((2n —1)t).

Up(t) = cre™ 2 + cote™ 2
o0 [e.e]

Up(t) = — Z_:l % cos(nt) + E W sin(nt),

U(t) = Cle_Qt + CQte_Zt — n; (i& 1))2 COS(TL[J;) + Z W Sln(nt)

Un(t) = cre™ + cote™,

X 16sin & 4sin 4—n
Up(t) =— > MT(Q)%)cos(nt) + Z %ﬂaw))sm(nt),
n=1

U(t) — 72t+ fe—2t _ § 16sin("5") ( t)—i— i 4sin(7F)(4—n 2y . ( t)
= c1e caote P a(ErnZ) s cos(n e @D sin(nt).

Alternative Answer

n2— n—
Up(t) = Z n—1) 4n2 121n+5)2 cos ((2n — 1)t) + Z 4n2 in%;lg 3 sin ((2n —1)t),

U(t) = cre™ + eate™ + 3. 5oyto e cos (20— 1))
n=1

TLQ n— .
+ Z - }12 in+5§2 3 sin ((2n —1)t).

Section 11.4 The Fourier Transform

(Exercise questions are on page 396)

1a.

1c.

§(U) ==
S(U(t)) _ l—cos(w) _

Tw?

25sin?( 5)
Tw?

458



Section 11.5 The Laplace Transform

(Exercise questions are on page 402)
1. Use s = 0 + ¢7 and the integral
f e—(o+im)t qp — e 7

—o cos(Tt)+7 sin(rt) ce”7'[r cos(rt)fosin(rt)] _

]—I-z

u(t) 4+ iv(t). Supply the

2+72 o2+ 2
details showing that tliJl’;l u(t) = 0 and lim v(t) ~ 0. From that conclusion it follows
—+00
that £(1) = [ eI G = 04 0i — 5b = 1

Ba. £(F(0) = - o5 -
3c. L(f(t) =L —<.

da. L(3t2 —4t+5) =5 — 4 4+ 2

4c. L
4e.

5a.

L
L

Be. LNty — 44
L

5e. *1( bs ) = 3e % 4 3e¢2! = 6 cosh 2t.

Section 11.6 Laplace Transforms of Derivatives and Integrals
(Exercise questions are on page 406)

1. L(sint) = ﬁ
3. ,C(Sin2 t) = 5(52724»4)
5. ’C_l(s(sl—4)) + i 4t

7. ;C_l(m) :t—1+€_t

9. y(t) = 2cos 3t + 3sin 3¢.
11. y(t) = =2 + 2cos 2t 4 sin 2t.
13. y(t) =2+ €l
15. y(t) = te7t+ 36l = —1+sinht + el
17. y(t) = e 2t + ¢t

Section 11.7 Shifting Theorems and the Step Function

(Exercise questions are on page 409)
t £y . _—1 1
1.£(e —te)—w—i-;

3. L(eYcosbht) = ﬁ.

5a. f(t) = L1 (SQiﬁ%) = e % cost.
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5c. f(t)=L""! (ﬁ) =e ?cost + e ' sint.

Ta. L(Us(t)(t —2)?) = 257,

Tc. (Ug7r sin(t — 37r)> =59

—37s

Te. L71(HE2) — Uy (¢) + Ua(t).
8. L(f(t)=21(1—2e7%+2e72 —e73).

9a. y(t) = —e tcost.

9c. y(t) = 2¢ 7 sin L.

9e. y(t) =t3e™?

9g. y(t) = [1—46(t — 5)] (sin(t)) + (1 —sint)U= (t).

Section 11.8 Multiplication and Division by ¢

(Exercise questions are on page 412)

la. L(te™?) = (8+12)2

1C- ﬁ(t Sil’l Bt) — (82-‘59)2 .

le. ,C(t Slnht) = (322%1)2

(s—1)2 7
8a. y(t) = te t +t%e!
8c. y(t) = Cte’
8e. y(t) = Ct.
9. y(t)=1—t

Section 11.9 Inverting the Laplace Transform

(Exercise questions are on page 419)

la. £71(22) = 1+ 3¢

lc. £71

452—65 12\ _ —2t _ 2
Il ) — 3+ 2e7% - 7,

=
®
l\a

1( S%fQJrS”f’)Q) = e 2 + el 4 2tel.

2a. £} 82+4) 2sm2t
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s5—s

3a. L~ (M) =-3+e +et4cost+sint =—3+ 2cosht+ cost + sint.

s5—s

3c. L~ (M) =—1+e+et—cost+sint=—142cosht — cost + sint.

4. [~ 1(%) = cost + sin 2t.

5a. y(t) = et + e tsin 2t.
5c. y(t) = et + cos 2t + sin 2¢.
S5e. y
=2e72 — ¢! and y(t) = et — 2¢l.
6c. z(t) = —e 7t + 2te™!, and y(t) = te™".

6e. x(t

(
(
(
6a. x(t
(
(t) = =2+ 6e L cos 2t + 6e L sin 2t, and y(t) = —1 + 3e ! cos 2t.

Section 11.10 Convolution

(Exercise questions are on page 425)

la. f(t)=t, g(t) =t, and (f * g)(t fo g(t—1) dT—fo (t—71)dr :%.

le. f(t) =€, g(t) =€, and (g * f)(t f 2Tl dr = —el + 2.
2a. f(t) = [/_1 (m) = —2€t -+ 2€2t.

2c. f(t)=L"1 (m) =1 — cost.

3. Prove the distributive law for convolution: f * (g + h) =fxg+ fxg.

Proof f*(g+h) = fo ) g+ h)({t—1) dT—fO g(t—1) dT+f0 h(t — T)dr
frg+fxg

5. f(t) =L (Z5) =€ +0(t).
7. y(t) = —tcost + sint.
9. L (fo Tcos(t — 1) dT) = L(e")L(cos(t)) = O
11. Given F(s) = L(f(t)) and G(s) = E(l) = L and g(t) = 1, we have
£*1<¥>:F() (s)=(fx*g)(t fo gt —1) dT—fO dr.

12a. F(s) = 15, and f(t) = €*.

12c. F(s) = ﬁ, and f(t) = sinht — sint.
13a. y(t) = te t.
13c. y(t) = (=373 + el 7HUL(2).

14a. y(t) = —21te~! — 119e~" + 120 — 96t + 36t — 8¢3 + 4.
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